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Abstract

In this paper, we find out conditions for the existence result of two dimensional generalized functional integral equations
in C([0,c] x [0,d]). The main theorem is proved by using the theory of Petryshyn’s fixed point theorem and measure of non-
compactness. A few examples of equations is provided to show the applicability in various integral equations.
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1. Introduction

Functional integral equations (FIEs) play an important role in various fields like modeling, physics,
engineering, traffic, neutron transport, control theory, population dynamics, optimization, and theory of
gases (see [4, 5, 15, 17, 20, 21, 26, 27]). The Darbo’s and the Petryshyn’s theorem are very useful in the
analysis of FIEs. The application of MNC and fixed point theory for solving FIEs can be easily found in
[1-3, 6, 31, 35]. To apply MNC for the existence result of several FIEs, many researchers have worked (see
[7, 9,10, 18, 19, 23, 24, 28, 34]) in this area.

First of all, Kazemi and Ezzati [24] used the Petryshyn fixed point theorem to check the solution of
nonlinear functional integral equations whether it exists or not. After that many researchers worked on
this idea to discuss the existence of it in Banach spaces as well as Banach Algebra (see [8, 11-14, 22, 25,
34, 36] and references therein). In this paper, we study the existence result of the following FIE
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(e, 2) =f<<p,c,u(<p,a, L P(cp,c,y,u(ﬁ(y,cmdy,j L H(cp,c,z,v,u(v(z,vmdvdz))

) (1.1)
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where (@, () € Igp = [0,c] x [0, d]. Das et al. [6] studied the existence of solutions for 2D FIE

¢ ¢
u(@,é)ZP(@,C)Jrf((p,C,u((p,C),J J H((D,C,z,v,u(z,V))dvdZ> (1.2)

0 JO

for (¢, ¢) € [0,1] x [0,1]. Kazemi et al. [24] studied the following nonlinear 2D FIE

) ¢ ¢
u(cp,o—f<<p,c,u(cp,o,L P(e, &y, u(Bly, 0))dy, JO L H((p,C,z,v,u(z,VJ)dvdZ> (1.3)

for (¢, ¢) € Ip. Kazemi et al. [24] also discussed the existence result for the following nonlinear 2D FIE

() @ ¢
u(e, Q) =ple, Gule, Q)+ f<<p, Cule, C),JO Plo, ¢y, u(B(y, C)))dy,L L H(e,( z,v,u(z,v))dvdz
(1.4)
for (@, ¢) € Ip. Further, a famous 2D FIE of Hammerstein type [32] has the form
® (¢
W, Q) =P, 0+ | | pal0 8z vIpalz v ulz v)dve

Eq. (1.1) is quite general in nature and covers Egs. (1.2)-(1.4) as particular problems and these are more
valuable in real-world applications, for more details (see [4, 5, 15]). The aim of this study is to use
Petryshyn’s theorem (preferably Darbo’s theorem) to examine the solvability of Eq. (1.1). This study will
also investigate the conditions given in multiple papers and it will unify the work in this field. The third
condition which we have used is the bounded condition and it shows that the “sub-linear condition" that
has been considered in literature will not play a significant role here.

The paper consists of four sections involving the introduction. In Section 2, we give some preliminar-
ies and represent the concept of MNC. Section 3 is concerned with an existence theorem for equations
connecting condensing operators with the help of Petryshyn’s fixed point theorem. Section 4 deals with
some examples as an application of this type of nonlinear FIEs.

2. Preliminaries

Let X be a real Banach space and B, denotes a closed ball center at 0 with radius r and 0B, ={u € X:
|lu|| = r} for the sphere in X around 0 with radius r > 0. MNC'’s are rich tools in nonlinear analysis for
existence in the fixed point theory and operator equations in X.

Definition 2.1 ([29]). If N € X, then Kuratowski MNC of N is given by
n
B(N) :inf{p >0:N= U N; with diam Ny < p, i = 1,2,...,n} .
i=1
Definition 2.2 ([16]). The Hausdroff MNC is as
u(N) =inf{p > 0: 3 a finite p-net for N in X},

where a finite p-net for N in X denotes a set {u;,uy,..., un} C X such that the ball B, (X, u1), Bo(X,u2),...,
B, (X,un) over N. These MNC are mutually equivalent in the sense that p(N) < B(N) < 2u(N) for a
bounded set N C X.

Theorem 2.3. Let N,N € X and A € R. Then
(i) w(N) =0 ifand only if N is relatively compact;
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(i) NCN = p(N) < p(N);
(iii) u(N) = p(ConvN) = u(N);
(iv) n(NUN) = max{u(N), u(N)};

(

(
(V) 1(AN) = [Al(N); )
(vi) (N +N) < p(N) +p(N).

Here, C(Ig) = C([0, c] x [0, d]) consists of all real valued continuous functions with the usual norm

lull = max{|u(ep, O)| : (¢, ) € Ip})

The space C(Ip) is also the structure of Banach algebra. Fix a set N € C(Ip) and u € N, given p > 0, the
modulus of continuity of u is defined as

w(u, p) = sup{lu(e, ) —u(d,dl: @, ¢ €10,c,¢ € 0,d,lo — ¢l < p, 10— < pl.
Further, w(N, p) = sup{w(u, p) : u € N}, wo(N) =lim,_,0 w(N, p).
Theorem 2.4 ([24]). The Hausdorff MNC is similar to

w(N) = lim sup w(u,p), (2.1)
P=0ueN

for all bounded sets N C C(Ip).

Definition 2.5 ([30]). Assume T : X — X be a continuous mapping of X. Then T is called k set contraction,
if VD ¢ X with D and T(D) bounded, and 3(TD) < kpB(D),k € (0,1). If B(TD) < (D), V(D) > 0, then
T is called densifying or condensing mapping.

Note that a k-set contraction is condensing but converse need not to be true.

Theorem 2.6 ([33]). Suppose that T : B, — X is a condensing mapping, which fulfills the following boundary
condition: if T(u) = ku, for some w € 0B, then k < 1. Then the set of fixed points of T in B, is non-empty.

3. Main results

We study the Eq. (1.1) with the following assumptions.

(1) f,q € C(I1 x RxR,R),P € C([p x I x R,R),H,V € C(I, x R,R), where Iy = [0,c] x[0,d], I} =
{lpow:0< <0< <dueR, h={gqzv)e3:0<z< 9 <c0<v<C<d,
o, 0,mn:Ip—= 1y, v,0: g = Ip.

(2) There are non-negative constants ks G = .,6),K1, ks + ks < 1 such that

If(@, ¢, ug, up,uz) — (@, ¢, vi,v2,v3)| < Kilug —vi| + kofug — vo| + kauz —vs,
Iq(@, ¢, u1,up,uz) — q(@, ¢, ug, up, uz)| < Kglug —vi| 4+ Kslup —va| 4+ Keluz — 3|,

for all (¢, ¢) € Iy and uy,up, uz, vi,vo,v3 € R.

(3) There is a v > 0 such that the resulting bounded condition holds sup ({I(f) (q )I}) T, where

sup f = sup{|f(@, (,us, up, uz)| : forall (@,C) € Iy, —r < uy,
r—cN; <upy <cNjp, and —cdNy < uz < cdNy},
N1 =sup{|P(e, ¢y, u(B(y, )l : forall (¢, ) € o,y € I, and u € [-1,7]},
N2 = sup{/H(o, {, z,v,u(y(z,v)))| : forall (¢, z,v) €1, and u € [-r,1]},
sup q = sup{|G(e, ¢, us, up, uz)|: forall (@, ) € Iy, —r <uy,up <1, and —cdN3 < uz < cdN3},
N3 =sup{|V(e,( z,v,u(d(z,v)))|: forall (¢, zv) € I, and u € [, 1]}
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Theorem 3.1. By assumptions (1)-(3), Eq. (1.1) has at least one solution in X = C(Ip).

Proof. Let L,S : By — X be the operators defined as

© @ rC
(Lu)(@,a=f(<p,c,u(<p,o,j0 P(@,c,y,u(rs(y,cmdy,L J H(cp,c,z,v,u(v(z,v)))dvdz)>,

0

0J0

c rd
(Su)(@,C)=q(@,é,u(cp,é),u(n(@,é)),J J Vi, &z uls(z, )))dvdz))

for (@, ¢) € Ip. Further, define T on the X by setting Tu = (Lu)(Su).

Step 1. In order to show that T is continuous on B, let p > 0 and any u,w € B, such that ju —w| < p.
Then,

(L), 0) — (Lw)(, )
C ¢ rC
~|t(0,cuto 0 [ Plocu b anay [ | Hie gz v utre v avas)

0

@ C
~ (0, cwle,0, [ Plo, Gy Bty Ody, [ [ Hiw, &z v wlv(zavaz)

0 0 Jo

P ¢ rC
<‘f(<p,c,u(<p,é),J P(o, ¢y, u( dyj J H(p,  z,v,u(y(z V)))dvdZ)

0 0 Jo

—f(cp,c,w(cp,a,fP(@,c,y, .oy, [ [ Hie ez vy i)

0 Jo

@® @ G

+‘f<<p,C,W(<P,C),L P(o, ¢y, u(Bly,C dy,J0 J H(o, ¢ z,v,uly(z, )))dvdZ)
@ ¢

~i(ewle0) | Plo.cym dy,J [ Hip, ¢ 2, uty(z v avee)
0 0 JoO
) @ rC

+ ‘f<<p, Gwle, C),JO P(o,{y,w ))dy, H(e, z,v, u(v(z,v)))dvdZ)

b
[

H(o, z,v,w(y(z v)))dvdz)

f(K,t,W(K,t),JK P(k,t,y,w J
0 0
<alu(e, &) —wie, Ol + k2 L P(o, &y, w(B(y, 0))) — Plo, &y, wip(y, 0)))ldy

0

© r¢
Tk Jo Jo H(e, ¢ zv,uly(z,v))) = Hle, &z, v, w(y(z,v))ldvdz

< (k1) [[u—=w|| +kacw(P, p) + kscdw(H, p),

and similarly, conclude that

c rd
I(Su)(tp,C)—(SW)(@,C)I‘q<<p,C,u(<p,C),u(n(<p,C)),J J Vi@, &z v,uld(z, )))dvdz>

0J0

c rd
—q(@,C,W(@,C),W(n(@,C)),J J V(cp,c,z,v,w(su,v)))dvdz>

0 Jo
< kgfulo, ¢) —w(o, Q)|+ kslu(m (e, )) —wn (e, 0))l

c rd
+k6j J Vi@, &z v,ul8(z, ) — Vi, &z, v, w(5(z,v)))dvdz
0 JO
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< (ks + ks)|[u—w|| + keedaw(V, p),
where

(,U(P, p) = Sup{“)((P/ C/V/u) _P((\o/ C/V/W)‘ : ((p/ C) € IO/V S IC/u/W € [—T,T],|U.—W| g p}/

P},

w(H, p) =sup{|H(@, ,z,v,u) —H(e,{z,v,W)|: (¢, zV) € h,u,w € [-7,7],[u—w| <
w(V,p) =sup{lV(e, ¢, z,v,u) = V(p, i z,v,w)|: (¢,(zv) € huwe [-r,7],[lu—w| < p}l

Since, P = P(¢, ¢y, u), H=H(¢,( z,v,u), and V = V(¢, (, z,v,u) are uniformly continuous on Iy x I. x
[—1,7], I X [=7,7] and I, x [T, 7], respectively, therefore w(P,p), w(H, p) and w(V, p) — 0 as p — 0. From
above fact we prove that L and S are continuous on B,. Hence, T is also continuous on B;.

Step 2. It is to prove that the operators L and S satisfy the condensing condition with . So, let p > 0 be
a fixed arbitrary and u € N, where N is bounded subset of X, (@1, (1), (@2, () € Ip with @1 < @2, < G
and @2 — @1 < p, (o — (1 < p. Thus,

I(Lu) (@2, G2) — (Lu) (@1, C1)l

©2 ©2 G2
¢z aution ol | Plon Gy ulply Gy, [ [ Hion oz v utriz v avaz)

P1 ©1 Q1
_f<(p1/ Cl/u((‘pll Cl)/J'O P(('pll Cl/y/u(ﬁ(y/ Cl)))dyljo J

0
G2

H(1, (12, v,u(y(z,v)))dvdz)

< [t(ontanton o) | Plon oy uply ey, [ |

H(gz, &, z,v,u(y(z,v))) dvdz)
0 0

P1

©2 1
_f<q)2/ CZIu(@ZI CZ)/JO P((PZ, CZIU/U(B(U, CZ)))dy/J JQ H((Plz Cl,Z,V,'LL('Y(Z,V)))dVdZ)

0

®2 ©1 G
[r(on uton el | Ploa ay Bl @ay, [ [T Hien @z vtz )aves)

1

~ (02 2l Plon B alay [ |

H(e1, G, 2, VIU(Y(Z,V)))dVdZ>
0

1

®1 P1
+‘f<(szC2,U((Pz,C2),JO Plos, Ty ulBly, Ny, | | “Hien Gz ulyz v dvz)

C1

P1 P1
—#(n Carulon, @), | 7 Plon Gy By, Ny, | [ T Hion Gz v ulylz ) dvas)

©1 ©1 G
+‘f(@2/C2/u(@1/C1)/JO P((PlzClzyzu(B(U,Cﬂ))d}J/L JO H((PlzCl;Z/V/u('Y(Z/V)))dVdZ)

P1

@1 G
—#(on, G, @), | 7 Plon oy uBly, Ny, | | T Hion Gz v ulyiz ) dvaz)

0

©2 G2 1 G
< wr(lo, p) + ks L L H(m,cz,z,v,u(v(z,vmdvdz—j j H(g1, &1, v, uly(z,v)))dvdz

0 Jo

P1

P2
J P((Pz,Cz,y,u(B(y,Cz)))dy—J
0 0

+kilu(@2, ) —ule@1, &)l + wr(lp, p)

+ ko

Plo1, Gy, ulB(y, C1)))dy‘

®1

1
<k1w(u,p)+wp(lo,p)+wr(lo,p)+kgj JO H(@2, G2, z,v,uly(z,Vv))) — H(@1, (1,2, v, u(y(z,v)))|dvdz

0

©2 1 1 (G2
+k3j j |H(¢>2,Cz,Z,V,U(Y(Z,V)))|dVdZ+k3J j H(@3, 02,2, v, uly(z,v)))|dvdz
(o5} 0 0 Cl
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&)
+J L H(@2, 2,2, v, uly(z,v)))|dvdz
P1 1

P®1 G2
i L IP(@2, Gy, u(Bly, 22)))dy — Pleoy, &y, u(Bly, 21)))ldy + ka L IP(@2, Gy, u(B(y, 22))ldy.
Again,
(5w (@2 &) — (Sw)(e1, &)

c rd
_ ’(JI<(P2, L3, C2), uln (@3, 22)), L JO V{2, 2,2, v,u(8(z, )))dvdz>

c rd
—q (ml,cl,u(ml,cl),u(n(ml,cm,jo JO Vier, G,z v,u(b(z, )))dvdz)

c rd
< 'Q<(P2, Lo ul(92, &) (s, Cz)),JO JO V(o2 Gz, v, u((z, )))dvdz)

0Jo

c rd
—Q<<Pz, G902, &) (@, Cz)),J J vm,clz,v,u(s(z,v)))dvdz>

c rd
+'q<<p Loul @, C2)u (((leCz)),L JO V(cpl,cl,z,v,u(é(z,v)))dvdz>

c rd
q<<p Lo (@3, Ca)yulm (wl,cl)),j J vupl,cl,z,v,u(é(z,v)))dvdz>

0 JO

c rd
+'q<(p Gul92, &), ((cpl,cl)),j j vm,cl,z,v,uw(z,v)))dvdz>

0 JO

0 JO

c rd
q<<p G ul(e1, )y ulm (<p1,c1)),j j vupl,cl,z,v,u(é(z,vmdvdz>

c rd
+'q<<p Goulen, &), ((cpl,cl)),j j V(cpl,cl,z,v,u(zS(z,v)))dvdz>

0 JO

0 JO

c rd
—q(@1,Cl,u(q?llCl),u(ﬂ((PllCl))/J J V(<P1,Cllllvru(5(lfv)))dVdZ>
)

c rd
<wq(10/p)+k6JO L V(92 G, 2,v,u(8(2,v))) — Vo1, &, 2,v, u(5(z,v)))ldvdz

+kslum(@2, ¢2)) —umle1, Q)+ kalu(@z, &) —ule@1, &)l + wq(lo, p)
< k(,CdUJV(IQ, p) +k5w(ulw(ﬂ, p)) +k4w(u, p) + wq(IOI p) + wG(IO/ p)/

where

= Sup{|H((P/ C,Z,V,U,) - H((f), é,Z,V,LL” : |(P - @l/ |C_ al P, C/Z/V) € IZ/ uec [_T/T]}/

wh (Io, p) <o

wy (Io, p) =sup{|V(e, ¢ z,v,u) = V(®,{z,v,wl: o — ¢l Ic— < p, (¢,2,V) €L, we[-1,1]),
(Lo, p)
(Io, p)

7

wp(Io, p) = sup{|P(@, L, y,u) —P(®, Ly, w)l: lo— @l 1c— < p, (9,0 €lpy€le, uel-rrl},

WF IO/ p)= Supﬂf((p/ C/ul/u2/u3) _f((f)/ é/ul/u2/u3)| : |(p - ¢)|/ |C_ z| < P, Uz € [_CNl/ CNl]/
uz € [=cdNy, cdNy], wy € [-7,7]},

wq(IOI p) = Sup{|q((p/ C/ul/u2/u3) - q((@/ zlu1/u2/u3)| : |(P - ¢)|/|C_ z| < P,
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usz € [—cdNj3, cdN3], ui,up € [—r, 1]}
From above relations, we observe that
(L) (@2, C2) — (Lu) (@1, G1)I < ksw(w, p) + wp (Lo, p) + we(ly, p)
+ksedwn (Io, p) + k7pdNy + k7epNa + k7p*Na + kscwp (Ip, p) + kepNg
|(Su) (K2, t2) — (Sw)(k1, t1)] < kpedwy (I, p) + kow (N, w(n, p)) + ksw (N, p) + wq(lo, p) + wg(lo, p)-
Taking limit as p — 0, note that
H(EN) < (ks)u(N) and  p(SN) < (ks + ko)u(N). (3.1)

From Egs. (3.1), T is a condensing map. Now, assume u € 0B, and if Tu = ku, then [[Tu|| = k||| = kr
and by assumption (3), note that

C

0

©
Tu(e, o)l =f<<p, Lo, 0), J: Plo, c,y,u(my,cmdy,jo J H(g, c,z,v,u(v(z,vmdvdz)>

c rd
% q <<p, Lule, O, ulm(e, (:)),JO L Ve, c,z,v,u(a(z,v)))dvdz)> <r,

for all (¢, C) € Iy, thus ||[Tul| <, ie., k< 1. O

Corollary 3.2. If f(¢, ¢, ui, w2, u3) = f(@, ¢, wy,uz) and q(@, ¢, ug,up,u3) = q(@, ¢, uy, us), then Eq. (1.1) can
be written as

0 Jo

e
u(@,C)=f<<P,C,U(<P,C),J J H(cp,C,z,v,u(v(z,V)))dvdZ>

c rd
><q<<p,C,u(<p,C),J J V(cp,C,z,v,u(é(z,V)))dvdZ>

0 Jo
and has at least one solution in C(Ip),Io = [0,c] x [0, d].
Proof. The proof follows by the Theorem 3.1. O

4. Examples
This section deals with some examples of FIEs in order to illustrate the advantage of given results.

Example 4.1. Putting (¢, ¢, u1, U2, u3) = p(@, ) + k(up +u3) and q(@, ¢, ug, up, uz) = 1, then Eq. (1.1) can
be written as

¢ ¢ rC
(e, ) Zp(cp,C)JrL kP(0, &y, ul(Bly, 0)))dy + JO L fH(g, & zvuly(zv))dvdz.  (41)

The Eq. (4.1) is studied by many authors, one can see [5, 32].
N 2
Example 4.2. In the above Eq. (4.1), if we have k = %, ple, Q) = %ew2+i3+1, u, =0, and H(o,(,z,v,u) =

%ZZ\)% cos(zv +u), Eq. (1.1) converts to the following equation

2 @2+C+1J@J‘? 5 3

2 =2
u(e,l) = 3¢ 02+ 41 4 5 z*v2 cos(zv +u)dvdz,
0

0
where (¢, ¢) € [0,1] x [0,1] = L. Clearly, assumptions (1) and (2) hold. Now, it is to show that assumption
(3) also holds. Choose r =1, then

sup{lp(@, Q)| : (@, C) € I} +sup{lf(@, ¢, uy, up, uz)| : (¢, ) € Lug,uz € [-1,1]}
1
(g, 0) e I}—i—sup{glug,l cug € [-1,1]} < 1.

2 =2
< sup{‘ ée 02 +3+1
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Example 4.3. Let the following nonlinear FIE:

2 272

® PG 4 % arctan [u(¢, )|

8(1+ @2¢?)

+1J: JOC ((pCcos(zu(z,v))

4
1. 2 hu(z, v)|
X [2 L Jo (sm(u(z,v)) + 5 arctan <4+Iu(z,v)|) )dvdz ,

for (¢, ) € I1=10,1] x [0,1]. Here,

u(e,C) =

+In(1+ |u(z,v)|)> dvdz] (4.2)

2 2,2
_ P —oc , P C 1
fle, ¢, u, up,uz) = me °o 4 Tul + O0uy + 1113/
1
qle, G u,up,u3) = Suss
@Csin(u(z,v))
H((p/ CIZIvlu) — f +ln(]— + ‘u(zrv)”l
674
B ©°C lu(z, vl
V(e,( z,v,u) =cos(u(z,v)) + 1 Ccos <8+Iu(z,v)| .

Moreover, for all (k,t) € I, we have

1
If(¢@, ¢, ur, up,us) — (@, ¢, vi,v2,v3)| < sy — vl + Olug — vl + 1'“3 —vs3l,

[ =N =

lq(@, &, ug, up, u3) — q(@, ¢, vi,v2,v3)| < Zluz —vs3l.

2

Now observe that these functions satisfy assumptions (1) and (2). It is now remains to show that (3) also
holds. Choose r = 411' then k; = %, ko =0, ks = %, ki =k5=0, k¢ = %,

sup
0 Jo

) @ rC
f(@,c,u(@,C),L P(@,c,y,u(rs(y,cmdy,J j H(<p,c,z,v,u(v(z,v)))dvdz)>

<

NI

0JO

c rd
xq(m,c,u(cp,o,um(@,cn,J j vup,c,z,v,u(s(z,v)))dvdz)>)

Thus, Eq. (4.2) has at least one solution in C(I) by using Theorem 3.1.
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