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Abstract

In this paper, we introduce the definition of a convex extended s-metric space and establish the existence of fixed points
for some contraction mappings in convex extended s-metric spaces. Additionally, we provide several examples to validate our
findings. Furthermore, we apply the main results to approximate solutions of the Fredholm integral equation.
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1. Introduction

Bakhitin introduced the concept of a s-metric in their work [3], while Czerwik [7] extended it to gen-
eralize Banach’s fixed point theorem in s-metric spaces. This extension involves replacing the triangle
inequality with a more generalized inequality incorporating a coefficient s > 1. Subsequently, numerous
mathematicians have been studying the fixed point theory in s-metric spaces (see [1, 14-16, 18, 22, 23]).
Recently, Kamaran et al. [17] introduced the concept of extended s-metric space. Many other researchers
have subsequently demonstrated various existence and uniqueness results regarding fixed points in ex-
tended s-metric spaces (see [9, 13, 24, 25]).

Takahashi [26] established a notion of a convex structure and created a term “convex metric space” to
a metric space with convex structure in 1970. Kirk [19] and Goebel and Kirk [11] described the convex
metric space by term “hyperbolic type space”. After that, many researchers have investigated various
properties of convex metric space with a fixed point (see [4, 5, 8, 12, 20, 21]).

In this study, we introduce convex extended s-metric spaces and prove strong convergence theorems
for certain contraction mappings within these spaces. We present illustrative examples to validate our
findings. Furthermore, we utilize the primary outcomes to approximate solutions for the Fredholm inte-
gral equation.
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Definition 1.1 ([7]). Let C be a nonempty set. A function h: C x C — [0, 00) is called a b-metric with
s > 1, if the following conditions hold for v,r,t € C:

(i) h(v,r) =0if and only if v =1;
(i) q(v,r) =q(r,v) forallr,v € C;
(iii) h(v,r) < sfh(v,t) +h(t, )]

A pair (C, h) is said to be a b-metric space.

Definition 1.2 ([17]). A mapping h, : C x C — [0, 00) is called an extended b-metric on a nonempty set C
if for any n, m,v € C and a mapping p: C x C — [1, 00), it satisfies the following conditions:

(i) hpm,m)=0and h,(m,n) =0if and only if n =m;
(i) hp(n,m) =hy(m,n) forallnm € C;
(iii) hp(n,m) < pn,m)h(n,v) +h, (v, m).

The function hy, is known as an extended b-metric and the pair (C,h,) is called an extended b-metric
space.

Example 1.3. Let S = [0, 00). Define functions p: S x S — [1,00) with i, : Sx S — [0,00) as follows:
ww,v) =14+u+vforallu,v €S and

u+v, forallu,veSu#v,

hy(u,v) = {

0, forallu=w.

Then (S, ) is an extended b-metric space.

Definition 1.4 ([2, 10]). Any sequence {J,,} in C converges to some x € C if and only if

lim hu(]n/X) = nh_r>noo hu(Xz Jn)-

n—-oo

Definition 1.5 ([6]). A sequence {Jn} in C is called right-Cauchy (left-Cauchy) if for every e > 0, there
exists a positive integer N = N(e) > 0 such that h,(Jn,, Jn,) < € for all n; > ny > N (hu(Jn,, ln,) < € for
allmy = np > N).

Definition 1.6 ([6]). Any sequence {J,,} in C is called Cauchy if for each e > 0, there is an integer number
N = N(e) > 0 such that hy(Jn,, Jn,) < € for all ng,ny > N.

Definition 1.7 ([8]). Let (C, h) be an s-metric space and I = [0,1]. Let F: C x C x I — C be a continuous
function. Then F is said to be the convex structure on C if, for all v,n, m € C, T € I, the following holds:

(v, F(n,m;1)) < th(v,n) + (1 —1t)h(v,m)

2. Main results
In this section, we begin by defining convex extended b-metric space.

Definition 2.1. Let (C, h,) be an extended b-metric space with a function p: C x C — [1,00) and I = [0, 1].
Let F: C x C x I = C be a continuous mapping. Then F is said to be the convex structure on C if, for all
r,n,m e C, T € I, the following holds:

hy(r, F(n,m; 1)) < thy(r,n) 4+ (1 —1)hu(r, m).

Then, we say that (C,h,, F) is a convex extended s-metric space.
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Example 2.2. Consider the extended s-metric space (S, h,, ) that was defined in Example 1.3. Define the
mapping F: S x S x I — S such that F(u,v;() = Cu+ (1 —{)v for all u,v € S, € 1. To prove that Fis a
convex structure on s, let u,v € S, € I. Then
hu(O,F(u,V, C)) =0 + F(u/Vl C) =0 + Cu+ (1 - C)V
=o0—Co+Cu+Co+(1—C)v
=(lo+u)+ (1-C)(o+V) = Chylo,u) + (1 —Chy(o,v).

Hence, (S, F) is a convex extended s-metric space.

Example 2.3. Let S = [0, 1], define the function pu: S x S — [1,00) such that p(u,v) = 1+ [u|+ |v]. We
define the function h, : S x§ — S as

R (W, v) u?+v2, forallu,veSu#v,
u,v) =
" 0, for all u =wv.

For I = [0, 1], we define the function F: S x S x I — S such that F(u,v; {) = Cu?+ (1 — {)V2. Then, (S, hy, F)
is a convex extended s-metric space.

Proof. Indeed,it is clear that the conditions (i) and (ii) in Definition 1.2 hold. We will prove that (iii) in
Definition 1.2 holds.

(1) If u =, then (ii) holds.
(2) Tfw v, w= q, then
w(w, V) (w,a) + R (a,v)] = (1+ ul+ VD04 a® +v2] = (14 ul + W) (12 +v?) > u? +v? = hy, (1, v).
(3) If u#v, v =a, then
w(w )y (w, a) + (e, v)] = 1+l + PP + a®) + 0] = (14 [l + b (u? +v7) > u? + v = hy(u,v).
4) TFw+£v, v+ au# a, then

w(w, )y (w, a) +hy(a,v)] = (14 [ul+ DI +a?) + (a® +v?)]
= (14 + M) +v?) > w2+ = hy(u,v).

Hence, the condition (iii) in Definition 1.2 holds, and (S, h,,) is an extended b-metric space. Now, to prove
that F is a convex structure on s, for each o,u,v € S, and ( € I, we have

fu(o, F(w,v; Q) = 0® + (Cu” 4 (1 — OVv?)?

<o%+ (Qu? + (1—0v?)

< 0%+ 0% — Co® + Qu + (1 — O)v?

<02 +v)+ (1—0)(0* +v?) < Chy(u,0)+ (1 —C)h(o,v).

As a result, the claim is valid. O

Remark 2.4. Let (S,h,, F) be a convex extended s-metric space and H : S — S be a mapping. Then a
sequence {xn J, where
Xnt1 = Fxn, Hxn; Cn), nEN,

is called Maan’s iteration sequence for H.
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Theorem 2.5. Let (C, v, F) be a complete convex extended s-metric space with a mapping u: C x C — (1, 00)
and H : C — C be a contraction mapping, that is, there exists « € [0,1) such that

h,(Hs, Hr) < ahy (s, 1),

forall s,v € C. Let us choose vy € C such that i, (vo, Hvg) = N < oo and define vi, = F(vn_1, Hvn_1;Th—1),

where 0 < T <landn € N. If [tn1 + a(1 —Th—1)] < m , then H has a unique fixed point in C.

Proof. We have for any n € IN, hy (v, Vn41) = hpu(vn, F(vn, Hvn; Tn)) < (1 —Tth)hyp(ve, Hvn) and

hu(vnr an) p'(\)n/ an)hu(\)n/ anfl) + U(Vnr an)hu(anflr HVn)
w(vn, an)hu(]:(\)nflr Hvn 1, Th—1), Hvn_1) + u(vn, Hvy) “hu(vnflr Vi)
o

Vn, Hvp ) [T — 1h (Vn—1, Hvn 1) + (1 — Tnfl)hu(vnflr Hv, 1)

NI\ IN

H(Vn lzvn)[Tn 1+0‘(1 Th— 1)]h (Vn—llen—l)-

1

Since [tTh—1 + x(l—Th_1)] < )

; for any n € IN, we get

1

Ao (v, Hvn) < ulva—1, va)ltn—1 + (1 —th1) IRy (v, Hvp ) < ——mMmM8MM—
u(n n) < H(vn—1,vn)ltn_1 ( n—1) u(n 1 n—1) (1, V)]

hu(vnfl, an,ﬂ. (21)

This means that, the sequence {h, (v, Hv )} of non-negative reals is decreasing. Hence, there exists n > 0
such that
lim hy(vn, Hvn) =1n.

n——aoo

1

oo Since [u(vn—1,vn)] > 1, we have

Suppose that 1 > 0. Letting n — oo in (2.1), we get 11 <

1
0<nN<—-n<n7,
n [H(anl/ Vn)]n N

which is a contradiction. Thus n = 0 and we have
hu(\)nz Vi) < (1— Tn)h (Vn, Hvn) < hu(\’n/ Hvy),

which means that

nh_ngoo hy(vin, vng1) =0.

Now, we show that {v,,} is a Cauchy sequence. For any n, k € IN, we have

(i, Vg krt)

= hu(vn/ F(vnpe, Hvngw, Trik))
Tk (Vi Vi) + (1= T i (v, Hvn k)
TnikHl(Vn, Vn+k[hu(vnr Hvp ) + hu(anJrk/ Vg +(1— Tn+k)hu(\’n/ Hvp i)
= [Tnik(Vn, vngx) +1— Tn—!—k]hu (v, Hvnp) + T (v, Vn+k)hu(HVn+kr Vi)
[Tna ki (Vi Vi) + Ty (v, Hvng) + Trgc (Vi Vg R (Hn g, Vi)
v, Hvn o) [T kv, Vi) +11 [hu(vn/ Hvyn) + hu(HVnr Hvp )]
(v, Hvn o) [Tna e (Wi, vk + Lathy (Wi, Vi)
M (

(Vn, an+k) [Tn+k W Vn, Vn+k) +1] H(Vn/ Hvn -1 ) [Tn—i—k—l H(Vn/ Vn+k—1) +1] (xzhu(vn; Vn+k—1)

<
<

NN NN

< wvn, Hvn i) [T (v, vingi) + U (vn, Hvn ) [T k—1 (v, Vg k—1) + 1]

XX (v, Hvp e (e 1) e (oo OO0 Vg (e-1)) + oy (v, va).
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So, limn 00 Ty (Wi, Vin4k+1) = O for all k. Hence, {v,} is a Cauchy sequence in the convex extended
s-metric space C. Since (C,h,) is complete, the sequence {v,} converges to some v* € C, that is,
limp 0 Ry (v, v¥) = limn 0 hy (V¥ v ) = 0. The continuity of H yields,

lim hy(Hvy, HV") = lim hy(Hvnyq, HY) =0.

n——oo n——oo
By uniqueness of the limit, we get Hv* = v*. Therefore, v* is a fixed point of H. O

Example 2.6. Let S = [0, 1]. Define the function p: S x S — [1, 00) such that p(u,v) = 14+u+v. We define
the function h,, : S xS — S as

u?+v2, forallu,veSu#v,

hu(u,v) = {

0, forall u =wv.

For I = [0, 1], we define the function F: S x S x I — S such that F(u,v;{) = (u?+ (1 —)v®. LetH:S — S
be a mapping such that Hv = z forall v € S. Set o = 11—6 and v, = F(vin_1,Hvn_1; (n1), where vp = 1 and
(1 < m — % Then H has a unique fixed point in s.

Proof. From Example 2.3, we have (S,h,F) is a convex extended s-metric space. Let s, € S. Since
hu(Hs, Hr) =h,(3,5) = %(s2 —12) < oy (s, 1), H satisfies the inequality h, (Hs, Hr) < ah, (s, ), for all
s,1 € S. Next, we will prove that H has a unique fixed point in s. In order to do it, we have

1 4

Vn =Cn_1Vn-1+ (1 —=Ca1)Hvn_1 = (g + gCn—l)vn—lz

and v,_1 = (% + %Cn_z)vn_z, Vo = (% + %Cn_g)vn_g, c, V1 = (% + %Co)vo. Since (;, < 1 for all n, for

1pdp)en

M =max{(n} <1, vy < (% + %M)“vo, and Hv,, = %(Vo)% we get that v, — 0 and Hv,, — 0 when
n — oo. Hence, the fixed point of His 0 € S. Now, to prove that the fixed point is unique, suppose that
v*,q* € S are distinct fixed points of H. Then,

O<hP—(q ;v ) :hu(gzg) :ghu(q ;v )/
which is a contradiction. Therefore, 0 is the unique fixed point of H € S. O

Theorem 2.7. Let (C,h, F) be a complete convex extended s-metric space with a mapping pn: C x C — [1, 00)
and H : C — C be a contraction mapping, that is, there exists k € (0, %) such that

hu(Hv, Hu) < klhy (u, Hu) +hy (v, Hy)l,

forall w,v € C. Let us choose vo € C such that 1, (vo, Hvg) = N < oo and define vi, = F(vn_1, Hvn_1;Th—-1),

where 0 < T < m andn € IN. If forany r,s € C, k € [0, m], then H has a unique fixed point in
C.

Proof. We have foranyn € N, v, (v, vint1) = hy (v, F(vn, Hvn th)) < (1T—Tn)hu(vn, Hvn) < hy (v, Hvn),

Ay (v, Hvn) = hy (F(vn—1, Hvn 15 Tn—1), Hvn)

Tno1hu(vn_1, Hvn) + (1 —th_1) R (Hvn 1, Hvp)

Tn—1hp(vn—1, Hvn) + g (Hvn 1, Hyy)

Tn—1u(vn_1, Hvn) + kK (vin—1, Hvn 1) + khy (i, Hvy)

Tn—1H(vn_1, Hvn)[hp(vn—1, Hvn 1) + (v, Hv )l + Ky (vin o1, Hvnoq) + Ky (v, Hvn)
Tn—1(vn—1, Hvn) vy (vn—1, Hvn 1) + ktn 1 i(vin—1, Hvn )Ry (v, Hvn 1)

N

INCIN NN
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+Kktn_11(vn-1, an)hu(vn/ Hvy) + khu(vnfl/ Hvn 1) + khu(vn/ Hvy),
and so we get

1—ktn_1 w(vn—1, Hvn) — k]hp (v, Hvy)
< [anfl H(anll HVTL) + Th—1 H(anll HVTL) + k]hu(vnflz an,1 )/

Ktn n—1,Hvn)+Tn_ n—1,Hvn)+k :
and T, (vy, Hvn) < I 1“%;,]{2“:#3(\,:71,#\5:)7114 vtk f (w1, Hyp_q). Since

(KTn_1 H(anlr HVTL) + Tn-1 H(anlr HVTL) + K] 9

g q47
[1—ktn_11(vin_1, Hvn) — K] 11
9
m (Vn, Hvp) < ﬁhu(vnflr Hv, 1), (2.2)

which enables us to deduce that {h, (vn, Hvn)} is a decreasing sequence of non-negative reals, hence,
there exists p > 0 such that lim,__,, iy (v, Hvn) = p. Letting n — oo in (2.2), we get that p < 19—1p <p,a
contradiction. Hence, we obtain that p =0, i.e.,

lim hy(vn, Hvn) =0.

n——auomo

Now, we show that {v,,} is a Cauchy sequence. For any n, k € IN, we have

M (Vi Vg k41) = hu(vnr Fvinik, Hvngk, Tnak))
< Tn—l—khu("nrvn—b—k) +(1— Tn—!—k)hu(\’n/ Hvp i)
< Tk Vi, Vi (W, Hvnod) + R (Hvn g vl + (1T =T i (Wi, Hvegk)
= [Tnkt(Vn, Vngk) + 1 —Tnpdhy (v, Hvnod) + Tnac (v, Vi i (Hvn g Vi)

< [Tn+ku(vnzvn+k) + 1]hu(vn/ HVn+k) + Tn+ku(vnzvn+k)hu(HV‘n+k/ Vn+k)-

N

Hence, limp o0 Ty (Vi, Vnyk4+1) = 0 for all k. It follows that {v,} is a Cauchy sequence in the convex
extended s-metric space C. Since (C,h,,) is complete, the sequence vy, converges to some v* € C, that is
limn 0 Ry (v, v¥) = limn o hy (v, vi) = 0. The continuity of H yields

lim h,(Hvy, HY*) = lim hy,(Hvyq, HY') =0.

n—-aoo n—aoo

By uniqueness of the limit, we get Hv* = v*. Therefore, v* is a fixed point of H. O

Example 2.8. Let S = [0,1]. For any v,u € S define the following mappings. H : § — S as Hv = J,
i:S xS —[1,00) such that p(u,v) =1+u+v,and h, : Sx S — Sas

Ry (1, v) = u?+v2, forallu,veSu#v,
T, for all u = v.

And for I = [0, 1], we define the function F: S x S x I — S such that F(u,v; ) = (u? + (1 — V2. Set {n, = %,
K= 11—6, and let vy = 1 be the initial value and v, = F(v,_1, Hvn,_1; (n—1). Then H has a unique fixed point
in s.

Proof. From Example 2.3, we have (S, h,, F) is convex extended s-metric space. In order to prove that H
satisfies the following inequality

hy (Hu, Hy) < Klhyn (b, Hu) + Ry (v, H)J (2.3)
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for any u,v € §, let u,v € S. Then

Ry (H HY) — 2 R (1 HW) R (v, HY)] = 2 (2 492) — 2 193 = L (12 +42) <0,

16 16 (16)2 (16)2

Hence, the inequality (2.3) holds. Next, we will prove that H has a unique fixed point. Consider the
0 1

following sequence; vo = 1, Hvo = % = 1, vy = F(vo, Hvg; Go) = Co(vo)2 + (1 — Go) ()2 = £43, Hyy = % =

4241“3, vy = F(vy, Hvy; &) = G(vi)? + (1= G)(%)? = (42:93)3, Hv, = % = (42;03)3,.... We can conclude that
when n — oo, vy = 0 and Hv, — 0, where 0 is a fixed point of H. Now, suppose that q* # 0 is also a

fixed point of H in s. Then

1
0< hu(oi q*) = hu(HO/ Hq*) = Ehu(or q*)/

which is a contradiction. Thus, 0 is the unique fixed point of H in s. O

3. Application

In this section we apply Theorem 2.5 to find the existence and uniqueness solutions for a type of
following integral equation:

b
u(t) = f(t) —|—J K(t, T, u(t))dr. (3.1)
a
Theorem 3.1. Consider the integral equation (3.1) with a continuous function K(t, T, u(t)), where a < t,T < b,
and f € Cla, bl. Suppose that for all u,v € Cla, b]:
. . . . . 1
[i] there exist a continuous function ¥ : [a,b] x [a,b] = Rand L < To—a such that
IK(t, T, u(t)) — K(t, T, v(1))| < LI¥(t, T) (u(t) —v(T))|
forall t,T € [a,b];
[ii] maxie(qp) f[a,b] Y(t,1)dTt < 1,
then the integral equation (3.1) has a unique solution in Cla, b].
Proof. Let C = C[a, b] and define h, : C x C — [0, 00) as
Ry (1, V) = maxqce g ult) —v(t)F. (32)
Define H: C — C by
b
Hu(t) = f(t) +J K(t, T, u(1))drT, (3.3)
a

for all u € C. Set
Un = F(un—lr Hun—l; Cn—l) = Cn—lun—l + (1 - Cn—l)Hun—l-

Suppose that (C, h,, F) is a complete convex extended s-metric space. From (3.2) and (3.3), we get

hu(Hu, Hv) = maxq<t,«<p [HU — HvI2

b b
= maXq<t,t<b J K(t,T,u(T))dT—J K(t, T, v(T))dT

a a

2
b
< MaXact i<t j K(t, 7, wlt))d — K(t, 7, v(1)| d

a
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b 2

< maxectcch j LI¥(t, 1) (w(t) —v(1)| dr

a

< L?(b— a)maxacircn [(u(t) —v(1)F = T2(b — a)hy (u,v).

Since L?(b — a) < 1, the mapping H has a unique fixed point, that means the integral equation (3.1) has a
unique solution. O
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