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MULTIPLE POSITIVE SOLUTIONS FOR NONLINEAR
SINGULAR THIRD-ORDER BOUNDARY VALUE PROBLEM IN
ABSTRACT SPACES
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ABSTRACT. In this paper, we study the nonlinear singular boundary value
problem in abstract spaces:

{ u" + f(t,u) =6, te(0,1),
u(0) =u'(0) =0, u'(1) = &u'(n),

where 0 <np < land1l<¢< %, 0 denotes the zero element of E, E is a real
Banach space, and f(¢,u) is allowed to be singular at both end point ¢ = 0 and
t = 1. We show the existence of at least two positive solutions of this problem.

1. INTRODUCTION

In this paper, we consider the following singular boundary value problem (BVP)
for third-order differential equations in a Banach space E:

"

u (t)+ f(t,u(t)) =0, 0<t<l1 (1.1)
subject to the boundary conditions
u(0) =u'(0) =0, W'(1) = &u'(n), (1.2)

where 0 <p<land1<§< %, f € C[(0,1/2) x P, P|] which may be singular
at t = 0,t = 1; P is a cone of Banach space F, which will be stated in detail in
section 2; # is the zero element of F.
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Boundary value problems arise from applied mathematics and physics, and
they have received a great deal of attention in the literature. Problems of the
form subject to , for example, are used to model such phenomena as the
deflection of a curved beam having a constant or varying cross section, a three-
layer beam, electromagnetic waves or gravity driven flows and so on [I]. Third-
order boundary value problems have been studied widely in the literature (see
[M-[12] and references therein). However, all of the above-mentioned references
consider only in scalar space. On the other hand, the theory of ordinary
differential equations(ODE) in abstract spaces is becoming an important branch
of mathematics in last thirty years because of its application in partial differential
equations and ODE’s in appropriately infinite dimensional spaces(see, for example
[13], [14]). As a result the goal of this paper is to fill up the gap in this area, that
is, to investigate the existence of multiple positive solutions of with in
a Banach space E.

This paper is organized as follows. Section 2 gives some preliminaries and some
lemmas. Section 3 is devoted to the main results and the proof of the results; an
example is worked out to indicate the application of our main results.

2. PRELIMINARIES AND LEMMAS

In this paper, we suppose throughout that F is a real Banach space. A nonempty
closed convex subset P in FE is said to be a cone which defined a partial ordering
in £ by x <y if and only if y — x € P, P is said to be normal if there exists a
positive constant N such that § < z < y implies ||z|| < N||y||, where 6 denotes
the zero element of F, and the smallest N is called the normal constant of P(it
is clear, N > 1). For details on cone theory, see [I5]. Let S be a bounded subset
of a Banach space. «(S) denotes the Kuratowski’s measure of noncompactness
of S. In this paper, a(-) denotes the Kuratowski’s measure of noncompactness of
a bounded subset of both E and C[[0,1], E]. Let

Cl0,1], E] ={u:[0,1] — E | u(t) is continuous on [0, 1]},
C?[[0,1], E] = {u : [0,1] — Elu(t) is second order continuously differentiable in[0, 1]},
C?1(0,1), E] = {u: (0,1) — Elu(t) is third order continuously differentiable in(0,1)}.
For u = u(t) € C[[0,1], E], let ||ul]|lc = max |lu(t)]], then CT[0, 1], E] becomes a

Banach space. Let Q = {u € C[[0,1], E] | u(t) > 6,t € [0,1]}, then Q is a cone
in C[[0,1], E]. An operator u(t) € C[[0,1], E] N C?[(0,1), E] is called a positive

solution of the BVP (1.1)—(1.2)) if u(t) satisfies (1.1)—(1.2) and v € @, u(t) #
g, tl0,1].

Lemma 2.1. [12] Let én # 1. Then fory € C[[0,1], E], the BVP:

W+ y(t) =0, te(0,1),
u(0) =u'(0) =6, u'(1) = &u'(n),

has a unique solution

u(t) = / G, s)y(s)ds,
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where
(2ts —s°)(1 = &n) + 2s(€ = 1), s < min{n, t},
1 P—gn)+ts(E—1), t<s<m,
Glt,5) = 2(1—¢&n) (2ts —s*)(1 —&n) +t2(én—s), n<s<t, (21)

t*(1—s), max{n,t} <s
15 called the Green’s function.

Lemma 2.2. [12] Let 0 <np <1l and 1l < ¢ < % Then for G(t,s) defined in
, we have estimates
(1) for any (t,s) € [0,1] x [0,1], 0 < G(t,s) < P(s), where

O(s) = 11j§€778(1 —3).
(i) for any (t,s) € [{,n] x [0,1], G(t,s) = v®(s), where

772

282(1 4 ¢)

0<y= min{¢{ — 1,1} < 1.

Let us list some conditions.

(H1) f(t,u) < g(t)h(u), t € (0,1),u € P, where g : (0,1) — [0,00) is con-
tinuous, and h : P — P is continuous and maps bounded subsets to bounded
subsets.

(H2) 0 < [, ®(s)g(s)ds < 0.

(H3) There exists a ¢ € P* such that u > 0 implies that ¢(u) > 0 and

mo < lim iI}’f L4 < 00,
ot p(u)

where P* = {¢ € E*|¢(u) > 0,u € P} denotes the dual cone of P, and my =
(min [, G(t,s)ds)™L.
te[gm " €

(H4) There exists a ¢; € P* such that u > 6 implies that ¢;(u) > 0 and

L altw)

— ?

mo < lim 1 ( )
lull—oc te[2, U
s €lgm ¥

where P* and my are the same as in (H3).
(H5) There exists a 19 > 0 such that v € P, ||u|| < no implies that

[P ()l < Maono,

where My = (N fol ®(s)g(s)ds)™t, and N denotes the normal constant of P.
(H6) 0 < Tim 120 < pfy where M, is as in (H5).

g
uer
(H7) 0 < Tim WL < Az where M, is as in (H5).

[l
llufl o0

ueP
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(H8) There exists a ¢y € P* such that v > 6 implies that o(u) > 0. Then
exists a 7 > 0 such that ¢ € [,7], v € P and Jn < [[ul| < m imply

pa(f(t,u)) > mopa(u),

where P* and my are the same as in (H3).

(H9) For | > 0,[a,b] C (0,1), f is uniformly continuous on [a,b] x (P N T;),
where T; = {u € Fl|||u|]| <[}, and there exists a constant L : 0 < L < ﬁ such
that for ¢t € (0,1) and bounded subsets D C P,

a(f(t, D)) < La(D) (2.2)
holds, where M; = I&S‘iﬁ d(s).
Now we define 7
1
(An)(t) = [ Glo)fsuls)ids, Y ueQ (23)
0

then (Au)(t) > 6, t € [0,1], and using the Lebesgue dominated convergence
theorem we know that (Au)(¢) is continuous on [0, 1], hence the integral operator
A: @ — Q. Further, we can easily show that
(i) Ifu € Q, then (Au)"(t) = —f(t,u), t € (0,1), hence Au € QNC?[(0,1), E].
(ii) If u € @ satisfies Au = u, then u is a solution of the BVP (L.I)-(L.2).
Therefore, the BVP f is equivalent to the operator equation Au =
u, u € Q.

Lemma 2.3. [15], [16] Let D be a bounded set of E and the map f : [a,b]xD — E
be bounded. Assume that f(t,u) is uniformly continuous with respect to t. Then,
we have

a(f(la,b] x S)) = max a(f(t,5)), SCD.

t€(a,b]
Lemma 2.4. [15], [16] If H C C|[a,b], E] is bounded and equicontinuous, then

a(H([a,0])) = max a(H(t)),

where H([a,b]) = {u(t)|lu € H, t € [a,b]}.

Lemma 2.5. Assume that (H1),(H2),(H9) hold. Then, operator A : QNT; — Q
18 a strict set contraction operator.

Proof. 1t is clear that A is a bounded and continuous operator from ) N 7; into
Q. Since f(t,u) is bounded and uniformly continuous in ¢ on [a,b] x T; for any
[ >0, it follows from Lemma and (2.2) that

o(f([#.b] x D)) = maxa(f(t, D)) < La(D), D PNT; (2.4)

Let S C C[la,b], E] be bounded. We know that A(S) C C]a,b], E] is bounded
and equicontinuous, so, by Lemma [2.4

a(A(S)) = max a(A(S(1))), (2.5)

t€la,b]
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where A(S(t)) = {(Au)(t)|u € S} C E (t is fixed). Using the formula

/0 y(t)dt € co{y(t)|t € [0,1]} for y € C][0, 1], E],

and observing Lemma and , we find
ol [ Gt (s, uls)is)lu e 5)
a(co{G(t,s)f(s,u(s )%|s €1[0,1], u € S}) (2.6)

Mia({f(s,u(s))|s € [0,1], u € S})
Mya(f([0,1] x B) < M,La(B), t € [a,b)],

a(A(S(1)))

VARVANIVAN

where B = {u(s)|s € [0,1], u € S}. For any given € > 0, there is a partition
S = |J S; such that

j=1
diam(S;) < a(S) + g, j=1,2,--- n. (2.7)
Choosing u; € S;(j =1,s,--- ,n) and a partition of J : a =tg < t; < --- <t,, =
b such that
() —wy(s)| < =, Vj=1,s - m t,s€tig, b, i=12-- m. (28)

3
Obviously, B = Lnj O B;j, where B;; = {u(s)|s € [ti_1,t], v € S;}. For any
u(t), a(t) € By(t :f [1z 1, 6], u,u € S;). It follows from , that

[u(t) —u(@)] E [u(t) — w; (O + [|u; () — w; @) + [lu; () — u(@)]|

|u —ujllc + § + [Ju; — dllc < 2diam(S;) + 5 < 2a(S) +«.
Consequently,
dlam(Bz]) < 2@(8)—}—57 Vi=1,2,--- ,m,j=1,8---.,n,

and so a(B) < 2a(S) + e, which implies, since ¢ is arbitrary,

a(B) < 2a(S). (2.9)
It follows then from ([2.5)), (2.6),(2.9) that a(A(S)) < 2M;La(S), S C QN1
with 2M;L < 1, and the Lemma is proved. O

We will apply the following fixed point theorem to obtain solutions of the BVP
(L.2)-(1.2).

Lemma 2.6. [16] Let E be a Banach space, K C E be a cone in E, R > r >
0, K(r,R) = {u € K|r < ||u|]| < R}, and let A : K(r,R) — K be a strict set
contract operator such that either

(i) Au 2 u, Vue K, ||ul| =r and Au £ u, VueK, |ul|=R; or

(it)Au L u, Yu e K, ||ul| =r and Au } u, YV u € K, |jul| =
Then A has at least a fixed point in K(r, R).
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3. MAIN RESULTS

Theorem 3.1. Let P be a normal cone in E. Suppose that the conditions (H1)—
(H5) and (H9) are satisfied. Then the singular boundary value problem (1.1])-
has at least two positive solutions.

Proof. Let

K = {u e Qlu(t) > ~u(s), t € [g,n], s € [0, 1]},

then K is a cone in C[[0,1], E] and satisfies K C Q.
We show that A(K) C K. In fact, foru e @, t € [g,n], by Lemmawe get

1

1
At = [ Gt fsuls)ds =y [ @) (s, u(s))ds
0 0
= (Au)(z),V z € [0,1].
This shows that Au € K, hence A(Q) C K and naturally A(K) C K.
By (H3) there exist a g € (0,79) and 73 > 0 such that u € P, |lu]| < ro implies
P (L w) 2 (mo + m)ipw), L€ [Fn, (3.1

where 79 is as in (H5). We show that
Audu, YV ueK, |ullc=ro. (3.2)

In fact, if there exists ug € K, ||uo|lc = ro such that Auy < wg, then, by the
definition of K and the normality of P we have that

n
¢
hence [luo(t)|| = Flluolle = Fro, t € [¢,m]. Taking

A = minfo(uo(t) |t € [}
then A > 0. On the other hand, for t € [g, 7], we have that

Nlluo@)] = Alluo(s)ll, t € [Z,m], s €[0,1],

uo(t) > (Aug)(t) > /77 G(t,s)f(s,up(s))ds,
so, by we get, for t € [g,n],
plu®) = [ Gl self (s ual))ds = (mo+7) [ Gt 9)pul)ds

n

m3

n

> (m0+7'1))\/ G(t,s)ds > Mot 7
8 o

This is a contradiction to the definition of A\. Therefore, (3.2)) holds.
By (H4) there exist Ry > 0 and 75 > 0 such that u € P, ||u|| > Ry implies

o1(f(t,u)) > (mo + 7o) (u), t € [g,m. (3.3)

A > A
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Take R > max{Nfo,no}, where 7y is as in (H5), then R > ny > 9. We show
that

Audu, V ue K, |u|c=R. (3.4)

In fact, if there exists ug € K, ||ug||c = R such that Aug < ug, then, by the
definition of K and the normality of P we have that

Ui
Nluo®ll 2 Auo()ll, t € [g,ml, s €10, 1]
Hence [[uo(t)[| = - lluollc = FR > Ro, t € [, n]. Taking

M:mmwmmmuegﬂh

then A\; > 0. On the other hand, for ¢ € [§> 7|, we have that

uo(t) > (Aug)(t) > [777 G(t,s)f(s,up(s))ds,
so, by we get, for t € [gﬂ]],
arlw) = [ G unl))ds = tmo+7) [ 6t s)orunls)ds

3
3

AL > AL

n

> (mo+ 7'2))\1/ G(t,s)ds > Mo + 7

n mo

3

This is a contradiction to the definition of A\;. Therefore, (3.4)) holds.
Now, we show that

Audu, VueQ, Julle=n. (3.5)

In fact, if there exists uy € @, ||uo|lc = 1o such that Aug > ug, then, by Lemma
and (H1) we know that

up(t) < (Aug)(t / G(t,s)f(s,up(s))ds

glﬁ¢wﬂ h(uo(s))ds, t € [0,1].

Hence, it follows from the normality of P and (H5) that

luo(t)] < N/ ) 1huo(s)) s

SNMm/éU(M&%WM-

Therefore, ny = ||uo|lc < MoMoN fol ®(s)g(s)ds = np, which is a contradiction.

Thus |-D holds.

By (3.2), (3.5), Lemmas 2.5 and [2.6] we know that the operator A has at least
one ﬁxed p01nt uy in K(ro,no) {u € K|ry < |lullc < mo}. Similarly, by (3.5)),
, Lemmas ﬂ and - 2.6| we know that A has at least one fixed point wus in
K(no, R) ={u € K|no < |lu|lc < R}. Thus, the BVP (L.1)—(L.2) has at least two



SINGULAR THIRD-ORDER BOUNDARY VALUE PROBLEM IN ABSTRACT SPACES 43

positive solutions u;(t) and uy(t) which satisfy 0 < ||us]|c < ||uz|lc. Theorem
is proved. O

Theorem 3.2. Let P be a normal cone in E. Suppose that the conditions
(H1),(H2) and (H6) — (H9) are satisfied. Then the singular boundary value

problem — has at least two positive solutions.
Proof. The proof is similar to Theorem [3.1] O

Example 3.3. Consider the following one dimensional singular boundary value
problem

3
2(1-t)2  16t2

u”’(t) + u? —+ 3\(/117 3 = 0, te (07 1)’ (3 6)
ul(0) = u/(0) = 0, w(1) = 20/ (3. |

Conclusion. The BVP (3.6 possesses at least two positive solutions us(t) and
uo(t) which satisty u,;(t) >0, t € (0,1), 1 =1,2.

Proof. Let E =TR!, P =10,00), then P is a normal cone in E. Hence

v Vu
ftw) = 2(1—t)3 * 16t3(1—¢)3

f:(0,1) x P — P is continuous, the Green’s function satisfies G(t,s) < ®(s) =
6s(1 —s), (t,s) € [0,1] x [0,1].

It is clear that f(¢,u) < g(t)h(u), where g(t) = t%ul—t)%’ h(u) = ”72 + \{—g, and

/01 B(s)g(s)ds = /01 \/%ds = 6.

Hence, (H1) and (H?2) are satisfied. Takingn =, £ =2, and ¢ € P*, ¢(u) = u,
we have that

t 1
lim inf plf (¢ ) = lim inf ( “ r+— 5 ) = 00,
u=0t te(L,1] p(u) u—0t L \2(1 — )2 16t2(1 —1)2/u
and
t 1
lim inf P/t w) = lim inf < - s+ — 5 ) =00
u—oore(ll] p(u) w—oorelL N2(1 —1)5  16t2(1 —1)2/u

Hence, (H3) and (H4) are satisfied. Moreover, since N = 1 (the normal constant

of P) and My = (N fol ®(s)g(s)ds)™ = (m)7, for my = 3, it can follows easily

that (H9) is satisfied. By Theorem [3.1] our conclusion follows. O
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