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VISCOSITY APPROXIMATION METHOD FOR
NONEXPANSIVE NONSELF-MAPPING AND VARIATIONAL
INEQUALITY

ZHENHUA HE!*, CAN CHEN!, AND FENG GU?

ABSTRACT. Let E be areal reflexive Banach space which has uniformly Gateaux
differentiable norm. Let K be aclosed convex subset of F which is also a sunny
nonexpansive retract of F, and T : K — E be nonexpansive mapping satis-
fying the weakly inward condition and F(T) = {z € K,Txz = x} # (), and
f : K — K be a contractive mapping. Suppose that zg € K, {x,} is defined
by

{ Tnt1 = Q@ f(zn) + (1 — an)((1 = 0)xy, + dyn),
Yn = P(ﬁnxn + (1 - 6n)T$n)7 n >0,

where 6 € (0,1), an, Bn € [0,1], P is sunny nonexpansive retractive from E into
K. Under appropriate conditions, it is shown that {z,} converges strongly to
a fixed point T and the fixed point solutes some variational inequalities. The
results in this paper extend and improve the corresponding results of [2] and
some others.

1. INTRODUCTION AND PRELIMINARIES

Let E be a real Banach space and E* its dual space. Let J denote the normalized
duality mapping from FE into 2¥ defined by J(z) = {f € E* : (z, f) = ||z]|* =
| £1I?}, where (-,-) denote the generalized duality pairing between E and E*. Tt
is well-known that if E* is strictly convex then J is sing-valued. In the sequel,
we shall denote the single-valued normalized duality mapping by j.
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We first recall some definitions and conclusions:

Definition 1.1. T is a mapping with domain D(T") and R(7) in E. T is said to
be a L— Lipschitz mapping, if V z,y € D(T), ||Tx —Ty|| < L||z —y||. Especially,
if L=1,ie. [|[Tex—Ty| < |z—yl, then T is said to non-expansive; if 0 < L < 1,
then T is said to contraction mapping.

Definition 1.2. Let K be a nonempty closed convex subsets of a Banach E. A
mapping P : ' — K is called a retraction from E into K if P is continuous with
F(P)={x € E:Pr=xz} =K. Amapping P: F — K is called sunny if

P(Pz +t(x — Pz)) = Pz, Vx € E

whenever Pz +t(x — Pz) € Fand V € t > 0. A subset K of E is said to be a
sunny nonexpansive retract of E if there exists a sunny nonexpansive retraction
from F into K. For more details, see [4].

Let S = {x € E: ||z|| = 1} denote the unit sphere of the real Banach space E.
F is said to have a Gateaux differentiable norm if the limit

ety — )
t—0 t
exists for each z,y € S; and F is said to have a uniformly Gateaux differentiable
norm if for each y € S, the limit is attained uniformly for z € S. Furthermore, if
E has a uniformly Gateauz differentiable norm, then the duality map j is norm-
to-weak” uniformly continuous on bounded subsets of E(see, p.111 of [4]). Let
E be a normed space with dim E > 2, the modulus of smoothness of F is the
function pg : [0,00) — [0, 00) defined by
x x —
= sup( Iy = 1y = 7).
The space FE is called uniformly smooth if and only if lim, g+ pp7/7 = 0.
Let F(T') denote a fixed point set of mapping 7.
Let K be a nonempty convex subset of a Banach space E. Then for x € K,
set I (x) is called inward set [2,7], where

Ix(z)={yeEF:y=x+ ANz —2x),z € K and A\ > 0}.

A mapping T': K — F is said to be satisfying the inward condition if Tz € Ix(z)
for all x € K. T is also said to be satisfying the weakly inward condition if for
each v € K, Tx € Ix(z) (Ix(x) is the closure of Ix(z)). Clearly K C Ik (x) and
it is not hard to show that Ix(x) is a convex set as K does.

Let K be a close convex subset of a uniformly smooth Banach space E, f :
K — K a contraction, T : K — K a nonexpansive mapping with F(T) # (.

Then for any ¢ € (0,1), the mapping
T .z tf(x)+ (1 —t)Tx

pE(T)

is also contraction. Let x; denote the unique fixed point of 7. In [6], H.K.Xu
proved that as ¢ | 0, {z;} converges to a fixed point u of T' that is the unique
solution of the variational inequality

(I = flu,j(u—p)) <0 forallpe F(T).
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H.K. Xu also proved the following explicit iterative process {z,} given by
Tpt1 = Qnf(zn) + (1 — )T,

converges strongly to a fixed point p of 7.

Let K be a close convex subset of a real Banach space F which is also a sunny
nonexpansive retract of £. f : K — K is a contraction. T : K — FE is a
nonexpansive nonself-mapping. Inspired by Xu [6], in 2006, Y.Song and R.Chen
2] considered the following algorithm,

Tpi1 = Plan f(z,) + (1 — ap)Tx,),n >0, (1.1)

where o € K, P is a sunny nonexpansive retractive from F into K, a,, € (0,1).
Then Y.Song and R. Chen [2] obtained the following results:

Theorem 1.3. (Theorem 2.4 of [2]). Let E be a reflexive Banach space which ad-
mits a weakly sequentially continuous J from E to E*. Suppose K is a nonempty
closed convexr subset of E which is also a sunny nonexpansive retract of E, and
T : K — FE is a nonexpansive mapping satisfying the weakly inward condition
and F(T) # 0. Let {x,} be defined by (1.1), where P is a sunny nonerpansive
retract from E into K, and «,, € (0,1) satisy the following conditions:

(i) ap, — 0, as n — 00, and Y~ |, = 00

(i) either Yo" o |ans1 — apn| < 00 or limy, o = =1

Then {z,} converges strongly to a fized point p of T such that p is the unique
solution in F(T) to the following variational inequality:

(I = fp,jlp—w) <0, Yue F(T).

Motivated by Song and Chen’s work, in this paper, we introduce a new
composite iterative scheme as follows:

Tn4+1 = anf(xn) + (1 - an)((l - 6>xn + 5yn)7 (1 2)
Yn = P(Bpzn+ (1 — 6,)Tx,), n>0, '

where a,, 3, € (0,1), 0 € (0,1) is arbitrary (but fixed). Under appropriate
conditions, the {z,} defined by (1.2) converges strongly to a fixed point ¢ of T
such that ¢ is a solution of some variational inequalities. The results obtained
in this paper extend and improve the corresponding that of [2] and some others.
At the same time, this paper provides a new approach for the construction of a
fixed point of nonexpansive mapping.

In what follows, we shall make use of the following Lemmas.

Lemma 1.4. ([1]).Let E be a real normed linear space and J the normalized
duality mapping on E, then for each z,y € E and j(z +y) € J(x 4+ y), we have

lz +ylI* < l2|” + 2(y, j(z + y)).

Lemma 1.5. (Suzuki, [3]).Let {z,} and {y,} be bounded sequences in a Ba-
nach space E and let {B,} be a sequence in [0,1] with 0 < liminf, . 3, <
limsup,, ... Bn < 1. Suppose x,11 = Bnyn + (1 — By)x, for all integers n > 0 and
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Lemma 1.6. (/8]). Let {a,} be a sequence of nonnegative real numbers satisfying
the following relation:

an+1 S (1 - Ofn>an + QpOp + Vnan Z 07

if (i) o, €10,1], >y, =o00; (i) limsupo,, < 0; (i) v, > 0, > v, <oo, then
a,— 0, as n— oo.

Let p be a continuous linear functional on [*° satisfying ||u|| = 1 = p(1). Then
we know that p is a mean on N if and only if

inf{a,;n € N} < p(a) <sup{a,;n € N}

for every a = (ay,as,...) € [*° . According to time and circumstances, we use
tn(ay,) instead of p(a). A mean p on N is called a Banach limit if yu,(a,) =
tn(any1) for every a = (ay,as,...) € [*° . Furthermore, we know the following
result [5, Lemma 1] and[4, Lemmad4.5.4].

Lemma 1.7. (/5/, Lemma 1). Let K be a nonempty closed convexr subset of a
Banach space E with a uniformly Gateaux differentiable norm. Let {x,} be a
bounded sequence of E and let u be a mean on N.Let z € K. Then

pallen = 2] = min i |2, —y|

if and only if

where j is the duality mapping of E.

Lemma 1.8. (Lemma 1.2 of [2]). Let E be a smooth Banach space, and K be a
nonempty closed convex subset of E which is also a sunny nonexpansive retract
of B, and T : K — E be mapping satisfying the weakly inward condition, and P
be a sunny nonexpansive retraction from E into K. Then F(T) = F(PT).

2. MAIN RESULTS

Throughout this paper, suppose that
(a) E is a real reflexive Banach space E which has a uniformly Gateaux differen-
tiable norms;
(b) K is a nonempty closed convex subset of F;
(c) every nonempty closed bounded convex subset of E has the fixed point prop-
erty for nonexpansive mappings.

Lemma 2.1. Let T : K — K be a nonezpansive mapping with F(T) = {x € K :
Tx =ax} #0. Let f : K — K be a contraction with contraction constanta €
(0,1), then there exists xy € K such that

xp =tf(x) + (1 — )Ty, (2.1)

where t € (0,1). Further, ast — 0%, x; converges strongly a fized point g € F(T)
which solutes the following variational inequality:

(¢—f(q),jla—p)) <0, Vpe F(T). (2.2)
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Proof. Firstly, let Htf denote a mapping defined by
Hlz=tf(x)+ (1 —t)Tz, Yte(0,1), Vo e E.

Obviously, Htf is contraction, then by Banach contraction mapping principle there
exists x; € K such that

e =tf(z) + (1 —t)Tx,.

Now, let g € F(T), then
lze = qll = [t(f(2e) — @) + (1 = ) (T2 — Q)| < (1 =t +ta)llze — qll + £l f(a) — all,

i.e.
’ 1f(q) — 4l
— gl < A2 2T
o =l < E2=
Hence {z;} is bounded. Assume that ¢, — 07 as n — oo. Set x,, := x;,, define a

function g on K by 9
9(z) = pnl|Tn — 2|
Let
C ={z € K;g(x) = min y, ||z, — y[|*}.
yeE

It is easy to see that C' is a closed convex bounded subset of K. Since ||z, —
Tz,|| — 0(n — o0), hence
9(Tz) = ||z — T2||* = pal| T2 — T||* < praf|2 — 2* = g(2),

it follows that T'(C') C C, that is C' is invariant under 7. By assumption (c),
non-expansive mapping 7' has fixed point ¢ € C. Using Lemma 1.7 we obtain

/j’n<l‘ - %.j(xn - Q)> <0.
Taking = f(q), then

1 (f(q) = q,5(zn — q)) < 0. (2.3)
Since
e —q=1t(f(z) —q)+ (1 =) (Tx, — q),
then
lee—qll® = t{f(x)=q,j(@—q))+(1=t)(Tz—q, j(~q))
< t{f(we)=q, j (@ )+ (1-t)[Jz—q|®
Further,
o —all* < (f(xe) —a.5(z — q))
= (f(z) = f(a), (2 — @) + (f(a) — ¢, 3 (z: — q)).
Thus,

tallzn —all” < pocllzn — ql)* + 1 (f(q@) — , (20 — q)).
it follows from (2.3) that
tinllTn — q|I> = 0.

Hence there exists a subsequence of {z,} which is still denoted by {z,} such that
lim ||z, —¢|| = 0. Now assume that another subsequence {z,,} of {z,} converge
n—oo

strongly to ¢ € F/(T). Since j is norm-to-weak* uniformly continuous on bounded
subsets of E, then for any p € F(T'),we have
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(Zm — [(@m), j(xm —p)) — (7 — [(2),7(q — D))
= Kom— f(@m) = (7= (), j(xm — p))

+((@ = £(@), §(xm —p)) =@~ £(2),5(q — q))]
< (I = Hrm— = £dllllzm — pll

(7 = (@), j(@m —p) =i (@—p))| = 0 (m — o0), (2.4)
ie.,
Since z,, = tf(zm) + (1 — t)Tx,y,, we have
(I = f)in =~ = Tha,
hence for any p € F(T),
(1 = £, m =) = == (= T)m = (I = T)p, jam = 1)) <0, (26)
it follows from (2.5) and (2.6) that
(= f(@),j(@—p)) <0. (2.7)
Interchange p and ¢ to obtain
(71— 1(9),5(q—q)) <0, (2.8)
N @ a+a- @1 ) <0, (29)
hence
17— all* < (f(@) — ¢,5(@ — q))- (2.10)
Interchange ¢ and ¢ to obtain
17— all* < (f(a) — @, 5(a — @))- (2.11)
Adding up (2.10) and (2.11) yields that
207 - gl < 1+ a)[|7 - dll, (2.12)

this implies that ¢ = ¢. Hence z; — ¢ as t — 0" and ¢ is a solution of the
following variational inequality

(4= f(a),j(g—p)) <0, VpeF(T).
This completes the proof of Lemma 2.1. O

Theorem 2.2. Let K be a sunny nonexpansive retract of E. T : K — FE is
a nonexpansive mapping satisfying the weakly inward condition and F(T) # 0.
[+ K — K is contractive with constant o € (0,1). Let P be a sunny nonexpansive
retraction from E into K. For given xy € K, let {x,} be generated by the
algorithm
{ Tpt1 = nf(zn) + (1 — an)((1 = 8z + dyn), (2.13)
Yn = P(ﬁnxn + (1 - Bn)T$n)7 n >0, .

where {a,},{B.} C [0,1]. & € (0,1) is arbitrary (but fized). Suppose that
{an},{Bn} satisfy the following conditions:

(i) a, — 0 as n — oo, 2 a,, = 00,
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(11) 0 < B, < a, |Bus1 — Bul — 0 as n — oo, where a € (0,1).
Then {x,} converges strongly to a fixed point ¢ € F(T), where ¢ = lim;_,g+ x; is
a solution of variational inequality (2.2).
Proof. We splits four steps to prove it.

Step 1. {x,} is bounded. In deed, by (2.13), it is easy to see that

lyn — 2"l = [P(Bntn + (1 = Bn)T2n) — 27| = |P(Butn + (1 — 5n)Twn) — P’
< Bn(zn —27) + (1= 50)(Tzn — ") || < Jlzn — 27 (2.14)
and
[2nr =27 = lan(f(zn) —27) + (1 — an) (1 = 0)(zn — 27) + (yn — 27))|
< (1= an)(1 = 0)[lzn — 27| + anarllzn — 2]
+on|[f(27) — 27| + (1 = an)dllyn — 27, (2.15)

where 2* € F(T'). It follows from (2.14) and (2.15) that
[enia =27 < (1= (1= a)an)([lzn — 2"l + anl f(2") — 27 (2.16)
By simplicity deducing, from (2.16) we have

* * x*) —a*
|zn — 2¥|| < max{|lxzy — x|, W}, n > 0.

Hence, {x,} is bounded and so is {y,}.
Step 2. ||xpt1 — xn]| — 0 as n — oo. In deed, let M > 0 be a constant such that

max{||znall, |l2nll, |yl I Tenia L I Tznll, (1 (@) 1 11 ()} < M.
It follows from (2.13) that

”yn-i-l - yn” = Hp(ﬁn-i-lajn-kl + (1 - ﬁn+l)T'Tn+l) - P(ﬁn:pn + (1 - 6n)Txn)H
S ||ﬁn+1xn+l - ﬁnxn” + ||(1 - 5n+1)T-rn+1 - (1 - ﬁn)Tan
Now, let v, = + a,(1 = 90), ¥, = ””"“*:“J“W”“ = a"f(”")fy(lfa")‘sy", then
yn—l—l _gn
Q ap 1—pt1)0Yn 1 —a,)0yn
_ ntl (xn_ﬂ)__f<xn)+( 7H-1) Y +1_( ) Y
Tt Tn Tn+1 Tn
Oyt 1 o, (1—ay)o 11—ty 1—ap
= F(@ns1) — —f(@0) +— Yns1— Yn) + - OYn+1,
Tn+1 Tn Tn Tn+1 Tn
which yields that ( )
[T 1 =Tl <2 M+ [Yn+1 = nll. (2.18)
Yn+17Vn Tn
It follows from (2.17) and (2.18) that
_ _ i1 + O 26n41 — Bu|lM  (1—ay,)0
(517 < 2%zt On gy AOues = BlM O o)l (2.19)
’YnJrlfyn 7n 771
Using the conditions (i-ii), from (2.19) we get that
lim sup{ |71 =Tl — [[Tn1 =20} <O0. (2.20)

n—oo
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Based on Lemma 1.5 and (2.20), we obtain lim,,_,« [|7,, — || = 0, which implies
lim ||zpe1 — x| = 0.

Step3. ||z, — PTx,|| — 0 as n — oo. Since

[ 2041 = (1= 8)an + 0yn) || = anllf(2zn) = (1 = 8)x + Syn) || — 0(n — o0)
and
S| = Ynll = 1201 = znll < 201 — 20— 0(yn — 20|l = (|21 — (1= 6) s +0yn) I,
hence,

01 = Znll + [l2ni1 = (1 = 8)@n + 0yn) |
o

Further,
|20 —PTay| < [|zn — yoll + [lyn — PTaul| < |20 — yull + alla, — PTa, ||,
which yields that
|z, — PTx,|| — 0(n — o). (2.21)
Step 4. ||z, —x*|| — 0 asn — oo, where x* € F(T') and x* satisfies the variational
inequality (2.2).
Since PT is nonexpansive mapping, then by Lemma 2.1 there exists x; such
that v = tf(z) + (1—)PTz,, ¥ t €(0,1),
Then, using Lemma 1.4, we have
e = @all® = [[(f (20) = 20) + (1 = )(PTw, — 2|
<(1- t)QHPTxt - anQ + 2U(f (2) — T, J (21 — 1))
< (1 =t)*(||PTxy— PTx,||+||PTxn— x,||)2 42t f () — 24+ 24— 2, j (24 — 1))
< (L4 ) o —aal P+ [|PT2y— 2| 21wy — 2ol + | Py —0]))
+2t(f (1) — 24, j (70 — 1)),
hence,

i t PTlz, —x,
(@)1 i) < Ly AT =20l

2t
let n — oo in the last inequality, then we obtain

linsup(  (20) — 21, (@0 — 7)) < 5M

n—oo

Qllz =z ||+ | PT2n =20,

where M’ > 0 is a constant such that||z; —x,||* < M’ for all t € (0,1) and n > 0.
Now letting ¢ — 01, then we have that
lim sup lim sup(f(x;) — x¢, j (2, — z¢)) < 0.
t—0+ n— oo

Thus , for Ve > 0, there exists a positive number §’ such that for any ¢ € (0,¢'),

. . €

lim sup(f(x;) — x4, j(x, — 24)) < 5
On the other hand, By Lemma 1.8 and Lemma 2.1 we have z; — 2* € F(PT) =
F(T) as t — 0". In addition, j is norm-to-weak® uniformly continuous on
bounded subsets of E, so there exists 6” > 0 such that, for any ¢ € (0,0"),
we have
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f@®) = a%, j(an — 27)) = (f(20) = e, (20 — 20))]|

(f(@?) =, j(wn—2") = (rn=0)) + [(f(@7) =%, § (@n—0)) = ([ (@) =20, j (20— 120)) |
[f @) =My (n = 2%) = j(@n — 2| + U+ @)l 2 = 27|20 — 2

£

<.
2

Taking 6 = min{d’,d"}, for ¢t € (0,6), we have that
* * - * . €
(fl@®) = 2%, jlan —27)) < (Fl@e) = 20, (@ —20)) + 5

{

<
<

(
|
|

Hence,

limsup(f(z*) — 2%, j(x, — 2%)) < e, where e > 0 is arbitrary,

n—oo

which yields that
limsup(f(z*) — 2", j(z, — 2¥)) <O0. (2.22)

Now we prove that {z,} converges strongly to z*. It follows from Lemma 1.4 and
(2.13) that

[zns =" = o (f(zn) — 27) + (1 — @) (1 = ) (2 — 27) + 8y — 27))|*

< (1= ) l(1 = 0)(zp — %) + 0(yn — &) + 200 (f () — ", (@41 — @)
(1 = an)’llon — 2™[* + 205 (f(wn) = f(2") + f(2") = 2", (@41 — @)
(L= ap)? [l =" |* 4+ 20|z — 2" ||| 2p 1 — 27| 4200, (f (27) =27, j (@01 —27))
(1—an)*l|lzn =" |*+ana([Jon —2"|*+ [ 2nn —2*||*)

200 (f (") =7, j(2nn—27)), (2.23)
which yields that

IA A

1-2—a)a, 2
P
20én * B *
()~ ()
2 a; 2
— 1_7’”’ n— * n n— *
(=)= P 12 o
2au,
=2, j(rpn—2xY), 2.24
()= ) (2.24)
where &, = % By boundness of {z,} and condition (i) and Lemma 1.6,
{x,} converges strongly to x*. This completes the proof of Theorem 2.2. O

Remark 2.3. Theorem 2.2 is obtained under the coefficient «,, satisfying lim o, =
0 and X9° o, = oo. In addition, this paper omits the request that space E
admits a weakly sequentially continuous duality mapping from FE into E*. Hence
it is an improvement of Theorem 2.4 of [2].

Remark 2.4. If E is uniformly smooth then E is reflexive and has a uniformly
Gateaux differentiable norm with the property that every nonempty closed and
bounded subset of E has the fixed point property for nonexpansive mappings(see,
remark 3.5 of [9]). Thus, if £ is a real uniformly smooth Banach space, then the
results in this paper are true, too.
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