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Abstract

In this paper, we introduce the definition of a convex extended s-metric space and establish the existence of fixed points
for some contraction mappings in convex extended s-metric spaces. Additionally, we provide several examples to validate our
findings. Furthermore, we apply the main results to approximate solutions of the Fredholm integral equation.
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1. Introduction

Bakhitin introduced the concept of a s-metric in their work [3], while Czerwik [7] extended it to gen-
eralize Banach’s fixed point theorem in s-metric spaces. This extension involves replacing the triangle
inequality with a more generalized inequality incorporating a coefficient s > 1. Subsequently, numerous
mathematicians have been studying the fixed point theory in s-metric spaces (see [1, 14–16, 18, 22, 23]).
Recently, Kamaran et al. [17] introduced the concept of extended s-metric space. Many other researchers
have subsequently demonstrated various existence and uniqueness results regarding fixed points in ex-
tended s-metric spaces (see [9, 13, 24, 25]).

Takahashi [26] established a notion of a convex structure and created a term “convex metric space” to
a metric space with convex structure in 1970. Kirk [19] and Goebel and Kirk [11] described the convex
metric space by term ”hyperbolic type space”. After that, many researchers have investigated various
properties of convex metric space with a fixed point (see [4, 5, 8, 12, 20, 21]).

In this study, we introduce convex extended s-metric spaces and prove strong convergence theorems
for certain contraction mappings within these spaces. We present illustrative examples to validate our
findings. Furthermore, we utilize the primary outcomes to approximate solutions for the Fredholm inte-
gral equation.
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Definition 1.1 ([7]). Let C be a nonempty set. A function  h : C×C −→ [0,∞) is called a b-metric with
s > 1, if the following conditions hold for v, r, t ∈ C:

(i)  h(v, r) = 0 if and only if v = r;
(ii) q(v, r) = q(r, v) for all r,v ∈ C ;

(iii)  h(v, r) 6 s[ h(v, t) +  h(t, r)].

A pair (C,  h) is said to be a b-metric space.

Definition 1.2 ([17]). A mapping  hµ : C×C→ [0,∞) is called an extended b-metric on a nonempty set C
if for any n,m, v ∈ C and a mapping µ : C×C→ [1,∞), it satisfies the following conditions:

(i)  hµ(n,m) = 0 and  hµ(m,n) = 0 if and only if n = m;
(ii)  hµ(n,m) =  hµ(m,n) for all n,m ∈ C ;

(iii)  hµ(n,m) 6 µ(n,m)[ hµ(n, v) +  hµ(v,m)].

The function  hµ is known as an extended b-metric and the pair (C,  hµ) is called an extended b-metric
space.

Example 1.3. Let S = [0,∞). Define functions µ : S× S → [1,∞) with  hµ : S× S → [0,∞) as follows:
µ(u, v) = 1 + u+ v for all u, v ∈ S and

 hµ(u, v) =

{
u+ v, for all u, v ∈ S,u 6= v,
0, for all u = v.

Then (S,  hµ) is an extended b-metric space.

Definition 1.4 ([2, 10]). Any sequence {Jn} in C converges to some χ ∈ C if and only if

lim
n−→∞  hµ(Jn,χ) = lim

n−→∞  hµ(χ, Jn).

Definition 1.5 ([6]). A sequence {Jn} in C is called right-Cauchy (left-Cauchy) if for every ε > 0, there
exists a positive integer N = N(ε) > 0 such that  hµ(Jn1 , Jn2) < ε for all n2 > n1 > N ( hµ(Jn1 , ln2) < ε for
all n1 > n2 > N).

Definition 1.6 ([6]). Any sequence {Jn} in C is called Cauchy if for each ε > 0, there is an integer number
N = N(ε) > 0 such that  hµ(Jn1 , Jn2) < ε for all n1,n2 > N.

Definition 1.7 ([8]). Let (C,  h) be an s-metric space and I = [0, 1]. Let F : C×C× I → C be a continuous
function. Then F is said to be the convex structure on C if, for all v,n,m ∈ C, τ ∈ I, the following holds:

 h(v, F(n,m; τ)) 6 τ h(v,n) + (1 − τ) h(v,m)

2. Main results

In this section, we begin by defining convex extended b-metric space.

Definition 2.1. Let (C,  hµ) be an extended b-metric space with a function µ : C×C→ [1,∞) and I = [0, 1].
Let F : C×C× I → C be a continuous mapping. Then F is said to be the convex structure on C if, for all
r,n,m ∈ C, τ ∈ I, the following holds:

 hµ(r, F(n,m; τ)) 6 τ hµ(r,n) + (1 − τ) hµ(r,m).

Then, we say that (C,  hµ, F) is a convex extended s-metric space.
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Example 2.2. Consider the extended s-metric space (S,  hµ) that was defined in Example 1.3. Define the
mapping F : S× S× I → S such that F(u, v; ζ) = ζu+ (1 − ζ)v for all u, v ∈ S, ζ ∈ I. To prove that F is a
convex structure on s, let u, v ∈ S, ζ ∈ I. Then

 hµ(o, F(u, v, ζ)) = o+ F(u, v, ζ) = o+ ζu+ (1 − ζ)v

= o− ζo+ ζu+ ζo+ (1 − ζ)v

= ζ(o+ u) + (1 − ζ)(o+ v) = ζ hµ(o,u) + (1 − ζ) hµ(o, v).

Hence, (S,  hµ, F) is a convex extended s-metric space.

Example 2.3. Let S = [0, 1], define the function µ : S× S → [1,∞) such that µ(u, v) = 1 + |u|+ |v|. We
define the function  hµ : S× S→ S as

 hµ(u, v) =

{
u2 + v2, for all u, v ∈ S,u 6= v,
0, for all u = v.

For I = [0, 1], we define the function F : S× S× I→ S such that F(u, v; ζ) = ζu2 + (1− ζ)v2. Then, (S,  hµ, F)
is a convex extended s-metric space.

Proof. Indeed,it is clear that the conditions (i) and (ii) in Definition 1.2 hold. We will prove that (iii) in
Definition 1.2 holds.

(1) If u = v, then (ii) holds.

(2) If u 6= v, u = a, then

µ(u, v)[ hµ(u,a) +  hµ(a, v)] = (1 + |u|+ |v|)[0 + a2 + v2] = (1 + |u|+ |v|)(u2 + v2) > u2 + v2 =  hµ(u, v).

(3) If u 6= v, v = a, then

µ(u, v)[ hµ(u,a) +  hµ(a, v)] = (1 + |u|+ |v|)[(u2 + a2) + 0] = (1 + |u|+ |v|)(u2 + v2) > u2 + v2 =  hµ(u, v).

(4) If u 6= v, v 6= a,u 6= a, then

µ(u, v)[ hµ(u,a) +  hµ(a, v)] = (1 + |u|+ |v|)[(u2 + a2) + (a2 + v2)]

= (1 + |u|+ |v|)(u2 + v2) > u2 + v2 =  hµ(u, v).

Hence, the condition (iii) in Definition 1.2 holds, and (S,  hµ) is an extended b-metric space. Now, to prove
that F is a convex structure on s, for each o,u, v ∈ S, and ζ ∈ I, we have

 hµ(o, F(u, v; ζ)) = o2 + (ζu2 + (1 − ζ)v2)2

6 o2 + (ζu2 + (1 − ζ)v2)

6 o2 + ζo2 − ζo2 + ζu2 + (1 − ζ)v2

6 ζ(o2 + v2) + (1 − ζ)(o2 + v2) 6 ζ hµ(u,o) + (1 − ζ) h(o, v).

As a result, the claim is valid.

Remark 2.4. Let (S,  hµ, F) be a convex extended s-metric space and H : S → S be a mapping. Then a
sequence {xn}, where

xn+1 = F(xn,Hxn; ζn), n ∈ N,

is called Maan’s iteration sequence for H.
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Theorem 2.5. Let (C,  hµ, F) be a complete convex extended s-metric space with a mapping µ : C×C → (1,∞)
and H : C→ C be a contraction mapping, that is, there exists α ∈ [0, 1) such that

 hµ(Hs,Hr) 6 α hµ(s, r),

for all s, r ∈ C. Let us choose v0 ∈ C such that  hµ(v0,Hv0) = N < ∞ and define vn = F(vn−1,Hvn−1; τn−1),
where 0 6 τn−1 < 1 and n ∈N. If [τn−1 +α(1 − τn−1)] 6

1
(µ(vn−1,vn))2 , then H has a unique fixed point in C.

Proof. We have for any n ∈N,  hµ(vn, vn+1) =  hµ(vn, F(vn,Hvn; τn)) 6 (1 − τn) hµ(vn,Hvn) and

 hµ(vn,Hvn) 6 µ(vn,Hvn) hµ(vn,Hvn−1) + µ(vn,Hvn) hµ(Hvn−1,Hvn)
6 µ(vn,Hvn) hµ(F(vn−1,Hvn−1; τn−1),Hvn−1) + µ(vn,Hvn)α hµ(vn−1, vn)
6 µ(vn,Hvn)[τn−1 hµ(vn−1,Hvn−1) +α(1 − τn−1) hµ(vn−1,Hvn−1)]

= µ(vn−1, vn)[τn−1 +α(1 − τn−1)] hµ(vn−1,Hvn−1).

Since [τn−1 +α(1 − τn−1)] 6
1

(µ(vn−1,vn))2 for any n ∈N, we get

 hµ(vn,Hvn) 6 µ(vn−1, vn)[τn−1 +α(1 − τn−1)] hµ(vn−1,Hvn−1) <
1

[µ(vn−1, vn)]
 hµ(vn−1,Hvn−1). (2.1)

This means that, the sequence { hµ(vn,Hvn)} of non-negative reals is decreasing. Hence, there exists η > 0
such that

lim
n−→∞  hµ(vn,Hvn) = η.

Suppose that η > 0. Letting n→∞ in (2.1), we get η 6 1
[µ(vn−1,vn)]

η. Since [µ(vn−1, vn)] > 1, we have

0 6 η 6
1

[µ(vn−1, vn)]
η < η,

which is a contradiction. Thus η = 0 and we have

 hµ(vn, vn+1) 6 (1 − τn) hµ(vn,Hvn) <  hµ(vn,Hvn),

which means that
lim
n−→∞  hµ(vn, vn+1) = 0.

Now, we show that {vn} is a Cauchy sequence. For any n,k ∈N, we have

 hµ(vn, vn+k+1)

=  hµ(vn, F(vn+k,Hvn+k, τn+k))
6 τn+k hµ(vn, vn+k) + (1 − τn+k) hµ(vn,Hvn+k)
6 τn+kµ(vn, vn+k[ hµ(vn,Hvn+k) +  hµ(Hvn+k, vn+k)] + (1 − τn+k) hµ(vn,Hvn+k)
= [τn+kµ(vn, vn+k) + 1 − τn+k] hµ(vn,Hvn+k) + τn+kµ(vn, vn+k) hµ(Hvn+k, vn+k)
6 [τn+kµ(vn, vn+k) + 1] hµ(vn,Hvn+k) + τn+kµ(vn, vn+k) hµ(Hvn+k, vn+k)
6 µ(vn,Hvn+k)[τn+kµ(vn, vn+k) + 1][ hµ(vn,Hvn) +  hµ(Hvn,Hvn+k)]
6 µ(vn,Hvn+k)[τn+kµ(vn, vn+k + 1]α hµ(vn, vn+k)

6 µ(vn,Hvn+k)[τn+kµ(vn, vn+k) + 1]µ(vn,Hvn+k−1)[τn+k−1µ(vn, vn+k−1) + 1]α2 hµ(vn, vn+k−1)

...
6 µ(vn,Hvn+k)[τn+kµ(vn, vn+k) + 1]µ(vn,Hvn+k−1)[τn+k−1µ(vn, vn+k−1) + 1]

× · · · × µ(vn,Hvn+k−(k−1))[τn+k−(k−1)µ(vn, vn+k−(k−1)) + 1]αk hµ(vn, vn).
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So, limn−→∞  hµ(vn, vn+k+1) = 0 for all k. Hence, {vn} is a Cauchy sequence in the convex extended
s-metric space C. Since (C,  hµ) is complete, the sequence {vn} converges to some v∗ ∈ C, that is,
limn−→∞  hµ(vn, v∗) = limn−→∞  hµ(v

∗, vn) = 0. The continuity of H yields,

lim
n−→∞  hµ(Hvn,Hv∗) = lim

n−→∞  hµ(Hvn+1,Hv∗) = 0.

By uniqueness of the limit, we get Hv∗ = v∗. Therefore, v∗ is a fixed point of H.

Example 2.6. Let S = [0, 1]. Define the function µ : S× S→ [1,∞) such that µ(u, v) = 1+u+ v. We define
the function  hµ : S× S→ S as

 hµ(u, v) =

{
u2 + v2, for all u, v ∈ S,u 6= v,
0, for all u = v.

For I = [0, 1], we define the function F : S× S× I→ S such that F(u, v; ζ) = ζu2 + (1 − ζ)v2. Let H : S→ S

be a mapping such that Hv = v
5 for all v ∈ S. Set α = 1

16 and vn = F(vn−1,Hvn−1; ζn−1), where v0 = 1 and
ζn−1 6 16

15(µ(u,v))2 −
1

15 . Then H has a unique fixed point in s.

Proof. From Example 2.3, we have (S,  hµ, F) is a convex extended s-metric space. Let s, r ∈ S. Since
 hµ(Hs,Hr) =  hµ(

s
5 , r5 ) =

1
25(s

2 − r2) 6 α hµ(s, r), H satisfies the inequality  hµ(Hs,Hr) 6 α hµ(s, r), for all
s, r ∈ S. Next, we will prove that H has a unique fixed point in s. In order to do it, we have

vn = ζn−1vn−1 + (1 − ζn−1)Hvn−1 = (
1
5
+

4
5
ζn−1)vn−1,

and vn−1 = ( 1
5 + 4

5ζn−2)vn−2, vn−2 = ( 1
5 + 4

5ζn−3)vn−3, . . . , v1 = ( 1
5 + 4

5ζ0)v0. Since ζn < 1 for all n, for

M = max{ζn} < 1, vn < ( 1
5 + 4

5M)nv0, and Hvn =
( 1

5+
4
5M)2n

5 (v0)
2, we get that vn → 0 and Hvn → 0 when

n → ∞. Hence, the fixed point of H is 0 ∈ S. Now, to prove that the fixed point is unique, suppose that
v∗,q∗ ∈ S are distinct fixed points of H. Then,

0 <  hµ(q
∗, v∗) =  hµ(

q∗

5
,
v∗

5
) =

1
25

 hµ(q
∗, v∗),

which is a contradiction. Therefore, 0 is the unique fixed point of H ∈ S.

Theorem 2.7. Let (C,  hµ, F) be a complete convex extended s-metric space with a mapping µ : C×C → [1,∞)
and H : C→ C be a contraction mapping, that is, there exists k ∈ (0, 1

2) such that

 hµ(Hv,Hu) 6 k[ hµ(u,Hu) +  hµ(v,Hv)],

for all u, v ∈ C. Let us choose v0 ∈ C such that  hµ(v0,Hv0) = N < ∞ and define vn = F(vn−1,Hvn−1; τn−1),
where 0 < τn−1 6 1

4[µ(r,s)]2 and n ∈ N. If for any r, s ∈ C, k ∈ [0, 1
4[µ(r,s)]2 ], then H has a unique fixed point in

C.

Proof. We have for any n ∈N,  hµ(vn, vn+1) =  hµ(vn, F(vn,Hvn; τn)) 6 (1−τn) hµ(vn,Hvn) 6  hµ(vn,Hvn),

 hµ(vn,Hvn) =  hµ(F(vn−1,Hvn−1; τn−1),Hvn)
6 τn−1 hµ(vn−1,Hvn) + (1 − τn−1) hµ(Hvn−1,Hvn)
6 τn−1 hµ(vn−1,Hvn) +  hµ(Hvn−1,Hvn)
6 τn−1 hµ(vn−1,Hvn) + k hµ(vn−1,Hvn−1) + k hµ(vn,Hvn)
6 τn−1µ(vn−1,Hvn)[ hµ(vn−1,Hvn−1) +  hµ(vn,Hvn)] + k hµ(vn−1,Hvn−1) + k hµ(vn,Hvn)
6 τn−1µ(vn−1,Hvn) hµ(vn−1,Hvn−1) + kτn−1µ(vn−1,Hvn) hµ(vn−1,Hvn−1)
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+ kτn−1µ(vn−1,Hvn) hµ(vn,Hvn) + k hµ(vn−1,Hvn−1) + k hµ(vn,Hvn),

and so we get

[1 − kτn−1µ(vn−1,Hvn) − k] hµ(vn,Hvn)
6 [kτn−1µ(vn−1,Hvn) + τn−1µ(vn−1,Hvn) + k] hµ(vn−1,Hvn−1),

and  hµ(vn,Hvn) 6
[kτn−1µ(vn−1,Hvn)+τn−1µ(vn−1,Hvn)+k]

[1−kτn−1µ(vn−1,Hvn)−k]
 hµ(vn−1,Hvn−1). Since

[kτn−1µ(vn−1,Hvn) + τn−1µ(vn−1,Hvn) + k]
[1 − kτn−1µ(vn−1,Hvn) − k]

6
9
11

,

 hµ(vn,Hvn) <
9
11

 hµ(vn−1,Hvn−1), (2.2)

which enables us to deduce that { hµ(vn,Hvn)} is a decreasing sequence of non-negative reals, hence,
there exists ρ > 0 such that limn−→∞  hµ(vn,Hvn) = ρ. Letting n→∞ in (2.2), we get that ρ 6 9

11ρ < ρ, a
contradiction. Hence, we obtain that ρ = 0, i.e.,

lim
n−→∞  hµ(vn,Hvn) = 0.

Now, we show that {vn} is a Cauchy sequence. For any n,k ∈N, we have

 hµ(vn, vn+k+1) =  hµ(vn, F(vn+k,Hvn+k, τn+k))
6 τn+k hµ(vn, vn+k) + (1 − τn+k) hµ(vn,Hvn+k)
6 τn+kµ(vn, vn+k[ hµ(vn,Hvn+k) +  hµ(Hvn+k, vn+k)] + (1 − τn+k) hµ(vn,Hvn+k)
= [τn+kµ(vn, vn+k) + 1 − τn+k] hµ(vn,Hvn+k) + τn+kµ(vn, vn+k) hµ(Hvn+k, vn+k)
6 [τn+kµ(vn, vn+k) + 1] hµ(vn,Hvn+k) + τn+kµ(vn, vn+k) hµ(Hvn+k, vn+k).

Hence, limn−→∞  hµ(vn, vn+k+1) = 0 for all k. It follows that {vn} is a Cauchy sequence in the convex
extended s-metric space C. Since (C,  hµ) is complete, the sequence vn converges to some v∗ ∈ C, that is
limn−→∞  hµ(vn, v∗) = limn−→∞  hµ(v

∗, vn) = 0. The continuity of H yields

lim
n−→∞  hµ(Hvn,Hv∗) = lim

n−→∞  hµ(Hvn+1,Hv∗) = 0.

By uniqueness of the limit, we get Hv∗ = v∗. Therefore, v∗ is a fixed point of H.

Example 2.8. Let S = [0, 1]. For any v,u ∈ S define the following mappings. H : S → S as Hv = v
4 ,

µ : S× S→ [1,∞) such that µ(u, v) = 1 + u+ v, and  hµ : S× S→ S as

 hµ(u, v) =

{
u2 + v2, for all u, v ∈ S,u 6= v,
0, for all u = v.

And for I = [0, 1], we define the function F : S×S× I→ S such that F(u, v; ζ) = ζu2 +(1− ζ)v2. Set ζn = 1
4 ,

K = 1
16 , and let v0 = 1 be the initial value and vn = F(vn−1,Hvn−1; ζn−1). Then H has a unique fixed point

in s.

Proof. From Example 2.3, we have (S,  hµ, F) is convex extended s-metric space. In order to prove that H
satisfies the following inequality

 hµ(Hu,Hv) 6 K[ hmu(u,Hu) +  hmu(v,Hv)] (2.3)
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for any u, v ∈ S, let u, v ∈ S. Then

 hmu(Hu,Hv) −
1

16
[ hmu(u,Hu) +  hmu(v,Hv)] =

1
16

(u2 + v2) −
17

(16)2 [u
2 + v2] =

−1
(16)2 (u

2 + v2) 6 0.

Hence, the inequality (2.3) holds. Next, we will prove that H has a unique fixed point. Consider the
following sequence; v0 = 1, Hv0 = v0

4 = 1
4 , v1 = F(v0,Hv0; ζ0) = ζ0(v0)

2 + (1 − ζ0)(
v0
4 )2 = 42+3

43 , Hv1 = v1
4 =

42+3
44 , v2 = F(v1,Hv1; ζ1) = ζ1(v1)

2 + (1 − ζ1)(
v1
4 )2 =

(42+3)3

49 , Hv2 = v2
4 =

(42+3)3

410 , . . .. We can conclude that
when n → ∞, vn → 0 and Hvn → 0, where 0 is a fixed point of H. Now, suppose that q∗ 6= 0 is also a
fixed point of H in s. Then

0 <  hµ(o,q∗) =  hµ(Ho,Hq∗) =
1
16

 hµ(o,q∗),

which is a contradiction. Thus, 0 is the unique fixed point of H in s.

3. Application

In this section we apply Theorem 2.5 to find the existence and uniqueness solutions for a type of
following integral equation:

u(t) = f(t) +

∫b
a

K(t, τ,u(τ))dτ. (3.1)

Theorem 3.1. Consider the integral equation (3.1) with a continuous function K(t, τ,u(τ)), where a 6 t, τ 6 b,
and f ∈ C[a,b]. Suppose that for all u, v ∈ C[a,b]:

[i] there exist a continuous function Ψ : [a,b]× [a,b]→ R and L < 1√
b−a

such that

|K(t, τ,u(τ)) −K(t, τ, v(τ))| 6 L |Ψ(t, τ)(u(τ) − v(τ))|

for all t, τ ∈ [a,b];
[ii] maxt∈[ab]

∫
[a,b] Ψ(t, τ)dτ 6 1,

then the integral equation (3.1) has a unique solution in C[a,b].

Proof. Let C = C[a,b] and define  hµ : C×C→ [0,∞) as

 hµ(u, v) = maxa6t,τ6b |u(t) − v(t)|
2 . (3.2)

Define H : C→ C by

Hu(t) = f(t) +

∫b
a

K(t, τ,u(τ))dτ, (3.3)

for all u ∈ C. Set
un = F(un−1,Hun−1; ζn−1) = ζn−1un−1 + (1 − ζn−1)Hun−1.

Suppose that (C,  hµ, F) is a complete convex extended s-metric space. From (3.2) and (3.3), we get

 hµ(Hu,Hv) = maxa6t,τ6b |Hu−Hv|2

= maxa6t,τ6b

∣∣∣∣∣
∫b
a

K(t, τ,u(τ))dτ−
∫b
a

K(t, τ, v(τ))dτ

∣∣∣∣∣
2

6 maxa6t,τ6b

∣∣∣∣∣
∫b
a

|K(t, τ,u(τ))dτ−K(t, τ, v(τ))|dτ

∣∣∣∣∣
2
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6 maxa6t,τ6b

∣∣∣∣∣
∫b
a

L |Ψ(t, τ)(u(τ) − v(τ))|dτ

∣∣∣∣∣
2

6 L2(b− a)maxa6t,τ6b |(u(τ) − v(τ))|
2 = L2(b− a) hµ(u, v).

Since L2(b− a) < 1, the mapping H has a unique fixed point, that means the integral equation (3.1) has a
unique solution.
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