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NONTRIVIAL SOLUTIONS OF SINGULAR SECOND ORDER
THERE-POINT BOUNDARY VALUE PROBLEM AT
RESONANCE

XIAORONG WU! AND FENG WANG?*

ABSTRACT. The singular second order three-point boundary value problem at

resonance
2"(t) = f(t,z(t)), 0<t<l,
{ 2'(0) =0, z(n) = z(1),
are considered under some conditions concerning the first eigenvalues corre-
sponding to the relevant linear operators, where n € (0,1) is a constant, f
is allowed to be singular at both ¢t = 0 and ¢t = 1. The existence results of
nontrivial solutions are given by means of the topological degree theory.

1. INTRODUCTION

This paper is concerned with the existence of at least one nontrivial solution
for the nonlinear singular second order three-point boundary value problem at
resonance

{ a"(t) = f(t,x(t)), 0<t<l, (11)
2'(0) =0, x(n) = (1), '
where € (0,1) is a constant, f is allowed to be singular at both ¢ = 0 and ¢ = 1.

The problem (|1.1)) happens to be at resonance in the sense that the associated
linear homogeneous boundary value problem

{m”(t)_o, 0<t<l,
2'(0) =0, z(n) = (1),

has z(t) = ¢,c € R as a nontrivial solution.
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Multi-point boundary value problem of second order differential equations have
been studied intensively and the resonance cases have received more attention
[1]-[6]. Recently, Ma [2] developed the method of upper and lower solutions for
nonlinear three-point boundary value problem at resonance and established some
multiplicity results. Bai [3] generalized the existence results to the four-point
boundary value problem at resonance by using coincidence degree theory due
to Mawhin [7]. Very recently, the existence of positive or nonnegative solutions
for multi-point BVP has been studied by several authors, see for example [4]-[6]
and the references therein. However, few results are available for the existence of
nontrivial solutions for singular multi-point boundary value problem at resonance.
Motivated by [4], we establish the existence results of nontrivial solutions for the
singular boundary value problem at resonance by means of the topological
degree theory under some conditions concerning the first eigenvalue corresponding
to the relevant linear operator. The eigenvalue criteria of this sort for nonlinear
two-point boundary value problem is established in [8]. For the concepts and
properties about the cone theory and the topological degree we refer to [9]—[11].

2. PRELIMINARIES

In this section, we shall give some preliminaries. In the Banach space C|0, 1]
in which the norm is defined by ||z| = max |z(t)]. We set

P={zeC0,1]]z(t) >0, te]l0,1]}

P is a positive cone in C[0,1]. Throughout this section, the partial ordering is
always given by P. We denote by B, = {z € C|[0,1] | ||z|| < r}(r > 0) the open
ball of radius r.
Define g(t,z) = f(t,x) + 3*x. For convenience, we make the following assump-
tions:
(H1) 5e (0
(H2) £+ (0
)9

,5) is a constant.

1) X (=00, +00) — (—00, +00) is continuous and
(2

) €

h()gi(x) < g(t, x) < ha()ga(x), (¢ ) € (0,1) X (=00, +-00),

where hl( ) ( (( ) [07 +OO))7 gl(x)agQ(‘r) S C((_OO7+OO)7 (_OO7+OO))7
and hl( ) §_é10 hg( ) 7‘é0 te (0,1)

(H3) / ho(£)dt < +o0.
0
It is known (see [4] ) that BVP ([1.1)) is equivalent to the problem

{ 2"(t) + f2x(t) = g(t, z(t)), 0<t<l,
2'(0) =0, x(n) = z(1),

As is well known, the singular nonlinear boundary value problem (|1.1)) can be
converted into the equivalent Hammerstein nonlinear integral equation

:/0 G(t, $)g(s, 2(s))ds, te€[0,1],
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where G(t, s)(see [4]) is defined by
sinfB(t—s), 0<s<t<I,

) 0<t<s<1,
cos Gt CQSB@’ 0<s<n<l,
Bin 20D Q;ﬁ 0<n<s<l.

Obviously, for any t,s € [0, 1], we have G(t,s) > 0 by (H1).
Let

(Ax)(t) = i G(t,s)g(s,z(s))ds, te[0,1].
(Tyx)(t) :/o G(t,s)hi(s)x(s)ds, te0,1]. (2.1)

1
(Tox)(t) :/ G(t, s)ha(s)x(s)ds, te€0,1]. (2.2)
0
By the method similar to that in [§], we have

Lemma 2.1. Suppose that (H1) — (H3) are satisfied, then A : C[0,1] — C[0,1]
is a completely continuous operator, Ty, Ty : C[0,1] — CI0,1] are completely
continuous linear operators and Ty, T, : P — P.

It is not difficult to verify that the nonzero fixed points of the operator A are
nontrivial solutions of singular boundary value problem ({1.1J).

Lemma 2.2. Suppose that the conditions (H1),(H2) are satisfied, then for the
operators Ty, Ty defined by (2.1),(2.9), the spectral radius r(T1),r(T2) # 0 and

T1, T3 have the positive eigenfunctions corresponding to their first eigenvalue Ay =
(r(T1)) "1, A\ = (r(T2)) ™! respectively.

We also need the following lemmas in [9].

Lemma 2.3. Let P be a cone in a real Banach space E, Q) a bounded open subset
of E, and A: PN — P a completely continuous operator. Assume that there
exists a ug € P, ug # 0 such that

r — Az # puo,
for all x € PN O and p > 0, then the fixed point index
i(A,PNQ,P)=0.

Lemma 2.4. Let P be a cone in a real Banach space E, ) a bounded open subset
of E with 0 € Q, and A: PN Q) — P a completely continuous operator. If

Ax # p,
for allx € PN O and pu > 1, then the fixed point index
i(A,PNQ,P)=1.
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3. MAIN RESULTS

Theorem 3.1. Suppose that the conditions (H1) — (H3) are satisfied. If there
exists a constant b > 0 such that

ft,x) > —3Fr—0b, Vte|0,1], » €R, (3.1)
liminf 28) S ) (3.2)

2R ]
lim sup g2(2) <A, (3.3)

T——+00 €

where Ay, A\ are the first eigenvalue of Ty and Ty respectively. Then the singular
boundary value problem has at least one nontrivial solution.

Proof. 1t follows from (3.2)) that there exists r; > 0 such that
g(z) > Mlz|, ¥V |z] <. (3.4)
For every = € B,,, we have from (3.4)) that

(Az)(t) > )\1/0 G(t, s)hi(s)|z(s)|ds > 0, te€[0,1],

and thus A(B,,) C P. For any € 0B,, N P, it follows from (3.4) that

(Az)(t) > )\1/0 G(t,s)hi(s)x(s)ds = \(Tiz)(t), t€[0,1],

We may suppose that A has no fixed point on 0B, (otherwise, the proof
completes). Let z* be the positive eigenfunction of 7' corresponding to A, thus
x* = \Tx*. As in [§] we can prove that © — Az # 72*, YV z € 0B,, N P, 7 > 0.

Since A(B,,) C P, we have from the permanence property of fixed point index
and Lemma 2.3 that

deg(I — A, B,,,0) =i(A, B, NP, P)=0, (3.5)
where deg denotes the topological degree.
1
Letting z(t) = b/ G(t,s)ds. Obviously, T € P. It is easy to see from 1'
0

that A : C[0,1] — P — . Define Az = A(x — %) + %, « € C[0,1], then A :
cl0,1] — P.
It follows from (3.3]) that there exist o > r; + ||Z|| and 0 < o < 1 such that

go(z) <o\, te0,1], x> (3.6)
Let Tyx = o\ Tz, x € C[0,1]. Then Ty : C[0,1] — C[0,1] is a bounded linear
operator and T5(P) C P. Let

M = Qmax{ sup /01 G<s,s)h2(3)|gz(x<s))|ds,2||55|\}. (3.7)

z€§T2
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It is clear that M < +o0. Let
W:{xep\x:ugx, Ogugl}.

In the following, we prove that W is bounded.
For any x € W, set y(x) = min{z(t) — z(t), 72} and denote
e(x) = {t € [0,1]|z(t) — Z(t) > ro}.

)
When z(t) — z(t) < 0, y(t) = :z:(t) —z(t) > z(t) —rg > —79, and so ||y]| < 7.
Thus for z € W, we have from

2(t) = /Gtsh2 Vs (2(s) — F(s))ds + F(t)

( )G(t ,S)ha(8)ge(x(s) — z(s))ds
+ G(t, $)ha(8)ge(z(s) — Z(s))ds + x(t)
[0.1]\e(=)

< /Gtshz ds+/Gtsh2<>gQ<<>>ds+2x<>

< /Gtsh2 2(s)ds + M = (Tox)(t) + M,

I
N
\

where M is defined as (3.7). Thus ((/ —~T~2)x)(t) < M, t €0,1]. Asin [§] we
can prove that the inverse operator (I — Ty)™! exists and

~ ~ ~ 2 ~n
(I-T) ' =T+To+Ty +-+Ty +--

It follows from T5(P) C P that (I — To)"'(P) C P. So we have z(t) < (I —
Ty)~'M, t € [0,1] and W is bounded.
Select 3 > max{ry,sup W + ||7]|} and thus A has no fixed point on 9B,,. In

fact, if there exists x5 € 0B,, such that Axy = x9, then xo € W and ||aq| = r5 >
sup W, which is a contradiction. Then we have from the permanence property
and the homotopy invariance property of fixed point index that

deg(I — A, B,,,0) = i(A, B,,NP,P) = i(0,B,, N P,P) = 1. (3.8)
Set the completely continuous homotopy H (A, z) = A(x — A\T) + Az, (\,z) €
[0,1] x B,,. If there exists (Ao, x3) € [0,1] x OB,, such that H(\g, x3) = x3, then
A(x3—XoT) = 23— AT and A(x3— AT +7) = 53— NT+7Z. Thus 25— \gT+7 € W
and
s — Mo + 7 > [lzsl) — (1= MIE] > 75— |F]| > sup W,

a contradiction! From the homotopy invariance of topological degree and (3.8])
we have

deg(I — A, B,,,0) = deg(I — H(0,-), B,,,0)
deg(I — H(1,-), B,,,0) = deg(I — A, B,,,0) = 1.

By (3.5) and (3.9) we have that

deg(I — A, B,,\B,,,0) = deg(I — A, B,,,0) — deg(I — A, B,,,0) = 1,

(3.9)
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which implies that A has at least one fixed point on B,,\B,,. This means that
the singular nonlinear boundary value problem ((1.1)) has at least one nontrivial
solution. 0J

Corollary 3.2. Suppose that the conditions (H1) — (H3) are satisfied. If there
exists a constant b* > 0 such that

*

f(t,z) > —p°z — % Vitel0,1], x> —b,

t€[0,1]
singular boundary value problem has at least one nontrivial solution.

1
where M = max/ G(t,s)ds and in addition, and hold, then the
0

Proof. Denote

| ft,x) + P, tel0,1], z > —b*,
(o) = { flt,=b")+ Pz, te|0,1], z < —b" (3.10)

Define .
(Ayz)(t) :/0 G(t,s)g1(s,z(s))ds, te€]0,1].

By Theorem [3.1 we know that A; has at least one nontrivial fixed point Z. Then

:/ G(t, 5)g1 (s, F(s))ds > —ﬁ—*,/ G(t,s)ds > —b.

From (3.10) we have that ¢,(¢,2(t)) = g(t,z(t)), t € [0,1], then

/Gtsglsx dS—/Gts (s,2(s))ds.

Thus 7 is the nontrivial solution of singular boundary value problem (1.1)). O

Remark 3.3. In Theoremand Corollary , we do not assume that g(¢,z) > 0
for x > 0. And it is difficult to obtain those theorems using the theory of fixed
point index on a cone. In order to obtain the existence of nontrivial solution, we
make use of topological degree theory which is not confined in a cone.

Acknowledgements: The authors were supported by the National Natural
Science Foundation of China (No. 10671167).

REFERENCES

1. W. Feng, JRL. Webb, Solvability of a three-point nonlinear BVPs at resonance, Nonlinear
Anal. 30 (1997), 3227-3238.

2. R. Ma, Multiplicity results for a three-point boundary value problems at resonance, Nonlinear
Anal. 53 (2003), 777-789.

3. Z. Bai, W. Li and W. Ge, Existence and multiplicity of solutions for four-point BVPs at
resonance, Nonlinear Anal. 60 (2005), 1551-1562.



SINGULAR SECOND ORDER THERE-POINT BOUNDARY VALUE PROBLEM 55

4. X. Han, Positive solutions for a three-point boundary value problems at resonance, J. Math.
Anal. Appl. 336 (2007), 556-568.
5. C. Bai, J. Fang, Ezistence of positive solutions for three-point boundary value problems at
resonance, J. Math. Anal. Appl. 291 (2004), 538-549.
6. G. Infante, M. Zima, Positive solutions of multi-point boundary value problems at resonance,
Nonlinear Anal. to appear.
7. J. Mawhin, Topological Degree Methods in Nonlinear Boundary Value Problems, Berlin,
1979.0
8. G. Zhang, J. Sun, Positive solutions of m-point boundary value problems, J. Math. Anal.
Appl. 291 (2004), 406-418.
9. D. Guo, V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic Press, San
Diego, 1988.[1} [2]
10. D. Guo, J. Sun, Nonlinear Integral Equations, Shandong Press of Science and Technology,
Jinan, 1987 (in Chinese).
11. Deimling Klaus, Nonlinear Functional Analysis, Springer-Verlag, New York, 1985. []

I DEPARTMENT OF MATHEMATICS AND PHYSICS, TAIZHOU TEACHERS COLLEGE, TAIZHOU,
225300, CHINA.
E-mail address: xiaorongwul880@163.com

2 SCHOOL OF MATHEMATICS AND PHYSICS, JIANGSU POLYTECHNIC UNIVERSITY, CHANGZHOU,
213164, CHINA.
E-mail address: fengwang1880163.com



	1. Introduction
	2. PRELIMINARIES
	3. Main results
	References

