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Abstract

In this study, we present statistical convergence, statistical limit points, and statistical cluster points of double sequences
in neutrosophic fuzzy G-metric space with order q, extending the notion of neutrosophic fuzzy metric space. We support our
assertions with relevant theorems and elucidate them through illustrative examples. Following the establishment of statistical
convergence and the scrutiny of its properties within these spaces, we explore the concepts of lacunary statistical convergence
and strongly lacunary convergence of double sequences, while also investigating the relationships among them.
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1. Introduction and preliminaries

Statistical convergence was initially explored by Fast [12]. Mursaleen and Edely [31] later extended
this concept to double sequences. Fridy and Orhan [13] investigated lacunary statistical convergence
using lacunary sequences, which significantly impacted various scientific domains. Cakan and Altay
[5] illustrated multidimensional parallels to the findings of Fridy and Orhan [13]. Additional studies
on lacunary statistical convergence are available in works by Khan et al. [22], Patterson and Savas [35],
Tripathy and Baruah [39], Tripathy and Dutta [40], and others.

Zadeh [42] introduced the concept of fuzzy sets in 1965, which have found application across diverse
tields like artificial intelligence, robotics, and control theory. In Zadeh’s framework, a fuzzy set assigns a
membership value between 0 and 1 to each element of a crisp universe set. Kramosil and Michalek [29]
proposed the concept of fuzzy metric space as a generalization of the traditional metric space.

George and Veeramani [15] proposed adjustments to the fuzzy metric space introduced by Kramosil
and Michalek [29], while Deng [7] suggested modifications inspired by Grabiec [16]. Concurrently,
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Atanassov [2] presented intuitionistic fuzzy sets, and Park [34] expanded this concept into intuitionis-
tic fuzzy metric spaces, drawing on the groundwork laid by George and Veeramani [15].

In 1998, Samarandache [36] introduced the foundational principles of neutrosophic sets. These sets
expand upon classical set theory by incorporating an intermediate membership function. Similar gen-
eralizations include fuzzy sets [42] and intuitionistic fuzzy sets [2]. Neutrosophic sets are defined by
their independence regarding membership, non-membership, and hesitation functions. Samarandache
and Kanasamy in [41] pioneered neutrosophic algebraic structures. Bera and Mahapatra [3] were the first
to introduce neutrosophic soft linear spaces. Bera and Mahapatra [4] investigated neutrosophic soft norm
linear spaces, convexity, metrics [42], and Cauchy sequences. Kirisci and Simsek [27] defined the neutro-
sophic metric space using continuous triangular norms and conorms. Various topological and structural
characteristics of neutrosophic metric spaces have been explored. Recently, statistical convergence has
found notable applications, as exemplified in [9-11, 17, 18, 20, 21, 23-26, 28].

In various scientific fields, the distance function holds fundamental importance. Given the complex-
ity of modern datasets, it becomes imperative to broaden the definition of distance functions. Initially,
Gaéhler [14] introduced the concept of a 2-metric space as a nonlinear extension of the ordinary metric
space, using the area of a triangle in IR? as an illustration. However, it was later discovered that there
isn’t a straightforward relationship between the 2-metric space and the ordinary metric space. Ha et
al. [19] demonstrated that unlike an ordinary metric, a 2-metric may not be a continuous function of
its variables, leading Dhage [8] to propose a new type of generalized metric space known as D-metric
space. Subsequent verification in [32] revealed issues with the topological structure of D-metric spaces.
To address this, Mustafa and Sims [33] introduced the G-metric space, which employs the perimeter of a
triangle in IR? as a more suitable example. This novel approach significantly influenced the field of metric
spaces. Building upon this advancement, authors in [30, 38] extended the concepts to generalized fuzzy
metric spaces and intuitionistic generalized fuzzy metric spaces, respectively. Similarly, Zhou et al. [43]
introduced the probabilistic version of G-metric space known as the Menger probabilistic G-metric space.

Alternatively, Choi et al. [6] extended the concept of distance between two points by considering q + 1
points instead of two, introducing the notion of g-metric with order q. Building on this notion, Abazari
[1] introduced the Menger probabilistic g-metric space as a generalization of the Menger probabilistic G-
metric space, investigating statistical convergence with respect to the strong topology using the concept
of g-dimensional asymptotic density of subsets of IN. These advancements prompt the exploration of
extending the concept of g-metric to neutrosophic fuzzy settings. Additionally, within this generalized
framework, there arises a question regarding the validity of statistical convergence incorporating the q-
dimensional asymptotic density.

Inspired by the aforementioned concepts, this paper examines the properties the neutrosophic fuzzy
version of the g-metric space, termed as the neutrosophic fuzzy G-metric space with order ¢. This space
serves as a broader extension of the neutrosophic generalized fuzzy metric space. Leveraging the concept
of g-dimensional asymptotic density [1], we delve into the statistical convergence and statistical Cauchy
criteria of sequences within this defined space. Furthermore, we examine the statistical limit points and
statistical cluster points of sequences in this context.

Now let us review a few definitions and notations we will use in this paper. Throughout this study,
R™ stands for the set of non-negative real numbers.

Definition 1.1 ([33]). Consider an arbitrary non-empty set U and a mapping G : U> — R*. We term the
pair (U, G) a G-metric space if, for any t, , 3,y € U, the subsequent conditions are valid:

(G-1) G(t, o, ) =0if t = x = B;

(G-2) G(t, t,x) >0if t # o

(G-3) G(t, t,a) < G(t, e, B) if ox #£ f3;

(G4) G(t,x, B)=G(e,B,t) =G(t, B, &) =--- (symmetry in all three variables);
(

(G-5) G t, «, B) < G(trYIY) + G(Y/ X, B)

In this scenario, the function G is referred to as a G-metric on the set U.
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Example 1.2. Consider (U, d) as an ordinary metric space. Let G : U3 — R™ be defined as

Glt, o B) = 5 (d(t, 00 + d(ox B) + d(t, ).

Under this definition, (U, G) forms a G-metric space.

Remark 1.3. Let (U, G) represent a G-metric space. Now, consider the function dg : U> — R, given by:

dg(t, @) = %(G(t, o, o)+ G(t,t, ).

With this formulation, (U, dg) constitutes an ordinary metric space.

Definition 1.4 ([37]). A function * : [0,1] x [0,1] — [0,1] is termed a continuous t-norm under the
following conditions:

(1) * is both commutative and associative;

(2) x=mxx1lforany 0 < » < 1;
(3) for all 0 < s, 500, 263, 724 < 1, if 301 < 353 and 300 < 214, then s x 2300 < 303 % 2245
(4) * exhibits continuity.

A binary function ® : [0,1] x [0,1] — [0,1] is termed a continuous t-conorm if it satisfies the following
conditions:

(1) ® is commutative and associative;

(2") e =sx«0forany 0 < > < 1;

(3 ) for each 0 < 2, 20, 23, 704 < 1, if 311 < 305 and 300 < 21y, then s ® 300 < 203 ® 245
(4') ® is continuous.

Example 1.5. For s, 20 € [0,1], the following holds.

(1) 501 * 20 = min{s¢1, 300} and 31 * 30 = 31 - 3p are continuous t-norms.
(2) 2 ® 0 = max{sr, 70} and 3 ® 3p = min{se + s, 1} are continuous t-conorms on [0, 1].

Remark 1.6. The concepts of t-norms and t-conorms serve as the foundational frameworks employed to
define fuzzy intersections and unions, respectively.

Definition 1.7 ([27]). Suppose U is a non-empty set, * and ¢ represent continuous t-norm and continuous
t-conorm, respectively, and F, G, H are fuzzy sets on U? x (0,00). The six-tuple (U, F, G, H, %, ®) is denoted
as a neutrosophic fuzzy metric space (NFMS) if for all t, «, 3 € U and s,w > 0, the following conditions
are satisfied:

(NF-1) 0 < F(t,0,8) <1,0<G(t, o0,8) 1,0 < H(t, o, 8) € 15
(NF-2) F(t, o, 8) +G(t, o, 8) + H(t, o, 8) < 35
(NF-3) F(t,o,8) =1 <=t =«
(NF-4) F(t,«,s) =F(a,t,s);
(NF-5) F(t,B,s) =« F(B, o, w) < F(t, o, s +wW);
(NF-6) F(t,«,.):(0,00) — (0,1] is continuous;
(NF-7) limg_, o F(t, o, 8) =1 (Vs > 0);
(NF-8) G(t,o,8) =0<=t=vy;
(NF-9) G(t, e, s) = Gy, «,s);
(NF-10) G(t,B,s)® G(B, x,w) = G(t, &, s +W);
(NF-11) G(t, «,.): (0,00) — (0, 1] is continuous;
(NF-12) limg_ .o G(t, o, s) =0 (Vs > 0);
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(NF-13) H(t, o, 8) =0 <=t = «;

(NF-14) H(t, o, s) = H(o, t,8);

(NF-15) H(t,B3,s) ® H(B, o, w) > H(t, o, s + Ww);
(NF-16) H(t, «,.) : (0,00) — (0, 1] is continuous;
(NF-17) limg_ oo H(t, o, 8) =0 (Vs > 0).

In this scenario, the triplet (F, G, H) is termed a neutrosophic fuzzy metric (NFM) on U.

Definition 1.8 ([6]). Consider a non-empty set U. A function g : UItl — R*, where U9 = ]9:1 W,
characterizes a g-metric with order q on U under the following conditions:

(91) g(to,tr,..., tq) =0iff tg =t; =... = tg;
(92) g(to, t1,..., tq) =g (txg ,tﬂ(l), ..., tr(q)) for any permutation won {0,1,...,q};
(93) 9 (tOItll cee /tq)

C oo, x1,..., g}
(gq) foreach tg,ty,...,t, &0, &1,.-.,0m, p € Uwithl+m+1=q,

(ocg,oq, ..,0q) forany (to,t1,...,tq), (@0, x1,..., xq) e uatt with {to, t1,...,tq}

g(tOItll"'ltllBI"'lB)+g(“O/all~~-/am/[5/'~~/[5) Z 9(tOItlf---ltll(x()/(xl/”-l(xm)-

The pair (U, g) is referred to as a g-metric space. When q = 1 and q = 2, a g-metric reduces to the
ordinary metric and G-metric, respectively.

Example 1.9 ([6]). Consider (U, d) as an ordinary metric space. Given g : U9"! — R* defined by

g (tOItll"‘/tq) = maX {|tm*tn|}

o<mngq
for every to, t1,...,tq € U, (U, g) forms a g-metric space.

Definition 1.10 ([6]). A g-metric on U exhibits multiplicity independence if

g(t()/tl/---/tq) = 9(“01“1;---/“q)
for each (to, t1,...,tq), (o, 01,...,xq) € UIH! with {to, t1, ..., tq}t ={oo, o1, ..., g}

Definition 1.11 ([6]). In a g-metric space (U, g), the g-ball with center at t € U and radius r > 0 is defined
as:
By(t, 1) ={acU:g(t,&,...,0) <7}

Definition 1.12 ([6]). Suppose that (U, g) be a g-metric space and (tx) be a sequence in U. Then
(@) (ty) is called to be g-convergent to some t € U if, V& > 0, 3K € IN such that

WV

g (tr, try oo trg, X) <& Vry 1,0, 1q 2 K

(b) (tx) is considered g-Cauchy if, V& > 0, 3M € IN such that
g (trg try, oo try) <& Vro,11,...,1q = M.

In a g-metric space (U, g) completeness is defined as the property where every g-Cauchy sequence
converges to a limit in U.

Definition 1.13. Assume U is a non-empty set, * and ¢ represent continuous t-norm and continuous t-
conorm, respectively, and F, G, H are fuzzy sets on U3 x (0, 00). The six-tuple (U, F, G, H, %, ®) is termed a
neutrosophic generalized fuzzy metric space (NGFM-space) if, for all t,«, 3,y € U and s,w > 0, subse-
quent conditions are valid:
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(@) F(t, o, B,s)+G(t, o, B,s) +H(t, &, B,s) <3
(b) F(t,t,,s) >0 fort #
(c) F(t, t,,s) > F(t,x, B,s) for x # f3;
(d) F(t,,B,s) =1l<=t=a=p;
(e) F(t,«, B,s) =F(m(t, «, B),s), where 7 represents the permutation function;
() F(t,v,v,s) «xFlv, o B,w) <F(t, o, B, s +w);
(g) F(t, o, B,.): (0,00) — [0,1] is continuous;
(h) Fis non-decreasing on (0, c0), lims_,o F(t, &, 3,5) =1 and lims_,o F(t, &, 3,s) = 0;
(i) G(t,t,a,8) <1lfort# o
(G) G(t,t, 00, 8) < G(t, o, B,s) for o # f3;
k) G(t,a,B,8) =0<—=t=a=9;
(1) Gt B,s) = G(m(t, &, B),s), where 7 represents the permutation function;
(m) G(t,v,v,s) ®G(y, e, B, W) = G(t,, B,s +W);
(n) G(t, o, B,.): (0,00) — [0,1] a continuous;
(0) G is non-increasing on (0, c0), lims_, G(t, &, 3,5) = 0 and lims_,0 G(t, o, 3,5) = 1;
(p) H(t,t, o, 8) <1fort# «;
(@ H(tt o 8) < H(t, o B,s) for o« # 3;
(r) H(t, o, B,8) =0<=t=a=p;
(s) H(t, o, B,s) = H(m(t, &, ), s), where 7t represents the permutation function;
() H(t, v, v,s)®H(y, o, B,w) > H(t, , B, s +wW);
(u) H(t, e, B,.) : (0,00) — [0,1] a continuous;
(v) His non-increasing on (0, 00), lims_,o H(t, &, 3,5) = 0, and lims_,o H(t, &, 3,s) = 1.

The triplet (F, G, H) is referred to as a neutrosophic generalized fuzzy metric (NGFM) on U.

Now, we give the concept of Neutrosophic Fuzzy g-Metric space (NFGM), integrating continuous
t-norms, continuous t-conorms, and neutrosophic fuzzy sets.

Definition 1.14. Consider an arbitrary non-empty set U, with continuous t-norm (%), continuous t-conorm
(®), and fuzzy sets ©, ), = defined on on U9t x (0,00). We denote the the six-tuple (U, 0, Q,Z, *,®) as
a neutrosophic fuzzy generalized metric space (abbreviated as NFGMS) with order q if the subsequent
conditions are valid for all s,w € (0, c0):

(NFG-1) O (to, t1,...,tq,s) +Q(to, t1,..., tq,s) +=(to, t1,..., tq,8) <3 for every to, t1,...,tq € W;

(NFG-2) O (tg, tg,...,to,t1,8) > 0 for tg # t1, Vig, t1 € U;

(NFG-3) O (to, t1,...,tq,8) = Of(xg,001,...,0q,8), V(to, t1,...,tq),(x0, 001,...,xq) € U9t with
{to, t1,..., tq} S{xo, 0t1, ..., xq};

(NEFG-4) @(to,tl,...,tq,s) =l<—ty=t1 =... =1tgqs

(NFG-5) O (to, t1,...,tq,8) =0 (tﬂ(o),tﬂ(l),...,tﬂ(q),s) for any permutation won {0,1,...,q};

(NFG-6) for each to, t1,...,tg, %o, 0t1,..., 1, B € Uwithg+h+1=q,

@(tOItlz---/tglﬁv--rB/s)*G(“Ozall---/ah/B/ /B/ ) (tOItll . Itgla’OIocll"‘/ahls—i_w);

(NFG-7) O (to, t1,...,tq,.) : (0,00) — [0,1] is a continuous function;
(NFG-8) lims_, © (to, t1,...,tq,8) =1forall to, t1,...,tq € W;
(NFG-9) Q (tg,tg,..., 1o, t1,8) <1 for ty # t1, Vig, t1 € U;
(NFG-10) Q (to, t1,...,tq,8) < Qg 001,...,0q,8), Y(to, t1,...,tq), (X0, 1,...,0q) € U9t with
{to, t1,..., tq} - {og, ¢, ..., ocq},'
(NFG-11) O (‘to,tl,...,tq,s) =0<=t)y=t1=---= tq,
(NFG-12) Q (to,t1,...,tq,8) =Q (tn(o),tn(l), .. .,tn(q),s) for any permutation mon {0, 1,...,q};
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(NFG-13) for each to, tq,...,tg, @0, 1,...,an, B € Uwithg+h+1=q,

Q(tU/tll---/tg/B/---/B/S)®Q(‘XO/O(1/--'/(XT’UB/---/B/W)
P Q(tO/tll---/tg/(XOl(Xll---/“h/s+w);

(NFG-14) Q (to, t1,...,tq,.) : (0,00) — [0,1] is a continuous function;

(NFG-15) limg_.oo Q (to, t1,...,tq,s) =0forall to, t1,...,tq € W;

(NFG-16) = (to,to,...,to, t1,8) <1 for tg # t1, Vo, t1 € U;

(NFG-17) = (to, t1,...,tq,8) < Z(ao,1,...,aq,8), V(toty,...,tq), (00, &1,..., 0q) € UITL with
{to, t1,..., tq} S{xo, 0t1, ..., xq};

(NFG-18) Z(to, t1,...,tg,8) =0<=to=t1 =--- =tg;

(NFG-19) Z(to, t1,...,tq,8) =2 (tﬂ(o),tﬂ(l), N ) s) for any permutation won {0,1,...,q};

(NFG-20) for each to, tq,...,tg, @0, x1,...,xp, L€ Uwithg+h+1=gq,

E(to,tl,...,tg,l,...,l,S)@E((X(),O(l,...,(Xh,l,...,l,W) P E(t(),t],...,tg,OC0,0(],...,O(h,S+W);

(NFG-21) Z(to, t1,...,tq,.) : (0,00) — [0, 1] is a continuous function;
(NFG-22) limg_,o0 = (to, t1,...,tq,8) =0 forall to, t1,...,tq € U.

Moreover, we designate the triple (0, ), Z) as the neutrosophic fuzzy generalized metric NFGM on U.
To prevent ambiguity, we denote the six-tuple (U, 0, ), =, x, ®) as the NFGMS, rather than simply NFGMS
with order q.

Example 1.15. Suppose that (U, g) be a g-metric space with order q. For s > 0, identify

S g(tOItll"'/tq)

= V4 Q(toltll“'lt IS)_
s+g(to,ty,..., tq) a

O (to, t1, ..., tq, s = ,
(to ta ars) s+g(to,t1,...,tq)

and
s

g (tOItll“‘/tq)

where s % 200 = 3 - 300 and 3 ® 2o = min{se + 300, 1}, V1,30 € [0,1]. Then, (U,0,Q,Z, *, ®) forms a
NFGMS.

E(t0/t1/~--/tqrs) =

7

We can note that the same example holds true for s * 20 = min{ss, 0} and > ® 30 = max{s, s},
V21,200 € [0,1]. This metric space (U, ©,Q, =, *, ®) is derived from the g-metric, recognized as the standard
NFGMS.

Definition 1.16. The triple (©,Q,Z) on NFGMS (U, 0, Q, =, *, ®) is termed multiplicity independent if,
for all s > 0, the following conditions are met:

G(toltll"'/tqls) :Q(aol(xll"'l(qus)/ Q(tOItll“‘/tqls) :Q(a’o/(xll"'lquls)/
and
E(tO/tlr---/tq/S) :E(“’O/a‘ll"'/“qls)/
where (to, t1,...,tq), (00, x1,...,xq) € U9t with {to, t1, ..., tq} ={oo, 1, ..., &g}
Remark 1.17.

(@) When q = 1, the NFGMS simplifies to NFMS, and when q = 2, it simplifies to NGFMS. At these
values, the multiplicity independence aligns with the symmetries present in the respective metrics.

(b) In Definition 1.14, by permitting conditions (NFG-3), (NFG-10) and (NFG-17) for {to,t1,...,tq} C
{otg, &1, ..., xq}, the triple (0, Q,Z) on NFGMS (U, 0, O, Z, , ®) achieves multiplicity independence.
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Lemma 1.18. Let (U,0,Q,Z, x,®) denote an NFGMS. Then, for all to,t1,...,tq € U, O (to, t1,...,tq,s),
Q(to, t1,...,tq,8), and Z(to, t1, ..., tq, s) are non-decreasing, non-increasing functions, and non-increasing func-
tions w.r.t. s, respectively.

In the subsequent remark, we demonstrate that from any provided NEMS, it is possible to construct
an NFGMS under specific limitations.

Remark 1.19. Let (U, F, G, Hx, ®) to be an NFMS satistying lims_,o F(t,p,s) =1, lims_, G(t,p,s) =0, and
lims_,o H(t,p,s) =0, Vt,p € U. Then (U, B0, Q,Z, x, ®) is an NFGMS, where

®(t0/t1/---/tqls) = min {F (tm/tﬂ./s)}/

o<mn<q
Q(tO/tll"'/tq/S) = max {G (tmltnls)}/
o<mn<q
E(tO/tll"'ltqls) = mmnaX {H (tm/tnxs)}-
o<mn<q

We can see that (0, ), =) is multiplicity independent in this case.

Remark 1.20. Consider (U, 0, Q, =, *, ®) to be an NFGMS. Then (U, F, G, H, x, ®) is an NFMS, where (F, G, H)
is defined by

F(tryls) :min{G)(po,pl,...,pq,s) 1 Pj G{t,y}, j:0/1/---/q}/
G(tlyls) = maXx {Q(p()/ pll---/pqls) 1 Pj G{t,y}, ] :0/1/---/q}1
H(tlyls) :max{z(pOrpll---/pq;S) : p) G{tzy}/ ] :0r1/~~~/q}-

Proposition 1.21. Under the NFGMS (U, 0, Q, Z, %, ®), where s % 3 = 3 and » ® s = s for all > € [0,1], the
following statements hold:

(@)
S
oit...,ty,...,y,s) >0 (t,y,...,y,zuﬁ) ,
u-times
S
Qt,t,...,ty,...,y,8) <Q<t,y,...,y,2uﬁ>,
u-times
- —_ S
=t t...,ty,...,y,8) <= (t,y,...,y,zuﬁ);
u-times
(b)
S
ott...,ty,...,y,s) >®<y,t,...,t,2qi_1>,
u-times
S
0Lt by ) <Oyt s,
u-times

- — S
=t t...,ty,...,y,s) <;(y,t,...,t,ﬁ>.

u-times
The following outlines the implementation of a topology induced by (0, ), Z) in the NFGMS.

Definition 1.22. Consider (U,0,Q, =, x,®) as an NFGMS and tgp € U. The open ball with center ty and
radius r € (0,1) w.r.t. s > 0, denoted as B,(E?’Q’:) (s, 1) is defined as

BJ([?,Q,E)(S,r) ={aeU:0(ty, 0, o,...,%8)>1—1, Q(ty, &, ,...,8) <t, and = (tg, 0, o, ..., 8) < T}.
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Remark 1.23. Let (U, 0, Q,Z, %, ®) be an NFGMS. Define

J(©02) _ {K C U: foreach tyg € K, 3r € (0,1) and s > 0 such that BEO@’Q’E)(s,r) C K} )

Then T(©=) forms a topology on U induced by (8, Q,=Z). It’s evident that the set {B;)@/Q,E) (L L)} is

m’/ m
a local base at tg € U, thus T(®>=) is first countable. Additionally, every open ball is an open set in the
topology T(©=),

Proposition 1.24. Let (U, 0, Q, =, x, ®) bea NFGMS. Suppose © (to, t1,...,tq,s) > 1—2, Q(to, t1,...,tq,8) <
sand = (to, t1,...,tq,s) < s for some s € (0,1) and s > 0. Then
(@) if q({to, t1,...,tq}) =3, then t; € Bi?’Q’E)(s,r)for eachj €{0,1,...,q}

(b) if (©,Q,Z) is multiplicity independent and q ({to,t1,...,tq}) = 2, then t; € Bi(]@’ﬂ’z)(s,r) for each j €
{0,1,...,q}

Theorem 1.25. Consider (U, 0, Q,Z, %, ®) be an NFGMS, where » % 3¢ = 3 and » ® » = » for all » € [0,1].
Then (U, T©=)) is Hausdorff.

A double sequence 0, = 6,5 ={(kr, ls)}is called double lacunary sequence if there exist two increasing
sequences of integers (k) and (1s) such that

ko=0,hr =k —ky— 1 —>0o0 and lp=0,hg =13 —1,_1 — 00, T,8— 0.
We will utilize the following notation ks := k;ls, hrs := hyhg and 0, is identified by
Ky L
kr—l ’ s ls—l ’
Throughout the paper, by 6, = 6,5 = {(kr, ls)} we will denote a double lacunary sequence of positive real
numbers, unless otherwise stated.

L i={(k,D k1 <k<krand l;_1 <1< L}, qr =

and qrs := qr(s-

2. Statistical convergence of double sequences in NFGMS

In this section, our goal is to delve into the idea of statistical convergence of double sequences within
the NFGMS (U, 0, Q, =, %, ®). To do so, let’s revisit some key concepts.
Given K C IN, the asymptotic density of set A, denoted as d(K), is determined by

d(K) = L}i_r)r;;%l{m <u:me K}

if the limit exists. A real sequence (w,,) is considered statistically convergent to wy € R if
d{ueNN:|jwy, —wgl >«}) =0

supplies for each k > 0 and the limit is demonstrated by st —w,, = wy (see [12]).

Definition 2.1 ([1]). Let’s define the g-product of N as N9 = []?_, IN". Consider Y C INY and define

Y(u) as
Y(u) ={(r,r2,...,7q) €Y :11,712,...,7q < U}
Then, the q-dimensional asymptotic density of the set Y is given by
|
dq(Y) = lim - |y(u)|.
u—oo u9
For a subset K C N, the q-dimensional asymptotic density of the set K is given as
|
dq(K) = lim T |K(w),
u—oo u4

where
Ku) ={(ug,up, ..., uq) € K9 :ug,uy,...,uq <uj.
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Definition 2.2 ([1]). Suppose K ={u; : t € IN} is a subset of IN. Then, K is termed statistically dense in IN
if

dq(K) = lim ) = 1.

u—oo 14

Now, we can present our main result as follows.

Definition 2.3. Let (U, 0, Q,Z, %, ®) denote an NFGMS. A sequence (t(xﬁ) in U is considered convergent
to some t € U w.r.t. the (©,Q, =) if, for each s € (0,1) and s > 0, 3ng € N such that

S (t/ truw by, - /trquq/ S) >1—1,Q (t/ ety - /trquq/ 3) <x

and
= (t/ trwg trowgs - - /trquq/ S) <ux

forall r1,7,...,7q = np and ug, uy, ..., uq = Ny.

Theorem 2.4. Let (U, 0, Q, =, %, ®) be an NFGMS and T(© =) pe the topology on U. Then a sequence (toqg) inlU
converges to t iff © (tap, tap, - -, tap, t,8) = 1, Q (tap, tap, ... tap, t,8) = 0, and = (tap, tap, ..., tap, t,3)
— 0as «, 3 — oo for every s > 0.

Proof. Assuming that (top) converges to t. Then, for every s > 0 and » € (0,1), 3ng € N such that
tap € Big’ﬂ’;) (s, 2), Va, p = ng. As a result, for all «, B > ng, we have
O (t tap, tap, - tap,s) >1 =3, OQ(ttap, tap,--- tap,s) <3, and Z(t, tap, tap, ... tap, s) <

This yields that 1 — O (t, tap, tap,-- - tap,s) < 5, Q(t,tap, tap,--- tap,s) < 7, and Z(t, tag, tap, .-,
tap,s) < 2. Consequently, we get

O (tap, tap, - tap, t,8) =1, Q(tap, tap, .-, tap, t,s) =0
and = (tap, tap, .-, tap, t,s) = 0 as o, p — oco. Conversely, assume that
O (tap, tap,--- tap, t,s) 21, Q(tap, tap, .-, tap, t,s) =0
and = (tag, tap, .-, tap, t,s) = 0 as o, p — oo for all s > 0. Then, for given s € (0,1), Ing € N so that
1-0 (ttap tap, - tap,s) <2, Q(ttap, tap, .-, tap,s) < 3

and = (t, tap, tap, .- tap, ) < 5 V&, B = ng. Hence typ € BiG’Q’E)(s,%), Vo, B > ng. Thus (tep) is
convergent to t. O

Definition 2.5. In an NFGMS (U, 0, Q,Z, x,®), a sequence (toqs) in U is considered Cauchy w.r.t. the
(©,0Q,%) if, for every » € (0,1) and s > 0, 3ng € N such that © (tryug, triwy, - trgug,s) > 1—
# O (trgugs trywgs - - trgugs s) < 3¢ and Z (trgugs tryugs -+ trqug,s) < 2 for all mo,1q,...,74 > ng and
Up, Uy, ..., Uq = Ny.

An NFGMS (U, 0, Q, =, *, ®) is regarded as complete if every Cauchy sequence (toqg) in U is conver-
gent.

Theorem 2.6. Consider (U, 0, Q),Z, ,®) to be an NFGMS. Then, every convergent sequence (t(xfg,) is Cauchy in
U.

Definition 2.7. Consider (U, 0,Q, =, *, ®) as an NFGMS, with t € U. For each » € (0,1) and s > 0, we
define the (s, »)-vicinity of t € U w.r.t. (©,Q,Z) as

VOO (5 30) = {(ty,ta,..., tg) €EUT: O (L, by, ..., tq,s) > 1—

and Q (t,t,tp,...,tq,8) <3, Z(t, t,tp,...,tq,8) < 22k
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Definition 2.8. Let (U, 0, Q, =, %, ®) represents an NFGMS. A sequence (toqg) in U is statistically conver-
genttoate Uwrt (©,Q,Z) if, for each »r € (0,1) and s > 0,

dq ({((T1/r2/-"/rq)/(ulluZI---ruq)) € Nq X Nq 10 (t/trlullthuzi---lthuq/S) < 1-—
or Q (t/ trws b, - - -/trquqz 5) >, = (t/ trius trowss - -rtrquq/ 5) P %}) =0,

or equivalently

lim
o,B—oo (af)

F{ (1,2, rg), (U, ug, . ug)) € NI XN iy, 1,0, 1 S @,

U, up,...,uq < B, 0 (t,trlul,tmuz,...,trquq,s) <1l—sxor
Q (t/tTlulrthuZ/- . '/tT‘qLLq/ S) 2 x, E (t/tTlulltT‘zuz/ . -/trquqzs) > %}‘ = 0

sth—(0,0,Z)
—

In this scenario, we denote the convergence as t«p tor sty —limy g o tap =1(0,Q,Z). The

collection of all statistically convergent sequences in NFGMS is symbolized as st£® A E).

Lemma 2.9. In an NFGMS (U, 0, Q, Z, *, ®) with a sequence (t(xg) in U, under a fixed s > 0 and » € (0,1), the
following assertions hold true interchangeably.

(@) sty —limg g oo tap =1(0,0Q,2).

(b)
dg ({((ri, 72,0, mq), (U, Uz, ug)) € NG X IND O (b, tryugs s trgugs §) > 1— ¢
and Q (t, truy, tryugs - -0 trgugr $) < 26 2 (6t trug, - trgug ) < 2}) =
(0)
dg ({((r1,72,-.,7q), (U, uz, .. ug)) € INT X INT O (4, tryuy, trpwgs - trgug, 8) < 1—3¢}) =0
and
dg ({((ri,72,..,7q), (U, vz, .., ug)) € NG XN O (4t trywgs -+ trqug, S) = 2#}) =0,
dgq ({((r1,72,..., q),(ul,uZ,...,uq)) € NI X INY: Z (L, trywy, tryugs - - s trqugs 8) = 2¢}) =0.
(d)
dg ({((ri,72,...,7q), (ug,ug, .., ug)) € NT XINT 2O (L, tryuy, trjuys -+ trgug, $) > 1—3c}) =
and

({( T1,T2,.. ) (u1/u21-~~luq)) € N9 xIN9:Q (t/tT1u1/tT‘2u2/---/thuq/ ) < %})
dq ({((r,12,...,7 q),(ul,uz,...,uq)) € N9 x N9 Z(t, tryuy, tryugs - trgug, 8) < 2})

Theorem 2.10. Given an NFGMS (U, 0, Q, =, *, ®) with a sequence (taﬁ) in U, and for a fixed s > 0 and
€ (0,1), the following statements are equivalent:

(@) st —limg g tap =1(0,Q,Z);
(b) dq ({((TlerI‘ . '/‘rq)/ (u1/u2/~ . '/ )) € Nq X Nq (tTl'U.lltT'z'LLzl . /thuq) € V-E—_@,Q,E) (S, %)}) == 0.

Proof. The proof follows directly from the definition of statistical convergence. O
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Theorem 2.11. Let (U,0,Q,Z, x, ®) represent an NFGMS. Assume (t“ﬁ) is a sequence in U such that sty —
limy g o0 tap =t (0,Q,Z). Forany » € (0,1) and s > 0, it holds that:

dq ({((Tl,rz,...,Tq),(Ul,uz,...,Uq)) € INq X ]Nq :tT'fLLf % 'B-EQ,Q’E)(S,%)}) — 0/

forall f€{1,2,...,q}
Proof. Given » € (0,1) and s > 0, define
K(s, ) = ({ ((ri,72,...,7q), (U, up,...,uq)) € NI X NI O (t, tr 0y, trpuy, oo trgug, ) >1— 3
and Q (t, tru, trug, - trgugs ) < 26 2 (6t trwgs - trgug, 8) < ¢})

and
L(s,20) = {((r1,72,.,7q) , (W, u2, 0 uq)) € N X Nty € B (s,50) ],

forall f € {1,2,...,q}. Since st —limy g oo tap = t (0, Q,Z), so dq(K(s, x))) = 1. Suppose (r1,12,...,7q),
(w,up,...,uq) € K(s, ). Then

O (t, tryws tryugs - s trqugs $) > 1—scand Q (4, truy, tryugs - -5 trgugs S) < 2,

= (t, e b -0 trgugs s) < ». According to Proposition 1.24, we deduce that t, ., € BiG’Q’E) (s, ») for
each f € {1,2,...,q}. Thus (r1,12,...,7q), (U, uz,...,uq) € L(s, %), and consequently K(s, ) C L(s, 5).
This implies dq(L(s, »)) = 1, leading to the desired conclusion. O

Theorem 2.12. Let (U, 0, Q, =, *, ®) represent an NFGMS. If a sequence (t(xg) in W is convergent to t € U, then
sty — lim(xrﬁ_ﬂx) tap =t (0,0,=2).

Proof. Assume that (t(xﬁ) converges to t € U. For each » € (0,1) and s > 0, 3wy € N such that
O (t, tryws tryugs - - trgug, $) > 1—2cand Q (t, truy, tryugs - -0 trgugs ) < 26 2 (4 trugs tryugs - - trgugs 8) <
x, for all 1o, 11,72,...,7q > wo and ug, uy, ..., uq > wy. Let’s define

K(Wlp) = { ((Tllrzl‘“Irq)l(ulluZI"'luq)) € N9 x N4 ‘T, 12,4, 7 <w,
ug,up,..., Uq <P, C) (t/trlulrtrzuzw--/trquq/ S) > 1_%/
and Q (t, triuy, tryuys - s trgugs 8) < 26 Z (6 trugs tryugs - oo trgug, 8) < 22}

Obviously,

— W2 ! | )
|K(w,p)|>(w‘) W°>.:> lim & _|Kw,p)> lim & (Wp W0>:1.

q w,p—o0 (Wp)4 w,p—r00 (Wp) 4 q

Hence, limy, o500 ﬁqﬁ

I(K(w, p))€| = 0. This gives that st) —limy g0 tap =1(0,Q,Z). O
We offer the following example to illustrate that the converse of Theorem 2.12 does not hold.

Example 2.13. Consider the NFGMS (U, 0,Q, =, x,®) as defined in Example 1.15, where U = R and

g: Rl — R* so that g (to, t1,...,tq) = [ nax. {I{tm — tn[}. Now, let’s define the sequence (top) in R
sm,nkq

{ ap, if k=m3, B =nd
tap =

as
1, if not,
where m,n € N. Then, st —limy g0 tap =1 (0, Q, Z), but not convergent.

Theorem 2.14. In an NFGMS (U,0,Q, =, %, ®), if (taﬁ) is statistically convergent sequence in U, then the
statistical limit sty —limy g o0 tup 1S Unique.
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Proof. Suppose that sty —limy g0 tap =1 (0, Q,Z) and sty —limy g00 tap =P (O, Q, Z). Our objective
is to demonstrate that t = p. Given s € (0,1), let’s select s; € (0,1) such that (1 — ) % (1 —3¢) > 1—
and »7; ® s1 < 2. Now, for a given s > 0, we examine the subsequent sets:

S
A(Slxl) = { ((rl/r2/~~~/rq)/(ulluZI'“/uq)) € Nq X Nq : @ (t/tT‘lu]/t‘rzuz/“'/t‘r'quq/ E) g 1_%1

S —_ S
or Q (t/ tTlulrthuz/ L /tT‘qLLq/ E) 2 ”1, = (t/ trlulztrzuzx L /th'LLq/ E) 2 %1}/
S
2
S —_ S
or Q (p/ trlulrtr2u2/ e /t‘rquq/ E) 2 1, = (p/ t‘rlulltT‘zuzr s /trquq/ E) 2 %1}/

B(sl}tl) = { ((rllr21"'qu)/(ulluZI"'luq)) € N9 xIN9: 0 (p/tmuytrzuz/---/t‘rquq/ ) < 1_%1

S
AC (81%1) = { ((r1/T2/"'/rq)/(ulluZ/-"/uq)) 6 ]Nq X Nq : @ (t/trlulztrzuy-~-/trquq/ 5) > 1 _%1

s
2
BC (S,%l) = { ((rl/TZI"'/Tq)/(ulluZI“‘/uq)) € Nq X Nq : @ (p/tT‘lu]/t‘rzuzl"'/th

—_ S
and Q (t/ tT1u1/tT2uzl .. ~/tT‘quq/ ) <, = (t/ tT‘lul/thuzl [ /thuql E) < %1}/

S
U.qli) >1_%1

s _ s
and Q (P, tru trowys - - /trquqz E) <, = (P, triw trougr e ooy trquq/ E) < %1}-

Since sty —limy g 500 tap = (0,0, Z) and sty —limy, g0 tap = P (0,0, Z), we have dq (A(s,5)) =0
and dq (B (s, 1)) = 0. Also, by Lemma 2.9, we havedq (A€ (s, 5)) = dq (B€ (s,5¢1)) = 1. Thus

dq (A (s,29)UB(s,21)) =0,
implies
dq ((A(s,2) UB(s,50))°) =dq (A(s,5) NB(s,59)°) =1.

Let (r1,12,...,7q), (W, up,...,uq) € A(s,3)° NB(s,3q)¢. Utilizing (NFG-3), (NFG-6), and part (3) of
Definition 1.4, we obtain

S S
g(t/p/ . '/pls) 2 @ (t/trlulrtr2u2/~ . -/trquq/ E) * @ (thuq/p/p/' . '/p/ E)

S S
> @ (t/ trlulr th'LLz/ ey thuq/ 5) * @ (p/ trlulx trzuzl sy tT’quq/ E)
>(1—5q)*%(1—57q)>1—:3.
Utilizing (NFG-10), (NFG-13), and part (3') of Definition 1.4, we get

S S
Q(t/p/'~~/pls) < Q (t/trlulltrzuzz- . '/thuq/ E) ®Q (thuq/p/p/' . '/p/ E)

i
2
Also, utilizing (NFG-17), (NFG-20), and part (3’) of Definition 1.4, we get

S
<Q (t/tmulz trouss - -/trquq/ > ® Q (pltTlulltT2u21~ . -/t'rquqz E) < 2 ® 20 < o

=zt p,...,p,8) < s
Since s € (0,1) is arbitrary, we conclude that
ot,p,...,p,s) =1and Q(t,p,...,p,s) =0,=Z(t,p,...,p,s) < 3, Vs >0.
Hence t =p. O

Definition 2.15. Consider (U, 0, Q, =, *x,®) as an NFGMS and (tang) as a subsequence of (tocfg) in U.
Then (tq,,p, ) is termed a statistically dense subsequence of (t«p) if the index set {(ctw, B«) : W, k € N} is
statistically dense in IN?, denoted by dq ({(atw, Bk) :w,k € IN}) = 1.
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Theorem 2.16. Consider (U,0,Q,=Z, x,®) as an NFGMS and let (toqg) denote a sequence in U. In light of this,
the following assertions are interchangeable.

(1) sty —limy g oo tap =1(0,Q,Z), for some t € U.
(2) There is a convergent sequence (ya(g,) in U with tog = Yup for almost all o, 3.
(3) There is a subsequence (te,,p, ) of (top) such that (ta, g, ) is statistically dense and (t«,,p, ) is convergent.

Proof.

(1)=(2) Lett € Uand sty —limy g oo tap =1 (0, Q,Z). According to Lemma 2.9, for any » € (0,1) and
s > 0, we have

dg({ ((r1, 12,00, 7q), (U, up, . ug)) €INTXINT 2O (4 trjuy, trpugs - s trgug, §) > 1— 3¢
and Q (t, triuy, tryuys - trgug, 8) <NE (bt troug, - trgug, ) <) =10
For T € N, establish the set

1
K(s, 1) = { ((r1,72,...,7q), (U, u,.. ., uq)) € NI XINT: O (t, trjuy, tryugs -+ trgug, 8) > 1—;

1 1
and Q (t, triuy, tryuys - s trgug, 8) < ;,E (t, trws trougs - - trgugs 8) < ;}.

It is evident that, K(s, T+ 1) is a subset of K(s,T) for each T € IN. Since st; —limy g ;00 tap =1(0,Q,Z),
we conclude that

dq(K(s, 1)) =1 (t € N). 2.1)
Select an arbitrary (r%,r%,...,r}l), (u%,u%,...,u}]) € K(s,1). Let

my =max {r{,73,..., 74}, ny =max {uj,uy, ..., ug}.
Since (2.1) supplies, there exist (12,13,...,7%), (uf, uj, .. .,u%]) € K(s,2), and

2 2 2 2.2 2
mzzmax{rl,TZ,...,rq}, n2:max{u1,u2,...,uq},

such that my > my, and n, > n; for all @« > my, B > n, we have

: q!
lim T1,T2,...,Tq), (U, U, ..., ug)) EINTI XN :1,15,...,7q < 1,
“,ﬁﬁoo(o(qu(U 2 q), (w1, q)) 1,72 q <
1
ul/uZI“‘luq g B/ @ (t/trlulltT‘zuz/'~~/tT‘quq/s) > 1_5

1

1
and Q (t, tryuy, trouys - -0 trgugs 8) < 77 2 (B trug trowgs -+ trgugs §) < E}\ >3

N[ =

Continuing this process by (2.1), there exist (3,73, ... ,Tz) BCTEATE A ,uz) € K(s,3) with

m3 = max {r%,rg,...,r?]} >my and n3 :max{u%,ug,...,uz} > My,

such that for all « > mg, f > n3 we obtain
lim :
o, B —00 (O(B)q

{((r,m2 .0 mq) (U, g, ug)) € NG X INY i1y, 1,00, 7 < &,

1
ul/uZI“'luq < B/ @ (t/tTlulltT’zu2/“'/thuq/S) > 1— §
1

1 2
and O (t, truy, trpugs - s trgugs S) < 32 (t triuys trowgs - trgug, ) < 5}’ >

5.
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By continuing this process, we can build an increasing sequence (m.) and (n-) of natural numbers, m; =
max {Tf,Tg,...,T;} and n. = max {uf,u},...,ua} such that (rf,rg,...,rfq), (uf,ug,...,ug) € K(s, 1)
and for all « > m«, B > n. we have

. q!
lim T1,T2,...,Tq), (U, Uz, ..., ug)) E NI xINY:1,10,...,Tq < &,
“,B%w(ocﬁ)q\{((l 2 q), (ug,up q)) 1,12 q
1

ul/u2/~“/uq < B/ @ (t/tTlulrtT‘zuZ/"-/thuq/ S) > 1— ;

T—1

1 1
and Q (t, trwy, trpugs - -0 trqugs 8) < o 2 (t tryws trgugs - s trgugs S) < ;}\ >

Now, let’s define the sets:

T1={(c,d)eN?*:1<c<m,l<d<mn},

T2 = U {e =max{oy, &y, ..., &q}, d =max{B1,B2,...,Bq}: (x1,00,..., 2tq),
TeN
([31/ [32/‘~~/Bq) S K(S/T)/ My g c< Mry1, Nt g d < nT+1}~

Let’s define T = J7 U T, and the sequence

o tea, if (Cr d) € ‘T/
Yed = t, if not.

For s € (0,1), select T € N so that % < sxandsol—21 >1—5. This implies that the sequence (ycq)

T
converges to t w.r.t. (0,0, Z). For fixed «, € N and m. < & < my1, e < B < Ny, we obtain

{((r1,72,...,7q), (g, up, ..., uq)) € N9 x N9 :
TLT2 ., Tq S & UL, Ug B true # Yrwo WK E{L2,LL,q)}
C{((r,m2,..,mq), (u,up, ., uq)) € NI XING iy, 1., 7g < &, U, U, ..., Ug < B
N ((r,12,...,7mq), (ug,up,..,uq)) € NI X INY 1,1, 1g < o,

1
Up, Uy, .., ug < B, O () by, trougs - s trgugs ) > 1— - and
1 - 1
Q (t/ e trowss - -/trquq/ 5) < Ez = (t/ truw trowys - - /trquqz S) < ;}

This implies that

ocrlé-]z}oow|{((rllr2/"~/rq)/(ullu2/~"/uq)) € Nq XNq :

rl/rZI“‘/rq < OC/ u1,u2,...,Uq < B/ tT‘W‘LLK #Urwuw W/K S {1/2//q}}|

. q! :
< o(,lélz)loo (Oﬁﬁ)q ‘{((YLTZI---qu)/(ulfuZ/--'/uq)) € Nq X Nq .

T1,T2,.00,Tqg < & U, Uy, ..., Uq < B
I

— lim ((r, 12,0, mq), (W, up, .., ug)) € NI XINT 11y, 1,000, 1g < 0,

&, 3—00 ((Xf.’))q

1
U, up,...,uqg < B, 0 (t,trlul,trzuz,...,trquq,s) >1-— - and

1 - 1
Q (t/ triu trougs e - /trquq/ 5) < ot = (t/ triw trougs e - /trquqz S) < T

!

<1-— Ilim

o, B—r00 (“B)q ’{ ((TLT’Z/...,Tq),(ul,uz,...,uq)) c N9 x N9 :
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1
T, T2, Tq < & U, U,. .., Ug < [3,@(t,trlul,trzuz,...,trquq,s) > 1—; and
1
T

T

- 1 1
Q (t’trlul’trZuW'"’trquq’s) <= (t'tTluvtfzuzl""trquqrs) <= < ; <

As s is chosen arbitrarily, we deduce that

dq ({((T1/T21"‘1Tq)l(ulluZI“‘luq)) S Nq X Nq .

T‘111'2/---/T‘q < X, ul/uZ/---/uq < [5/ tT‘qu #yTWuK/ w, K € {1/2//q}}) = 0.

Consequently, top = y«p for almost all «, (3.

(2)=(3) Consider a convergent sequence (yaﬁ) in U such that tog = y«p for almost all o, 3. Then,
the set A = {(oc, B) e N?: tap = y“[g,} has dq(A) = 1. Consequently, (yoqg) A forms a statistically

dense subsequence of (tqp), which is convergent.

(x,B)e

(3)=>(1) Let (tq,.p,) be a subsequence of (ti) such that (t«,p,) is statistically dense and (ta, p,) is
statistically convergent to t € U. We define the index set K = {(ow, B«) : W,k € N}. It follows that
dq(K) = 1. Now, for any s € (0,1) and s > 0, we get

{((r1,712,...,7q), (U, up, ..., uq)) € N9 x N9 :
T2, Tg S0 UL U, .U < B, O (t by trougs s trgugs S) > 1 —
and O (t, truy, trywys - trqugs 8) < %6 Z (6 trw trougs -+ trgug, S) < 2}
2{((ri,r2,...,mq), (W, up, ..., uq)) € K9 x K9 :
T,T2,..,Tqg < & UL, U,..., ug < B, 0 (t,trlul,trzuz,...,trquq,s) >1—
and Q (t, triuy, tryugs - s trgugs 8) < %6 2 (4 trpwgs tryugs - -0 trgugs 8) < )

This implies
. q! )
oc,lélz)loo (OCB)q |{((r1/T21---/Tq)/(ulluZ/--'luq)) S IN9 x N9 ‘T, 72,...,7g <«

Up, Uy, ..., ug < B, O (b by, trpuys - trgug, ) > 1— s and
Q (t/trlulrtrzuzz- . '/thuq/ S) <z (t/trlulztrzuzw . ~/trquqr S) < %}‘
. q!
> Iim —= {((r1,12,...,7q), (U, ug,...,uq)) EKI XK :71,10,...,7q < &,
/cx,(s—mo(ocfi)q'{(( 1,12 q), (ug,up q)) 1,12 q <
U, ug B, O (G truy, truy, - trgug,§) > 11— and

Q (t, tryuy trugs - s trgugs 8) < 26 Z (6 trug tryugs - trgug, 8) < 2f| =1
Thus, st —limy g0 tap =1(0,Q, Z). O
The above Theorem 2.16 directly implies the following corollary.

Corollary 2.17. Let (U, 0, Q,Z, x,®) bea NFGMS and let (top) be a sequence in U such that (top) is statistically
convergent. Then, (tqp) possesses a convergent subsequence.

The opposite of the statement above is not universally valid; in other words, there can be a non-
statistically convergent sequence that contains a convergent subsequence. The following example illus-
trates our point.

Example 2.18. Let (IR, g) denote a g-metric space with order q, where

g (to,tl,...,tq) = max {|tm—th|},vt0,t1,...,tq € R.

0<m,h<q
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Consider the triple (0,Q,Z) as defined in Example 1.15. Let s * 3 = min{sg, 0} and s ® 0 =
max {3, s}, Va1, 50 € [0,1]. Then (R,0,Q, =, *,®) forms an NFGMS. Consider (typ) as

1 e 2 .2
fup = “—ﬁ,2 if x = ms,f =n-,
(apB)”, if not,

where m,n € N. Then (t,2,,2) constitutes a subsequence of (top) and it is convergent to 0. It is
noteworthy that (tsp) is not statistically convergent.

3. Statistically Cauchy double sequences in NFGMS

In this section, we present the notion of statistically Cauchy double sequences within the framework
of NEGMS (U, ©, Q, =, x, ®) and explore several associated properties.

Definition 3.1. A sequence (taﬁ) in U is statistically Cauchy w.r.t. (©,Q,Z) if, for each » € (0,1) and
s>0,3U=U(sx) € N,V =V(sx) € N such that
dq(((r1,12,...,7q), (1, up,...,uq)) € N9 x N9 :
C) (trlulrtrzuzr e 1thuq/tUVI 5) <l—sxorQ (trlulrtrzuy ceey trquq/tUVz 5) = x
E (tT]ulltT‘zuz/ cecy trquq/tUVI S) 2 %) - 0

Next, we explore the connection between statistically convergent and statistically Cauchy sequences
in an NFGMS as follows.

Theorem 3.2. Consider (U,©,Q,Z,*,®) as an NFGMS and (t«p) as a sequence in U such that (tog) is statis-
tically convergent. Thus, (t«p) is also statistically Cauchy.

Proof. Let sty —limy g oo tap = t(0,Q,Z). For given s € (0,1), select 54 € (0,1) so that (1 — ) *
(1—51) >1—3and »q ® 51 < 2. For s > 0, let’s consult the following sets:

S
P(%]) = { ((rl,rz,...,rq),('LL],UQ,...,LLq)) € ]Nq X Nq 26 (trlulxtrzuzz---/trquq/t/ 7) < 1_%1

2
s _ s
or Q (tr]u1/t‘r2u2/ ce. /trquqz t, E) =, = (tnulz truy, - /t‘rquqrt/ E) = %1}

and
S
P (o) = { (r1, 2., 7q), (U1, U2, ... 11q) € N9 x N9 : © (trlul,trzuy...,trquq,t,§> > 11—

s _ s
or O (trlulz trups - /trquq/t/ E) <, = (trlulz troup, - /trquq/t/ E) < %1}-

Since sty —limg g oo tap =t (0,Q,Z), 50 dq (P (51)) =0and dq (P (34)°) = 1. Let
(m1,my,...,mq), (Ny,ny,...,ng) € P(59)°.

Then, we have
S
] (tm1n1/tm2nzr cee /tmqnq; t, E) >1—0

and

s _ s
Q (tmlnlztmznzr ce /tmqnqrtr E) <, <o (tm]n1/ tmomgs - /tmqnq/tz E) < .

Fix mq,ng € N, for some &, 3 €{1,2,...,q}. Then

S S
S <tmanﬁlt/---/t/ E) = S <tm1nlrtmzn2/---/tmqnq/t/ E) >1 —
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and

S S
Q <tmanﬁ/t/ oot 5) < Q <tm1nlrtm2n2/- . -/tmqnqlt/ 7) < 71,

2
—_ S —_ S
= (tm“nﬁ/t/' “/t/ §> < = (tmlnlltmzﬂ.z/' . ~/tmqnq/t/ E) < 7.

For (r1,712,...,7q), (U1, u2,...,uq) € P (51)°, we have

S S
S (tr1u1/ tT2u2/ s /trquq/tmanﬁ/ S) 2 0 (tr1u1/ tT‘zuzl s /trquq/t/ E) S (tm(xngrt/ s /t/ E)
>(1—sq)*x(1—029q)>1—12
and
S S
Q (t‘r‘lulrt‘r‘zuzl'”rthuqrtm(an/ 3) <Q (t’r]ul/thuz/”'/thuq/tr E) ®Q (tm(xnﬁltl"‘/tl E) < @ <,
— —_ S —_ S
= (tT‘lulltT‘zuzl' ~-/trquq/tmo(n[5/5) < = (trlulltrzuy- . '/thuq/t/ E) ®:‘ (tmcxnﬁlt/‘ "/t/ E) < 1 ® ! <.
Therefore, this suggests that
P(a)® C{(r,m2,...,7q), (u,uz,...,uq) € N XINT:O (truy, tryuys -+ trqugs tmang, ) > 1— 3 and
Q (tr1u1/ tru,, - -/trquq/tmanﬁz 3) <z (tr1u1/ tru,, - -/trquq/tmanﬁrs) < %}-

Consequently,

dq (P (%1)(:) < dq(((rllTZI-”qu)/(u1/u21~--/uq)) € N9 x N9 :
O (truy trywss - - trqugs tmang ) > 1— 3 and

Q (trlulz th'LLz/ cecy thuq/ tmo(n@/ S) < >, E (trlulz tT‘z'LLz/ ceey tT‘qLLq/ tmfxnﬁ/ S) < %) .

Therefore,

dg(((r1,12,-..,7q), (U, 2,0, ug)) € INT X INT 1O (tryuy, tryuys -+ trgugs tmang, s) > 1— s and

Q (t'l"lLL]ItTZ'LLz/ e /thuq/tmfan/ S) < », E (tT‘lul/tT'zuzl e /trquq/tmanﬁr S) < %) = 1/
and thus
dq ( ((T1/T21 . '/Tq) 4 (u1/u2/ . .,Uq)) € Nq X Nq@ (tTlullthuZ/ e /trquqztm(xnﬁl S) < 1 — % Or
Q (trlulz trugsee s trquq/ tm(xnﬁr S) >, = (trlulr trugs ey t‘rquq/ tm(an/ S) = %) =0.
The theorem’s proof is now concluded. 0
The converse of Theorem 3.2 does not hold. To illustrate this point, consider the following example.

Example 3.3. Take U = (0,1]. Let’s examine (U,0,Q,Z,*,®), the NFGMS as outlined in Example 2.13.
Now, look at the sequence (tqp) defined by

N 1, ifa=k%p=1,
xp = o%ﬁ’ if not,
where k,1 € N. Then (tqp) is statistically Cauchy sequence, but not statistically convergent.

Definition 3.4. An NFGMS (U, 0, Q, Z, x, ®) is termed statistically complete iff every statistically Cauchy
sequence in U is statistically convergent.

Theorem 3.5. If an NFGMS (U, ©, Q, =, *, ®) is statistically complete, then it is complete.
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Proof. Suppose (U, 0, Q,Z, x, ®) is statistically complete. Let (top) be a Cauchy sequence in U. Then, it is
statistically Cauchy in U. Since (U, ©, Q, =, x, ®) is statistically complete, (toqg) is statistically convergent.
By Corollary 2.17, we have a convergent subsequence (ta,.p,) of (tap). Let (t,.p,) converges to t.
For given » € (0,1), there are s, 30,253,324 € (0,1) so that (1 —30)* (1—3n) > 1 -1, s3® 3 < 2,
(1—3a) % (1—34) > 1—3 and 59 ® 34 < ». Take 55 = min{sn,s3}. Since (tqp) is Cauchy, for given
s >0, Jotg, Bo € IN such that for all ro, 71, 72,...,Tq = &g and ug, uy, ..., uq > o, so we have

S
C) (trguoz triw trougs e ooy trquq/ 1) >1— s,

and
S —_ S
Q (trguor t‘rlulr tT‘zuzl e /trquq/ E) < 5,2 (tTo'U.OI trlulrtrzuzr e /thuql 1) < 5.

Also, (ta, p,) is convergent to t. So, there exist og, 31 € N such that

S
C) (traluﬁlltrazuﬁzl e /t‘r“xqu[;,q/t/ 1) >1-— M4

and

S —_ S
Q (traluﬁlztr%uﬁz/ s /trqu qu/t/ 1) < 14, = (tT,_-leL[gl/tT[xZu[g2/ cee /tr“quﬁq /t/ Z) < 14,

for all 1oy, Ty, v/ Tay 2 1 and Uny, Uy, .-+, ey = P1. Let U = max{og, ®1}, V = max{pg, p1}. For
T0, Tl TqrTogs Togr e Tag 2 u, Up, Ut ..., Uq, Upy, Uy, -, UB, = V, using (NFG-3) and (NFG-6) we
have

C) (trlulz trowpsre-es trquq/ t, S)

S S
> @ (tT‘guo/ tr1u1/ thLl.zI sy thuq/ E) * @ (tTguol tTou.g/ sy trougl t/ E)

S S
2 @ (traluﬁlltrazuﬁzl L /tT‘Xquﬁq /t/ 1) * @ (tT‘ouoltTouo/ oo /tTouoltT‘“qu(_gq 7 i)

S
* @ <tT0u0/ trlulrtr2u2/ L /thu.q/ E)

WV

S S
@ (tro‘luﬁl’tT“ZuﬁZI e ’trfxquﬁq ,t, Z) * @ <tr0u01 tTcxluﬁl’trtxzuﬁz’ . 'trquuﬁq , Z)
S
* @ (tTOuoltT‘lul/thuzl e /trquq/ 1)
>(1—sg)x(1—25) % (1—25) > (1 —4) (1 —200) (1 —200) > (1 —314) * (1 — 31) > (1 — 32).

Again, using (NFG-10) and (NFG-13), we have

Q (trlul/ tT‘zLLQl cecy thuq/ t/ S)

S S
< Q (tTOuol tT]LLl/ trzuzr e /thuq/ ) @ Q (tTOuoltTguol e /trouolt/ 7)

2 2
S S
< Q (tT‘Lx] UﬁlltT‘“zuﬁzl e ItT‘(Xtuq /t/ 1) ® Q <t‘r‘0u0/ tT()LLOI cecy tTQUQIt‘F(Xtuq 4 Z)

S
® Q (trouoz tr1u1/ tT‘zuzr s /trquq/ E)

N

S S
O (bray g, traguyr s braguipg b5 ) @ Q (b brag g, braguigy oo bragupy )

S
®Q (tTouoftTlulltT‘zuzl'"lthquZ) < 204 B 25 B 5 < 204 P 23 B 33 < 304 B 301 < 2.

Likewise, we derive Z (trju;, tryuy -+, trqug, t,s) < s This suggests that (tep) converges to t, thus af-
firming the completeness of (U, 0, Q, =, x, ®). O
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Definition 3.6. Consider (U, 0, Q,Z, *, ®) to be an NFGMS. A sequence (toqg) in U is termed statistically
bounded w.r.t. (©,Q,Z) if, for any ty € U, there exist s € (0,1) and so > 0 such that
dq ( ((TLTZ/ .. 'ITq)I (ulluZI .. ~/uq)) e N9 x N9:© (tTlulltT‘zuz/ .. -/tT‘quq/tO/ SO) < 1-— 0 and

Q (trlulr troups oo ey trquqz to, 50) > 7, = (t'rlulz troups e ey trquq/ to, SO) = J{0) =0.
Theorem 3.7. If a sequence (tqp) in U is statistically Cauchy, then it is statistically bounded.

Proof. Let the sequence (typ) is statistically Cauchy in U. Then, for each » € (0,1) and s > 0, 3U =
U(s) € N, V = V(3¢) € N such that the set
K(S/ %) = { ((Tllrzl' . -/Tq)/ (ulluZI' . -/uq)) € Nq X Nq G (tT1u1/tT‘2u2/ .. '/thuq/tUV/ S) >1—s
or (tr1u1/ truy, e /trquq/tUV/ S) <x (trlulr truy, e /trquq/tUV/ S) < %}

has asymptotic density 1, namely dq(K(s, ) = 1. Fix to € U and let © (tuv, tuv, ..., tuv, to, 3) = « and

Q (tu\/,tu\/,...,tu\/,to, %) =v,Z (tu\/,tu\/,...,tu\/,to, %) =1. Since «, v,V € (0,1), there exist 3,5, T €
(0,1) such that (1—s)*ax>1—p,2®y <dand »>® < 1. Let (r1,72,...,7q), (W, u2,...,uq) € K(s, »).
Then

S S
S (trlulz t?‘zuz/ s /thuq/tO/ 3) = 0 (trlulz t?‘zuz/ s /trquq/tUV/ E) *© (tUV/ tuv, ..., tuv, to, E)
>(1—»)xa>1-—0,

and
S S
Q (tr1u1/ t‘r‘zll.zr crcy trquq/ tO/ S) < Q (trlulr tr2u2/ crcy t‘rquq/ tuV/ 7) ® Q <tuVrtUV/ cecy tLl\/l t0/ 7)

2 2
<x®Y <Y,
Similarly, we get = (trlul,trzuz, e trgugs tos s) < 1. Take »¢9 = max{p, §,t}. Then

K(S/%) g {(TllTZI“'Irq)/(ulluZI"'/uq) € ]Nq X Nq :® (trlullthuzl'"/th'LLq/tO/S) > 1_%0

or O (trlulr trougs oo ey trquq/ to, S) <, = (trlulr troups oo ey trquq/ to, 5) < J40}-
Consequently,

dgq ( ((r1,12,...,7q), (U, up,...,uq)) € NTxIN9:© (trlulztr2u2/~--/trquq/t015> >1— 9 and
Q (tTlullthuzl e /th'LLq/tO/ S) < 0, E (trlulltrzuzz e /thuq/tO/ S) < %O) = 1/

which gives that
dgq ( ((r1,12,...,7q), (U, U, ..., uq)) € NI xIN9: © (trlul,trzuz,...,trquq,to,s) <1—s9and
Q (tryws tryugs - s trgug 10, 8) = 50, 2 (trjwgs tryugs - -0 trgugs to, 8) = 0) = 0.
As a result, (t“ﬁ) is statistically bounded. O
Corollary 3.8. In an NFGMS (U, 0, Q, =, %, ®), every statistically convergent sequence is statistically bounded.
Proof. The result follows from Theorems 3.2 and 3.7. 0
In addition to Theorem 2.16, we can also assert the following theorem.

Theorem 3.9. Considering (U, 0, Q, =, *, ®) as an NFGMS, the following statements are equivalent for a sequence
(toqg) in U.

(a) The sequence (tqp) is statistically Cauchy.
(b) There is a statistically dense subsequence (to, p,.) of (tap) and (to, g, ) is Cauchy in U.



V. A. Khan, O. Kisi, R. Akbryik, J. Nonlinear Sci. Appl., 17 (2024), 150-179 169

4. Statistical limit points and statistical cluster points

In this segment, we expand upon the concepts of thin subsequence, nonthin subsequence, statistical
limit points, and statistical clustering points within the context of NFGMS.

Definition 4.1. Consider an NFGMS denoted by (U, 0, Q, =, *,®). A point t € U be identified as a limit
point of a sequence (top) in U w.rt. (©,0Q,Z), if there exists a subsequence (tq,.p,) Of (tap) that
converges to t. The notation (®=) (t,5) denotes the collection of all limit points of the sequence (tp)-

Definition 4.2. Consider an NFGMS represented by (U, ©, Q, =, x, ®), with (t“mfgn) being a subsequence
of a sequence (tp) in U. Let K = {(&m,Bn) : m,n € N} C N2 We define (tq, p,) as a “thin subse-
quence” of (tocfg) if dq(K) = 0. If dq(K) # 0, then term (to(m[gn) as a “nonthin subsequence” of (toqg).

Definition 4.3. Consider an NFGMS denoted as (U, 0, Q,=Z, x,®). Then t € U is termed a statistical limit
point of the sequence (tog) in U w.rt. (©,Q,Z), if there exists a nonthin subsequence (tu,.p,.) Of (tap)
that converges to t. We denote A(®2%) (t,) as the set comprising all statistical limit points of (txp)-

Definition 4.4. In an NFGMS represented by (U,0,Q,Z,*,®), t € U is termed a statistical cluster point
of the sequence (toqg) in U wrt. (©,Q,Z) if for every » € (0,1) and s > 0,

dq(((rllrb---/rq); (ulluZI"'luq)) € Nq X Nq 10 (tT‘lulrthuzl'--rtT‘quq/t/S) >1—2sand
Q (trlulrtr2u2/- . -/trquq/t/ S) < , E (trluyt‘rzuzw . -/trquqztz S) < %) # 0

We denote by M®2=) (t,3), the set containing all statistical cluster points of (txp ).

Theorem 4.5. Let (U,0,Q,Z, *,®) be an NFGMS and (twg) be a sequence in U. Then
A (tap) CTIOE) (tap) € (O (tap).

Proof. Consider the scenario where (U, 0, Q, =, ¥, ®) represents an NFGMS, and (t(x[g) is a sequence in
U. When t € A®2Z) (t,4), there exists a subsequence (ta,.p,) Of (tap) such that the index set A =
{(&m, Bn) :m,n € N} Cc IN? possesses a non zero q-dimensional asymptotic density, denoted as:

dq(A) = “,lﬁigloow|{(((X1/O(2/---/(xq)/(ﬁll BZ;---qu)) € AT x AT

T2, Tqg <& U, Up,...,uqg < BH =y >0
and (ta, p,) converges to t. Due to the properties

{((x1, 00, ., xq), (B1, B2, Bq)) €AY X AT :O (taypystagpy -+ r togpyrtis) >1— 3¢
and Q (to, g, toypar - tagBe ) < % = (toqBrstanp - - s tagpgr trS) < 2}

C {((rl,rz,...,rq),(ul,uz,...,uq)) € N9 x N4 :@(trlul,tmuz,...,trquq,t,s) >1—u
and O (trjuy, tryugs - trgug 6'5) <56 2 (trpugs tryugs - -0 trgug t8) < ¢},

which hold for all sc € (0,1) and s > 0, we can conclude

{((ot1, 000, ..., xq), (B1, B2, -+, Bq)) €EATXAY ), By e N, x,y=1,2,...,q}
N Ao, 00,...,0q),(B1,B2, ..., Bq)) € AT x A :@(talﬁl,tazﬁz,...,t“qﬁq,t,s) <1—x
or O (tapy tonBys s tagBert:8) = 26 2 (tayprs taBar - - tagBs 1) = 2}
C{l(ri,72,...,7q), (U1, uz,..., uq)) € N9 x N9 2O (trug tryugs - oo trqug, t8) > 1— 3¢
and Q (trjug, tryugs - trgug, 6'8) <56 2 (trywgs tryugs - -0 trgug t8) < ¢}
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Additionally, since the subsequence (t«,,p,) converges to t, we have

{((“1/“2/"'/“q)/(611 BZ/"‘/BQ)) € Aq X Aq :@(toqﬁlrtoczﬁzx---rtocqﬁq/trs) < 1_%
or O (tapy toyByr - s tagpart:8) = 26 2 (tayprs tanpor - -+ tagBor 6 S) = 2}

being a finite subset of N9. Consequently, we obtain

dg (((rl,rz,...,rq),(ul,uz,...,uq)) € N9 x N9 : @(trlul,tmuZ,...,trquq,t,s) >1— s and
Q (tTlulrthuz/- . -/thuq/t/ S) < ”, E (trlulltr2u2;- "/thuq/t/ S) < %)
2 dq (((a1/“2/"'/“q)/([31/'32/"'/[‘))(1])) € Aq X Aq : (XXIBy € ]N/ X/U = 1/21"'/q)
—dg (((r;,72,...,7q), (U, U2, ., ug)) € AT X AT O (trjuy, trjuys - s trgug, ts) <1—scor
Q (trluytrzuy---/trquqztz S) > 7, = (trlulztrzuzz---/trquq/t/ 5) = %)
> dq ((0611062/---10('q)/(Bl/BZ/---/Bq) € A9 x A9 O‘x:ﬁy GN/ Xy :1/2//q)_0 Yy > 0.

Therefore, t € IN®2=) (t,5) and so AlOZ) (t,5) CTO22) (t,5). Now, lety € T©22) (ty5). Then,
for each s > 0 and s € (0,1), we have

dq (H(S, %)) = dq (((TlerI' . '/rq)/ (ulluZI‘ . /u'q)) € ]Nq X ]Nq : @ (trlulltrzuy- . -;trquq/U/ S) > 1 —x
and Q (truy, tryuy - trgug, Us8) < 26 Z (trug trugs - trgug, U, 8) < 2) > 0.

Let (a1, 00,...,%q),(B1,B2,--.,Bq) € H(s, »). Then, by Proposition 1.24, we have ty, g, € BEJG)’Q’E) (s, 2)
foreach m,n € {0,1,...,q}. Set

B — {(ocm, Bn) € N2:ty, p, € BIOOF) (s, %)}.

We can observe that dq(B) = dq(H(s, »)) > 0, indicating that (‘t(xmfgn) forms a nonthin subsequence of
(tap) along B. As B contains an infinite number of positive integers, it follows that y € (=) (t,4).
Consequently, I'©2=) (t,5) C (O] (¢,5). O

Theorem 4.6. Given an NFGMS (U, 0, Q, =, x, ®), let (toqg) be a sequence in U such that sty —limy g 00 tap =
t(0,Q,Z). Then A®QZ) (t45) =TOQZ) (1,4) = {t).

Proof. Given that sty —limy g0 tap = t (0,0, Z), and considering Definitions 2.8 and 4.4, we can con-
clude that t € T(®2=) (t,5). Let’s assume there exists y € MN®2=) (t,p), where t #y. For any » € (0,1)
and s > 0, we have

dq (A(S/ %)) = dq (((T1/T2/' . '/Tq)/ (ulluZI' "/uq)) € Nq X ]Nq : @ (tTlLLlltT‘zLLz/"~/t1‘quq/tls) > 1 —x
and Q (truy, truy, - trgug 68) < 26 2 (trugs trpwgs -+ trgug, 68) < 3¢) #0,
and
dq (B(S, %)) = dq (((TlerI" .,Tq) 7 (ulluZI- . -/uq)) € Nq X Nq : @ (trlulltT‘zuz/- . '/thUq/y/ S) > ]- -
and Q (truy, tryuys - trgug, Us8) < 26 Z (trug trpugs oo trgug U, 8) < 32) #0.
Since t # y, we get A(s, ) NB(s, ») = 0. So, A(s, »#)¢ D B(s, x), i.e,
{((T1/T2/~ . '/rq) ’ (ulluZ/' . -zuq)) € Nq X Nq :0 (tT1u1/tT2u2/- . -/thuq/t/ S) < 1—2
or O (trlulztrzuzr cee /trquq/t/ S) >, = (trlulrtrzuzr .- ~/trquq/t/ S) P %}

:_) {((TlerI"‘/rq)l (ulluZI"'/uq)) € INCI X Nq :@ (t‘rlulrtrzuzz---/trquq/yrs) > 1 -
and Q (tryuy, tryugs - trgug, Yrs) < 26 2 (trug trgugs - o trqug, Us 8) < ¢}
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Hence

dgq ({((r1,72,...,7q), (U, up, ..., uq)) € N9 x N9 :O (truy tryugs s trgug 6 s) <1 —2¢
or Q (t‘l”lullthuz/--'/thuq/t/ S) 2 >, E (trlulztrzuzr---/trquqrt/ S) 2 %})
> dgq ({((rl,rz,...,Tq),(ul,uz,...,uq)) eNIxIN9:0 (trlul,tmuz,...,trquq,y,s) >1—
and Q (triuy, tryuys - trgug, Yrs) < 26 2 (trug trpugs - o trgug, Us s) < 2¢})

(4.1)

As sty —limy g oo tap =1 (0, Q, Z), we have

dgq ({((rl,rz,...,rq),(ul,uz,...,uq)) eNIxINI:0 (trlul,trzuz,...,trquq,t,s) <1—u

or Q (trlulr tr2u2/ e /t‘l”quq/t/ S) > , E (t‘rlulr tT‘zuz/ e /thuq/t/ S) 2 %}) =
From (4.1), it follows that

dg ({((r1,72,...,7q), (ug,uz, ..., ug)) € NT X IND: O (tryuy, trjuys -+ trgug Y, s) > 1— 3
and O (truy tryuys -+ s trqugr Us S) < 26 Z (trjwg trgugs -+ s trgug Us8) < 2¢}) =0.

This contradicts the assertion that y € I'©=) (t,). Hence, we conclude that I'©=) (t,5) ={t}. Let’s
consider sty —limy g0 tap =1 (0, Q,Z). Then, according to Definition 4.3 and Theorem 2.16, it follows
that t € Al®Q=) (t,4). Therefore, by Theorem 4.5, we conclude that A9 =) (t,q) = {t}. O

The converse of Theorem 4.6 does not hold true. In other words, there exists a sequence (t(xﬁ) in U,
where Al®Q=) (t,5) =TOQZ) (t,5) = {t}, yet (top) does not statistically converge to t.

Example 4.7. Let’s consider (R,0,Q,Z, %, ®) as an NFGMS defined in Example 1.15. We define the
sequence (top) as
¢ _{1, if x =2m, =2n,
*B = 2, otherwise,
where m,n € N. Then, we observe that A(©=) (t(x@) = @03 (t(x@) = {1,2} but the sequence (toqg)
does not statistically converge.

Theorem 4.8. Consider (U,0,Q,Z,* ®) to be an NFGMS. Suppose (tup) and (z«p) are two sequences in
W such that top = zap for almost all &, B. Then A=) (tog) = AOQE) (z,4) and TOC2) (t5) =
r@9Q2) (z4s).

Proof. Let top = z«p for almost all «, 3. Consequently, the set T; = {(oc, B) € N2: tap # z(xﬁ} has a zero
g-dimensional asymptotic density, denoted by dq (T;) = 0. Let t € A©.Q.Z) (t“[_z,). Then, there exists a
subsequence (t“m(gn) of (toqg,) converging to t and the index set T = {(atm, Bn) : M, n € IN} possesses a
non-zero d-dimensional asymptotic density, i.e., dq (T2) # 0. Establish the set

T3 = {((Xm/ Pn) €Ta:mmneN, Lo s # Zociﬁj}‘

It's evident that dq (T3) =0, i.e.,

. q! )
O(,lérgoo ((X[?))q ‘{((“1/“2/"‘/“(:[)/(61/ BZ;---/Bq)) € Tzq XTZq .
X1, 00,...,0q < &, ﬁl,ﬁz,...,ﬁq < B, t“iﬁj #Z"Xiﬁj}‘ =0.
This yields that
!
lim qi)q H(((Xl/(leww(xq)/(f’l/[32/~~~/[5q)) € Tzq X TZq :

&,3—00 (06[3
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(X],(XZ,...,OCq < X, Bl/BZ/'“/Bq < BItOCiBj :Z“iﬁj}‘ >0’

which is equivalent to

dq(Q) = dq ({((xmz Bn) SHPE tocmBn = Zcxmﬁn}) > 0.

Now, let’s examine the sequence (zq, g, ) along Q. This sequence is a non-thin subsequence of (z«p)
that converges to t, and so t € A©2=) (z,4). This implies that A(®Q2Z) (t.5) C AOLE) (z,4).
Symmetrically, we also observe that Al®2=) (z,5) C AOQE) (t,5). Therefore, we conclude that
AOQZ) (zocﬁ) = AO.Q5) (tcx(g,). Similarly, we can establish that re.Q= (zcx(g,) =r@Qs=) (tCXB). O

5. Lacunary statistical convergence of double sequences in NFGMS

After defining statistical convergence and examining its characteristics within these contexts, we delve
into lacunary statistical convergence and strongly lacunary convergence of double sequences in NFGMS,
along with exploring their interconnections.

Definition 5.1. Let (U, 0, Q, =, x,®) be an NFGMS and (t“ﬁ) be a double sequence in U. The sequence
(taﬁ) is said to be strongly [C, 1, 1]-statistically convergent to t € U w.r.t. (0, Q,Z) if, for each s € (0,1)
and s >0,

o B
Z Z © (t, tryuy trywgs - -/ trgug, 8) > 1— 3¢
S

—1'LL1 q =1

and

g d
(OC(?S)q Z Z Q (t/ tTlulrthuzl e /thLLq/ S) < x,

u

B

! -
(o:?s)q > > Z (bt tru o trgug S) < 2

This is denoted by [C,1,1] —limy,g 00 tap =1 (0,0, Z) or typ [C'l'l]ic;)'g'z) t

Theorem 5.2. Let (U, 0, Q, =, *, ®) represent an NFGMS and (t(xﬁ) be a double sequence in U. Then

[C11—(©,Q,2 1—(0,0,F)
— —

). . s
t implies t«p

['] (3

(l) tO(f?) /
st2—(© )

o . o C11- (0,02
(i) if (tup) is a bounded sequence, tog SO=) implies top (CAIZOQE)

Definition 5.3. Let (U,0,Q,Z, %, ®) represent an NFGMS. The sequence (t‘x[g) is said to be lacunary
statistically convergent to t € U w.r.t. (0, Q,Z) if, for each » € (0,1) and s > 0,

li q!
T'Slgloo (hrs ) q

H(rw, uw) € Irs, 1 <w < q:0 (tltT‘lu]/tT‘zuzf' B R TI” s)<1l—sor

Q(t, trw trowgs - - oo B s) >, = (4, trw trowgs oo B, s) > x| =0,
or equivalently
dgz (((r1,72,...,1q), (W, U, ug)) € NT X INY O (4, tryuy, trowgs - s trppun, 8) S 1T — 3¢
or QO (t, tryuy, tryowgs - -+ trpuns S) = 20 2 (4 teug, trowss -+ trpuns ) = ) =0,
Se,—(0,0,%)

and is indicated by Sg, —limy,g 00 tap = (0,0, Z) or tup — " t. The collection of all lacunary

statistical convergent sequences in NFGMS is symbolized as S (6,0.%)
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Definition 5.4. Let (U,0,0Q,Z, %, ®) represent an NFGMS. The sequence (tqp) is called to be strongly
lacunary convergent to t € U w.r.t. (©,Q,Z) if, for each » € (0,1) and s > 0,

q!
(h )q Z @(t/tr1u1/t‘r’2uzr~~~/trwuwrs) > 1_%
T80 (G kw)€lLs, 1<WELq
and
q!
(h )q Z Q(t/tﬁul/trzuzr--~/trwuw/s) < %,
TS0 (G kw)€lLs, 1<SW<q
q! -
(h )q Z ;(t/tr1u1/t‘r’2uzr~~~/trwuwrs) < »,
"8 (o kw)€Ls, 1<WLq
. . — [No,]—(©,0,2)
where 1 < w < g, and is indicated by [Ng,] —limy g0 tap =1(0,Q,Z) or top 2 t.

Theorem 5.5. Let (U, 0, Q, =, x, ®) represent an NFGMS and (top ) be a double sequence in U. Then, the following
statements hold:

Ne,|—(0,Q,2) | . Se,—(0,Q,Z)
(i) tap [Ne] t implies top 2T g
i . Se,—(©,Q2) [No,]—(©,Q,%)
x 7 X X .
(i) if (tup) is a bounded sequence, tog °~ —+  timplies top — t

Next, we establish connections between statistical convergence and lacunary statistical convergence of
double sequences in an NFGMS.

Theorem 5.6. Let (U,0,Q,=Z, %, ®) represent an NFGMS and (tcxﬁ) be a double sequence in U. For a double
lacunary sequence 0, = 0,5, if liminf, q, > 1 and liminfs qs > 1, then sty —limy g0 tap = t(0,Q,Z)
implies Sg, —limy g 00 tap =t (0, Q, Z).

Proof. Assume first that liminf, q, > 1 and liminfs qs > 1. Then, there exist &, 0 > 0 such that q, > 14§
and qs > 1+ o for sufficiently large r, s which means that

hrs > &o '

kes ~ (1+8&)(1+0)

If st) —limy g0 tap =t (0,0, =), then for all s € (0,1), s > 0 and for sufficiently large 1, s we get

!
(kqi)q |{((T11r2/"'qu)l(ulluZI"‘luq)) S Nq X Nq :T1,T2,...,Tq < kT/
TS

Ui, up,..., Uq < ]'S/ 0 (t/tT]u]/tT2u2/~”/t‘rquqrs) < 1—s

or O (t/ trwg trouy, - - /trquqr S) >, 2 (t/ trw trowgs - - '/tT‘quq/S) = %H

[
= (kqi)q |{(Tw/uw) S ITS/ 1<wK q :@(t/tTlulltrzuzl"‘/tTwuw/S) <1—u
TS

or Q (t/ trw bt o b, 5) >, = (t/ trw trower oo b, 3) P %}|

hes ) 4 !
> ( rs> qiq |{(TW/1’LW) € ITS/ 1 < w < q : @ (t/trlulxtr2u2/-- -/tTWLLW/S) < 11—
kT’S (hTS)

or Q (t/ trlulrtrzuzx e /tTW'LLW/ S) > », E (t/ tT‘lLLll tTZuzr s /tTWuW/ S) 2 %}|

Eo q !
2 <(1 +£) (1 +0_)> (hq )q |{(rW/uW) € IT’S/ 1 g w < q : @(t/t‘rlulrtrzuzz---rtrwuwrs) < 1 —x
TS

or Q (t/ trlulrtr2u2/ L /trwuwr S) > >, E (t/ tr1u1/ tT‘zuz/ e /tTWuW/ S) > %}| .

As aresult Sg, —limy g oo tap =1(0,Q,2). O
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Theorem 5.7. Let (U,0,Q,Z, x,®) represent an NFGMS and (toqg) be a double sequence in U. For a double
lacunary sequence 0, = 0,5, if limsup, g, < oo, limsup qs < oo, then Sg, —limy g oo tap = t(6,Q,Z)
implies sty —limy g oo tap =1(0,0Q,Z).

Proof. Assume limsup, g, < oo, limsup, qs < co. Then there exist Q,R > 0 such that q; < Q and qs <R
for all r,s > 1. Assume that Sg, —limy g 00 tap =1 (0, Q,Z) and

Nr,s = |{(jw:kw) €l 1<wg q: S (t/trlulztrzuzw S S T 5) <1l—sxor

Q (t/ trw trowr oo b, 3) >, 2 (tz trw trowar oo trpuny s S) > ).

By the definition of Sg, —limy g0 tap =t (0, Q,Z), given P > 0, there exists tg € IN such that Tl—r: <

for all v, s > ry. Take

U=max{N;s:1<r <1y, 1<s <1l

<
<

Assume «,f3 be such that k.1 < & <k and l3_1 < B < ls. As a result, we obtain

q!
T oNd |{((T11r21"'qu)l(ulluZI“‘luq)) € Nq X Nq :T'1,T2,...,Tq < X,

(o)
Ui, up,..., Uq < B/ S (t/tTlu]ltT‘zuZ/--'/thuq/S) < 11—

or (t/ trwg trouy, - - /trquq/ S) >, 2 (t/ trw trowgs - - -/trquqfs) = %H

[
< q q |{((r1/T21"'/Tq)/(ulluZI"‘/uq)) S Nq X]Nq 37’1/7'2/---/T‘q < k'T/
(krfllsfl)

U, up,..., Uq < 151 0 (t/tTlulitT‘zuZ/- . -/trquqz S) < 1—2

or O (tltTlullthuzl' . -/trquqz S) >, = (t; trw trowss - - -/trquqfs) = %}‘

_ q!
- q T T
o1l 1) {N11+N12+N21+N22+”'+N050+"'+N s}
r—1ls—

T S
- q!
= m Z Z Nyt

T, Tw=11U1,..., Uy =1

Uw

Uriq! q! . > N
<
ot ot |, 2 2 N

T, Tw=11U1,..., Uy =1

ur%q! + q! i i Nm,...,rw,ul,...,uw hrl,...,rw,ul,...,uw
h (kr—lls—l)q (kr—lls—l)q

hT e T, U, W
Tl,...,TWiT()JrlLLl,...,LLW:T’()Jrl Lreeerfw Bl Bw

Urgq! q! Ny i e
< _|_ Su ],..., Wr 1,..., w
(kr—lls—l)q (kr—lls—l)q P

T1 e T W oo Uy 2T0 thr---/erll---,uw
T s

X § E | BTN TERE I

T1,e, Tw=To+1U1,..., Uy =T0+1

Ur2q! T i i " _ Ur2q! L WOR
= (keolso1) Pt 0 (kg ) '

1,0, Tw=To+1Uq,..., Uy, =70+1

Since k,_1ls_1 — o0 as «, p — oo, it concludes that for all sz € (0,1) and s > 0,

N

q!
T oaNq |{((T1/r2/~-~/rq)/(ul/u2/~"/uq)) € IN9 x N ‘T, T2,...,Tq X,

(xpB)

ulIuZI"‘/uq < B/ @ (t/t‘l”lullthLLz/--'/thuq/ S) < 1 -
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or Q (trtrlulrt‘rzuzr---/t‘rquqls) > >, E (t tT’]U.lItTZ'LLZI . /thuq/ S) 2 %}| — 0
It gives that sty —limy g oo tap = 1(0,Q,Z). O

Theorem 5.8. Let 0 = 0, s be a lacunary double sequence. If

1 <liminfq, <limsup qr < 0o and 1 <liminfqs < limsup qs < oo,
T T S s

then S(e(?’Q’E) = stéQQ’E).

(0,0,2)

Theorem 5.9. If (top) € sty ~ N S (002

, then Sg, — lil‘n(x,ﬁ_m(, tap = sto— 1imoc,[5—>oo top-

Proof. Assume sty —limy g 00 tap = t0 (0, Q,Z) and S, —limy g 00 tap = t1 (0, Q, Z) such that tg # t;.

Let

lim
,3—00 (0( )q

|{((T],T2,...,Tq),(ul,uz,...,Uq)) € Nq XNq :T1/T2/-"/Tq < 0(,

ug,up,..., Uq < BI C) (tlltﬁul/t]‘zuzr s /tT‘quql S) < 1—3

or Q (tlz triw trowss - - /trquqz S) >, = (tlz triu trougs - - /trquqz S) = %}‘ =

for » < % lto — t1]. Let us now consider the ky1,-th term of the following expression:

q!
(Cxﬁ)q |{((T1,T2" . "Tq)’ (ul’uz" . '/uq)) € Nq X Nq ‘T, T2,.. -/Tq <o
ug, uy,.. ./uq < [5, @ (tl’trlul’trzuzl'"ItT‘quq/s) < ]_ —
or Q (tl/tT]U1/tT2u2/ e ,trquq’ S) 2 %’ E (tl/tr1u11tr2u2/ e /trquq/ S) 2 %}|
q! e
:W T‘q/u»q U Irs G tl/trlulltT‘zuzl'"ItT‘quq/S) g]_—%
P r,s=1,1
or (tlltrlul’trzuz' o "trun’S) = = (t1’tT1U1’tT‘2u21 oo rtT‘qU—ql S) =2 %H
X pyv r,5Pr,s
ZhT,S T,5=1,1
k 1 Z rCI’LLCI € IT,S : 0 (t1ltT1u11tT‘2u2z .. "thU—ql S) < 1— 2
plv) r,s=1,1
or Q1 (tl’trlul'trzuz"'"trq“q’s) >, = (tlftflulrtrzuz/---,trquq,S) >},
where
q!
pr,s = W |{(Tq,Uq) c IT,S :@ (tl/trlullthuzl‘"IthLLq/S> < 1—
TS

or Q (tl/ triws trougsr e ooy trquq/ 5) >, 2 (tl/ triw trougy e - /trquq/ S) = %}

is a Pringsheim null sequence, since Sg, —limy g 00 tap = t1 (0, Q,=Z). As the double lacunary sequence
0,5 satisfies all conditions for a four-dimensional matrix transformation to map Pringsheim null sequence
into another Pringsheim null sequence, the last equation consequently tends to zero in the Pringsheim

sense. Moreover, it constitutes a double sequence of the form:

q!
g Hr, 2, mg) (w,up, o ug)) € N X INT iy, g

(xpB)

IN
&
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Up, U, .., g < B, O (t, trwg tryugs - oo trgugs $) <1 — 3

or Q (tl/tTlulltT2u2/ .. '/thuq/S) 2 x, E (tlr tTlulltT’zu2/ . '/thuq/S) > %}‘ .

However, this sequence does not tend to 1 in the Pringsheim sense. This contradiction implies that
ty = 1. O

Definition 5.10. Let (U, 0, Q,Z, x, ®) represent an NFGMS. A sequence (toqg,) is said to be lacunary sta-

tistically Cauchy (or Sé(?’Q’E)-Cauchy) w.rt. (©,Q,Z) if there is a subsequence (tq,p,) of (top) such that
(xr,Bs) € Irs for each (0, Q, Z)-lim; s o0 t«, g, =t and for each » € (0,1) and s > 0,

dgz (((TllTZI'“ITq)I(ulluZI"'luq)) € Nq X Nq 10 (tTlulltT‘zuz/"~/tT‘quq/t(XTBS/s) < 11—

or Q (tTlulltfzuzl' “/thuq/thTﬁS/S) 2 >, E (trlulxtrzuzl-~~/trquqrtocr[5513) 2 %) = O/

or equivalently

|

T,lsiinoow H(Tw;uw) € IrS/ 1 g w < q/ S (trlulrtrzuzz---/trquq/tcxrﬁsrs) g 11—

or Q (trlullthuzr . ~/thuq/tocTBS/S) 2 >, E (trlulrtrzuzz- . -rtrquq/tocrﬁs/ S) > %}‘ .

Theorem 5.11. If a sequence (top) is lacunary statistically convergent w.r.t. (©,Q, =), then it is lacunary statis-
tically Cauchy w.rt. (©,Q,Z).

Proof. We first suppose that Sg, —limy g 00 tap =t (0,Q,Z). For s >0and i,j > 0, let

.. 1
K (L]) = {(TW/uW) €ls, 1<Ww< q :@(t/tTIU1ItT2uzI'"ItTWU.WI 5) >1— a and

1 1
Q (t/ t‘rlulrtrzuzr M /t‘rwuw/ S) < 6/ = (t/ trlulrtrzuzr e /t‘rwuw/ S) < ij} *

Then, we have the following.

(@ K(i+1,j+1) cK(i,j); and
(b) 7‘K(i’}iml”l —1lasr,s — oo.

This implies that we can choose positive integers u (1) and v (1) such that for r > u (1) and s > v (1) we
have W > 0,ie., K(1,1) N I;s # 0. Next, we can choose u(2) > u (1) and v (2) > v (1) such that
T>u(2) and s > v (2) imply that K (2,2) N L5 # (. Thus, for each pair (r,s) satisfying u (1) < r < u(2)
and v (1) < s < v (2), we can choose (o, fs) € I+s such that (o, fs) € K(1,1) N1, ie.,

O (t, tagpys tonpar - tonper8) > 1 Q (4 tagpys tonpar - tonper8) <0, Z (b taypys tanpar -+ tanpes S) <O

In general, we can choose u(i+1) > u(i) and v(j+1) > v(j) such that r > u(i+1) and s > v(j +1)
imply that K(i+1,j+ 1) N L5 # 0. Then, for each pair (1, s) satisfying u (i) < r<u(i+1)and v(j) < s <
v (j + 1) we can choose (&, Bs) € Ly, i.e.,

1
© (t’tcxlﬁl’to‘ZBZ" . '/tCXrBs’S) > 1= ?j
and
1
Q (t’t‘xlﬁlftfxzﬁz'"~/tocrf3513) < G' (5.1)
1

=2 (t’talﬁl’t‘xZBZ’ t "tocrﬁs’s) < a'
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Thus, («r, Bs) € Irs for each 1, s. Together with (5.1), this implies that (0, ), Z) —limty, g, =t. For s > 0,
choose s > 0 such that (1—m)*(1—m) >1—sand s ®s < m. For s > 0, if we take

A:= {(Tw,uw) €ls,1<w<q, O (trlul,trzuz,...,trquq,tarﬁs,s) >1—

or Q (truy tryuy - trgugr teaner 8) < 26 Z (briwgs trougs - -0 trgugs ton e S) < 2},
B:={(rw,uw) € Lis, 1 <W<q, Ot tru, trywy - trpu,,s) >1—m

or O (t, tryuy trowgs - - - trwwny, ) <M, O (4, tryuy, trpwys - -+ trp,, S) < MY,
C:={(otw,Bw) ELrs, 1 <KW, O (L taypy, tospsr---rtanpnss) >1—s

0r O (t, taypys tonBar s tanBurS) <M, O (ttaypy, tanpar - s tanBwsS) < M},

then we obtain that (BN C) C A and therefore A€ C (B¢ U C¢). Thus, we have

|

r,lsignoow H(Tquw) €hs,1<w<q, © (tT]ulltTZU.z/‘"/thUth(Xy[SS/S) <1—x

or Q (t‘r‘lulrt‘r2uz/' . '/thuq/toch)s/S) 2 »”, E (tTlLLlltTZU.zI' . ~/trquqrtcxr(53/ S) 2 %}’

< lim ——— (v L, 1<w< b s trowny eyt 8) < 1—
X r,slinoo (hrs)q {(rw,uw) € Irs, 1 < W < q, O (t, U/ troup Ty Uy s) < m
or Q (tl trlulrtrzuy- . 'ltTqu/s) 2 m/ E (tl tT1u1/thuzl' . -/t‘rwuwrs) > m}|
. q!
+ llm 7)q }{((XW/ BW) € ITS/ 1 < w g q/ @ (trtoqﬁl/toczﬁzr‘-'/tocwﬁwrs) g 1—-m
S

rs—o0 (hy
or Q (t,taypys tanpor-- s tawBurS) = M = (b taypy tanps -« s Lo Bus S) = M.

Since Sg, —limy g oo tap = t(0,Q,Z) and Sg, —lim, s oo t, g, = t(0,Q,Z), it follows that (t“f,) is

Sé?’ﬂ’z)-Cauchy. Conversely, assume that (typ) is S(e(;)’Q’E)—Cauchy wrt. (©,0Q,Z). By definition, there is

a subsequence (tarﬁs) of (tocﬁ) such that («,, B5) € Irs for each (0, Q, Z)-lim, s o t«, g, =t and for each
»¢€(0,1)and s >0,
|

, q! P
T,lslinoom ‘{(rw/uw) €ls,1<w<q, © (trlulztrzuzz---/trquq/tocTBS/ 5) <1- )

(5.2)
” »
or O (trluy trougs - - - IthuqltO(rBSI S) = 57 = (trlulr trouy, - -/trquqzt(xrﬁsz S) = E} =0.
As before, we have the following inequality:
lim —— {(1w, Lis,1<w<q, O, trw, trow, ..., t ,8)<1—
T,slinoo (hrs)q |{( w w) € lyrs XX S| ( T1Uys trouy Twlw ) X x

or Q (tl tTlulltT2u2/ o ItT‘WuW/ S) 2 %l E (t/ tT1u1/tT2uzr v /trwuwr S) 2 %}|
} q! »

< T‘,lslgloo W ‘{(rW/uW) € IT‘S/ 1 g w < q/ @ (trlulrt‘rzuzr . ~/trquq/tcxr|3513) < 1 - E

- 4
or Q (trlulr th'LLz/ e /thuq/t(XTBS/ S) > E/ = (tTlulr th'LLz/ e /thuq/tCXrﬁS/ S) 2 5}’
) q! P
+r,1'51£r>loom‘{(ocW,BW) € IT’Sll <W< q/ @(t/toclﬁlltoqﬁzr'"/tocwﬁwls) gl_a
» »
O O (& taypys tanar s towBur S) > 5 Z (b taspys taspar o tanpusS) = 5}
Since (0, Q, Z)-lim, s o0 to, g, =1, it follows from (5.2) that Sg, —limy g 00 tap =1 (0, Q, Z). a

6. Conclusion

This study introduces the concepts of statistical convergence, statistical limit points, and statistical
cluster points of double sequences within neutrosophic fuzzy G-metric spaces with order q, thereby
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extending the framework of neutrosophic fuzzy metric spaces. By substantiating our claims with perti-
nent theorems and illustrating them with examples, we provide a comprehensive understanding of these
notions. Furthermore, after establishing the foundation of statistical convergence and analyzing its char-
acteristics in these spaces, we delve into the concepts of lacunary statistical convergence and strongly
lacunary convergence of double sequences, while also exploring their interconnections. Through these
investigations, we contribute to a deeper understanding of convergence properties within neutrosophic
fuzzy G-metric spaces, paving the way for further research in this area.
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