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Abstract

In this article, we deal with a logarithmic Petrovsky equation with distributed internal delay. Firstly, we prove the local
existence of solutions utilizing the semigroup theory. Later, we obtain the global existence of solutions by using the well-depth
method. Moreover, under appropriate assumptions on the weight of the delay and that of frictional damping, we get the
exponential decay. Finally, we establish the blow up of solutions.
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1. Introduction

In this work, we deal with the logarithmic Petrovsky equation with distributed delay as follows:

W + A2u+ pyug (x,t) + f:f w (s)ue (x, t—s)ds =uhuP2Inhu/, x€Q, t>0,

u(xt) = 2t — g, x €00, (1.1)
Ut (XI _t) - fO (XI t) 7 ln (0/ TZ) 7
u(x,0) =up (x), ue (x,0) =uyg (x), x€Q,

where Q) is a bounded domain of R™ (n > 1) with a smooth boundary 0Q. Here, k and p; are positive
constants and the integral term denotes the distributed delay for 0 < T; < T2, such that pp : [t1,T2] —
[0, 00) is a bounded function. Also, ug, uy, fp are the initial data functions to be specified later and v is
the unit outward normal vector.

Generally, time delays often appear in many practical problems such as thermal, economic phenom-
ena, biological, chemical, physical, electrical engineering systems, mechanical applications, and medicine
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[11]. Moreover, in 1986, Datko et al. [8], indicated that, in a boundary control, a small delay effect is a
source of instability. From Quantum Field Theory, that such kind of (u Iulp_2 lnlulk) logaritmic source
term seems in inflation cosmology, nuclear physics, geophysics, and optics (see [3, 9]).

Firstly, for the literature review, we begin with the works of Birula and Mycielski [4, 5]. They looked
into the following equation with logarithmic term:

Upp — Uxx + U — euln Iul2 =0.

They are the pioneer of these kind of problems. They established that, in any number of dimensions,
wave equations including the logarithmic term have localized, stable, soliton-like solutions. Cazenave
and Haraux [6], in 1980, considered the following equation:

Uge —Au=ulnu/*. (1.2)

The authors established the existence and uniqueness of the equation (1.2). Gorka [9] obtained the global
existence for one-dimensional of the equation (1.2). Bartkowski and Gorka [3], looked into the weak
solutions and established the existence results. In [2], Al-Gharabli and Messaoudi studied the following
plate equation with logarithmic term:

Uer + A%u+u+h(u) = kulnul. (1.3)

The authors proved the existence results utilizing the Galerkin method and established an explicit and
general decay rate results by using the multiplier method of the equation (1.3). Liu [15], considered the
following logarithmic plate equation:

Wit + AZU A+ g™ 2wy = P2 ulog .

The author obtained the local existence utilizing the contraction mapping principle, and proved the global
existence and decay of solutions. Also, the author established the blow up of solutions. In [16], Messaoudi
considered the following equation:

Wi + A0+ g™ 2w = P (1.4)

He proved the existence and blow up of solutions. Then, Chen and Zhou [7] extended these results. In
the presence of the strong damping term (—Auy), Polat and Pigkin [20] proved the global existence and
decay of solutions for the equation (1.4). In [17], Nicaise and Pignotti considered the following equation:

Uy — Au+ agug (x,t) + aug (x,t—7) =0,

where ag, a > 0. The authors established that, under the condition 0 < a < ag, the system is exponentially
stable. They obtained a sequence of delays that shows the solution is instable, under the condition a > ay.
In [21], Yiiksekkaya et al., studied the following delayed plate equation with the logarithmic source:

Wee + A%u+ o (1) + Pue (x, t—7) =ulnjulY. (1.5)

They obtained the local and global existence of solutions and proved the stability and nonexistence results
of the equation (1.5). In [12], Kafini and Messaoudi looked into the following equation:

Ue — AU+ pug (x, ) + poue (x,t—1) = Iulp*2ulog IuIk . (1.6)
They obtained the local existence and blow up of solutions of the equation (1.6). In [10], Kafini studied

the wave equation with logarithmic nonlinearity with distributed delay as follows:

T
e — AuA pyug (%, t) +J W (s)ue (x, t—s) = uwuP 2 Inful*, (1.7)

T1
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he established the local and global existence results. Moreover, he proved the exponential decay of solu-
tions for the equation (1.7).

In this paper, we consider the local existence, global existence, exponential decay, and blow up of
solutions for the logarithmic Petrovsky equation (1.1) with distributed delay, motivated by above works.
To our best knowledge, there is no research related to the logarithmic Petrovsky equation (1.1) with
distributed delay (j:f Ho (s)ug (x,t—s) ds) term and logarithmic (u IuI‘D*2 In Iulk) source term, therefore,
our paper is the generalization of the above works.

This work consists of six sections in addition to the introduction. Firstly, in Section 2, we give some
needed materials. Then, in Section 3, we get the local existence results by using the semigroup theory
similar to the works of [10, 12]. Moreover, in Section 4, we establish the global existence results by the
well-depth method. Furthermore, in Section 5, we prove the exponential decay results. Finally, in Section
6, we establish the blow up results for negative initial energy.

2. Preliminaries

In this section, we give some materials for our main results. As usual, the notation ||.||,, denotes LP
norm, and (.,.) is the L? inner product. In particular, we write ||.|| instead of .||, (see [1, 19], for details).
Let B, > 0 be the constant satisfying [1]

V][, < Bp [|AV]],, forv e H3 (Q).
Similar to the [17], we introduce the new variable
z(x,p,8,t) =u¢ (x,t—ps) in Q x (0,1) x (11, T2) X (0, 00).
Therefore, we have
sz (%, p,8,1) +25 (x,p,5,t) =01in Q x (0,1) x (11, T2) X (0,00) .
Hence, the problem (1.1) takes the form:

Wee + A%u+ e (3,0 + [P (s)z(x, 1, s,1) ds = ufulP ?Infuf*, in Q x (11, 75) x (0,00),

sz (x,0,8,t) +2p (x,0,5,1) =0, in Q x (0,1) x (71, 72) x (0,00),
Z(X/ p/slo) :fo (X,—pS), in Q x (0/1) X (Tlsz)l
u(x,t) = aua(i’t) =0, on 0Q) x (0,00),
u(x,0) =up (x), ue (x,0) =u1 (x), in Q.
(2.1)
The energy functional related to the problem (2.1) is, for Vt > 0,
1. 5, 1 2 ko
() =5 luell™+ 5 1 Aul™+ 5 el
1 1 pr1p ) 1 . K
+5 s(E+u2(s))lz(x,p 8, t)1"dsdpdx — — | [ul" Inful” dx,
2]aloly Pla
where & is a positive constants satisfying
T2 E
w> | (sl ds+ 5 (), 2)
T1 2

under the condition p; > f;? W (s) ds.
The following lemma shows that the related energy functional is nonincreasing.
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Lemma 2.1. Suppose that (2.2) holds. Then, along the solution of (2.1) and for some Co > 0, we get

E (1) < —coj

(e +12 (x,1,5,6)?) dx < 0.
Q

Proof. By multiplying the first equation in (2.1) by u; and integrating over QO and the second equation in
(2.1) by (& + p2 (s)) z and integrating over (71, T2) % (0,1) x Q with respect to s, p, and x, summing up, we
get

[ HIulP+ L IAuR + 3 lf — L T haP Inful dx
dt +%fgféﬁfs(6+ W (s)) 1z (x, p,5,t)* dsdpdx

1 T2
=—m JQ huel? dx — J;) J J (&4 H2 (s)) zzp (%, p, 5, 1) dsdpdx (2.3)

0T1

T
—J utJ w (s)z(x,1,s,t) dsdx.
Q

T1

Now, we handle the last two terms of the right-hand side of (2.3) as follows:

_ L f J (E+ 112 (5)) 22p (x, 0,5, t) dsdpdx

0’1‘1

_1J
-

J:Z Ll aap [(EJF w (s)) 1z (x, p, s,t)|2] dpdsdx

1 /(™ 1 T2
=<J H2(5)d3+5(T2—Tl)>J |ut2dX_J J (&+ 2 (5))1z(x, 1,5, 1) dsdx
2 o Q 2 QJr
and
To 1 %) 2 T2 2
—J utJ uz (s)z(x,1,s,t) dsdxé(J Hz(S)dSJ Il dX+J Hz(s)dSJ 1z (x,1,s,1)] dX).
Q T 2 T1 Q T Q

Therefore, we get

dE (t -
di ) <”1L] pz(s)ds;’(Tle)> JQ e dX;JQ

T2
J |z (x,1,s, t)l2 dsdx.

T1

From (2.2), we obtain, for some Cy > 0,

T2

E (t) < COJ (Iutl2 +J Iz (x,1,s, t)|2 ds> dx <0. O
Q T1

3. Local existence

In this section, we prove the local existence result by using the semigroup theory [13, 18]. Let v = uy
and denote by

.
® = (wv,2)", ®(0) = Py = (uo,ur, fo (-, p5))", and J(®) = (0,uhuPIntuf*,0)

Hence, (2.1) can be written as an initial-value problem:

{ %D+ AD =] (D), 1)

@ (0) = @,
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where the linear operator A : D (A) — H is defined by

1

—v
AD = ( Au+ v+ [P (s)z(-,1,8) ds ) ,
sZp

where D (A) and H are introduced below. Now, we define

Li (T1,T2) = {w : JTZ slw (s)l2 ds < oo} .

T1

The state space of @ is the Hilbert space
H =Hj (Q) x L* (Q) x L* (Q x (0,1);L2 (11, T2)) ,

equipped with the inner product

- N ~ 1 2 N
<(I),CD> = J (AuAu—H)v) dx—i—J J J sy (s) zzdsdpdx,
3 Ja alo

T
T g ~ ~\T, . .
forall ® = (u,v,z)’ and ® = (u,v, z) in H. The domain of A is

D (A) — ®eH:ueH (Q),veH)(Q),z(-,1,") € 2(Q),
(A) = 2,2z, €2 (Qx(0,1);L2 (11, 12)), z(-,0,:) = . '

Now, we get the local existence of solutions as follows.

Theorem 3.1. Suppose that g > jzf o (s) ds and

p>2, ifn=1,2,34,
2<p< 2 ifn 5

Then, for any @y € H, problem (3.1) has a unique weak solution ® € C ([0, T); ).
Proof. Firstly, for all ® € D (A), we get

(AD, @) g = _J

Q
T2
J wo (s) zzpdsdxdp

1
)]
0JQ T1
T2
= Hlj |v|2 dX-i—J UJ w (s)z(-,1,-)dsdx
(o] Q T1
+3
2J)a
Utilizing Young’s inequality, the estimate (3.3) takes the form:

1[0 (™ 1
<A®/®>Q{>H1J IvIde—J J uz(S)Ivlzdsdx—J
Q 2Ja iy 2]a

T
= (ul —J s (s) d8> J v* dx > 0.
T1 Q

AvAudx + J

T2
v [Azu—i— pﬂH—J u (s)z(-,1,) ds] dx
Q

T1

T2
J Ly (s) |v|2 dsdx.

T1

T2 2 1
J w ()12 (1, ) dsdx—j
T1 2 Q

T2
J ka (s) [ul* dsdx

T

(3.2)

(3.3)
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Hence, A is a monotone operator. To show that A is maximal, we establish that for each F = (f, g, h)T e X,

there exists V = (u, v, z)T € D (A) such that (I+.A)V =F. That is,

u—v =",
v+ AU+ uw#—ﬂf w (s)z(-,1,s)ds =g,
sz+zp = sh.

Asv =u—f, by the third equation of (3.4), we infer that

p
z2(,p,8) = (u—f) e s +se"SJ h(.1,s) e dr.
0

Substituting (3.5) in the second equation of (3.4), we obtain ou + A’u = G, where

T2
G:1+u1+J W (s)e *ds >1,
T1
1
w (s)se™ s J h(-r,s)esdrds € L*(Q).
0

T2

G:g—i—crf—J

T1

We define, over H% (Q)), the bilinear and linear forms:

B(uw)= GJ

Q

uw+J AuAw, L (w) :J Gw.
Q Q

(3.4)

(3.5)

(3.6)

We see that B is coercive and continuous, and L is continuous on H% (Q). Then, Lax-Milgram theorem

specifies that the equation
B(uw)=L(w),Vwe H% (Q),

has a unique solution u € H3 (Q). Therefore, v =u—f € Hj (Q). As a result, from (3.5), we get

z,2p € L2 (Q x (0,1) x (11, 7)) and z(-,0,) = v.

Hence, V € H. By (3.7), we infer that

O'J uw—i—J Aqu:J GW,VWEH%(_O.).
Q Q Q

By the elliptic regularity theory, we have u H* (Q). In addition, using Green’s formula gives

GJ uw+J WAZLL—J Gw:O,VweH%(Q),
Q Q Q

and from (3.6), we get

T2

JQ [(1+ ul)v+A2u+J

T1

Thus,

T2

(1+u1)v+A2u+J i (s)z(-,1,s)ds =g e 2(Q).

T
Hence,
V= (u,v,z)T eD(A).

As a result, I + A is surjective and then A is maximal.

uz(s)z(-,l,s)ds—g]w:O,Vwe H% Q).

(3.7)
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As a result, we denote that ] : H{ — I is locally Lipschitz. Hence, if we set

f(s) =IsP ?slnls/, |s| #0and f(s) =0, |s| =0,

then
f(s)=k[1+(p—1)Inls]l|s/P 2, |s| £0and ' (s) =0, |s| = 0.
Therefore,
H](@)—] (CD) = H(O,Iulp_zulnlulk—‘u‘p uln |u ,0>
H H
=2 k2 N2
= Hlulpzuln hul* — ’u‘p uln |u = Hf(u) —f (u) .
12 L2

From the mean value theorem, we get, for some 6 € [0, 1],
0-(9) -

:k‘ [1+ (p—l)ln‘9u+ (14)&“ ‘Gqu (1fe)ﬂ‘p_2 (u—ﬂ)

' <6u+ (1—6)ﬂ> (u—ﬂ)

<k [14(p—1) n]ou+ (1-0)u|] fout (1—9)&\10—2 -

~ ~|P—2 ~
:k(p—l)lln‘ﬁu—i—(l—e)uH 9u+(1—6)u’ ‘u—u‘

~|p—2 ~
—f—k‘@u—i—(l—e)u’ ’u—u

~ ~|p—2
To control the logarithmic term In ‘Gu—i- (1— G)u‘ ’Gu—i— (1—0) u) , seems in the last inequality we
remind that, for any ¢ > 0,

1
nls| _o

Is|—+oo |8]°

Then, there exists B > 0 such that

1
E”f' <1,v|s| > B.

Thus, whenever ’6u +(1—9) ﬁ‘ > B, we obtain

€

7

ln‘6u+(l—9)ﬂ‘ < ‘eu+(1—e)a

and
~ ~|p—2 ~|P—2+¢

ln‘eu—i-(l—e)uHeu—i-(l—e)u‘ g]eu+(1—e)u) .

Since p > 2, then for some A > 0 and ‘Bu—i— (1—0) ﬂ‘ < B, we get
~ ~|p—2
ln‘Gu—l— (1 —G)u‘ ’611—1— (1 —e)u) <A.
Therefore, we obtain
~|P—2+¢

2
gA—i—‘Su—i—(l—e)u

1n)eu+ (1 —e)a\ ’Gu—i— (1—9)&“9*
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Then, we get the following estimation for

‘f(u) _f (ﬁ)
~|P—2+¢

<k(p—1)’9u+(1—6)u’

-~ ~|p—2 -~ -~
u—u‘ +k‘9u+(1—6)u’p ’u—u‘ KA (p—1) ‘u—u‘

u )p_ZH u—ﬁ‘ +k (Iul + ’ﬂ’)p_z ‘u—ﬂ‘ +kA(p—1) ’u—ﬂ’ .

<klp-1)(

As u, u € H3 (Q), utilizing Holder’s inequality, (3.2), and the Sobolev embedding

2n

H3(Q) =L (Q),1<r< —
n—4

7

we have

L

~\2(p—2) 12
u) ’u—u’ dx

AR (N

) I
(], (

N

2(p—1) )11
dx

p—2
~112(p—1) -1 ~112
[H ||sz 1) Hu LZ(PU(_O_):| e 2-1(Q)
p—2
~(]2(p—1)] »—1 ~112
o [ 1§+ o .
Hg(Q) H3(Q)
In a similar way,
p—2+e¢ - 2 ~I\2(p—2+¢) 12
J [( ) ] dx:J ( ) u—u| dx
Q Q
2(p—2+¢) (p—1) = 1
S - 2(p—1) b1
< J (Iul—i—‘uD r dx <J — dx)p
Q Q
P2
N e T N 2
< J ( ) dx Hu—u .
Q L2(p-1)(Q)
Since p < (n 1, choosing ¢ > 0 small enough, such that
2¢(p—1) 2n
*=2(p—1
p (p—1)+ — —2
Therefore, we obtain
2p-2+e) 2 =
pP—2+¢ ~ *
_ P
JQ ( ) u u’ dx< C I:HuHLP*(Q :| L2v-1)(Q)
p—2

Q)

i

2(p—1) ~
(et + [

c [nunp

Thus, by combining the last three estimations, we have

HJ((D)—J (@)HZ <[er-17a%]
H

—2

2(p—1)\ »—1
H3(Q)

+C
Q)
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N
. ~||P P -
P _
+ (Huqu(Q) + |4 Hg(m) ] [
H3(Q)

Hence, | is locally Lipschitz. Then, by the Theorem 1.2 page 184, Pazy [18] (see also a remark in the
begining of page 118, Komornik [13]), we complete the proof. O

2

H3(Q)

2
< (Iulhion o
0

4. Global existence

In this section, we establish that the solution of (2.1) is uniformly bounded and global in time. For this
aim, we set

1(t) = ||Aul —J P In [ul® dx,
Q

J(t)—1||Au||2+kHuHP+1j ”Tzs(aw (s))zzdsdpdx—lj WPinfufdx.  @1)
2 P2 P 2])0 ol 2 plo ‘ .

Therefore, we have E (t) =J (t) + 3 ).

Lemma 4.1. Assume that the initial data ug, i € H% (Q) x 1% (Q) satisfying

po2il
1(0) > 0 and p = kCp sy <2EE_(S)> Tl 4.2)

Then, I1(t) >0, forany t € [0, T].

Proof. Since I(0) > 0 we infer from continuity that there exists T* < T such that I (t) > 0 for all t € [0, T*].
This implies that, for all t € [0, T*],

p—2 2k 1J JTZ ) 1
t) = — ||Au]|c+ = [[u|f + = s (&4 o (s)) z*dsdpdx + —1(t).
J (1) 2 [ Aul] sz s+ 5 ol (&4 p2(s)) pdx+2 )

Therefore, we have
p—2 2
t) > —— [|Au]|”.
(0> P o

Hence,

2 2 2
ol < S50 < STRE) < STHE(0).

On the other hand, by using the fact that In [u| < Iull, we get

J [ulP In [u dxgj Pt dx, (4.3)
Q Q

where 1is choosentobe 0 < 1 < ﬁ, such that

+l<2n_4+1< n
P n—4
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Therefore, the embedding H% (Q) — LPFL(Q), satisfies
[, P i ax < o a7 = o a2
Q

o1 p—2+1
P 2pE(0)) 2 2
= Cpy1[|An? (HAuH2> < Cpn < p—2 1Au],

where C,, 1 is the embedding constant. As a result, by (4.1) and (4.2), we infer that
t) > [|[Aul* = B |Aul* > 0, Vt € [0, T*].
By repeating this procedure, T* can be extended to T. O

Theorem 4.2. If the initial data wo, wy satisfy the conditions of Lemma 4.1, then the solution of (2.1) is uniformly
bounded and global in time.

Proof. Tt suffices to show that [|Au||* + [ug | is bounded independently of t. We see that,

E(0) > E 1) = 5 sl +] (0 > 5 e+ 25 [l + 5 | ”TZS(H () 2dsdodx + 11 (1)
= = 5w = 5 5 - —
2 t 2 t p2 P 7 ool H2 P P
1 1
> o el + = (1) [|Au]”.
P
Thus, ||Aul|? + || < CE (0), where Cis a positive constant depending only on k, p and Cp . O

5. Exponential decay

In this section, we establish the decay of solutions. Firstly, we give the following lemmas.

Lemma 5.1 ([10]). The functional

Fi(t) = JQ

satisfies, along the solution of (2.1), for some cq, ca > 0,

1 %)
j J se % (£4+ 1 (s)) zI(x, p, s, ) dsdpdx

O’T]

1 prt
H s(E+ 12 (5)) 2l p, 5, 1) dsdpdx. (5.1)

0T1

FLD) < e P — czj
Q

Lemma 5.2. The functional

Fz(t):NE(tH—sJ uutdx+;1J hu? dx
Q

satisfies, along the solution of (2.1),

T2
) (t) < — (NCo— &) Jue|® — ¢ (1— B —6) [|Aul? —(NCo—s%)J J 22(x,1,5,t)dsdx,  (5.2)
T1

where N, «, and ¢ are positive constants.
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Proof. A direct differentiation, by using equations in (2.1), satisfies

Bt < —NCo | (il +1z(x1,5,0F) dx
Q
o (5.3)
+¢€ (J heel? dx —J |Auf? dx—i—J /P In ful® dx) — eJ uJ u (s)z(x,1,s,t) dsdx.
Q Q Q Q

T
Utilizing Young’s inequality and the boundness property of p; (s), we obtain, for any & > 0 and some
c. >0,

T T2
—J uJ w (s)z(x,1,s,t)dsdx < 6 HAuH + 46J J z2(x,1,s,t) dsdx. (5.4)
Q T

T1
By combining (4.3), (5.3), and (5.4), the result follows. O
Theorem 5.3. Assume that (4.2) holds. Then, there exist two positive constants cz and c4 such that
E(t) < cze &t

Proof. Setting
F3(t) =F (1) + F2 (1),

it is easy to verify, for ¢ small enough, that

F3(t) ~E(t). (5.5)
By using (5.1) and (5.2), we obtain
F5 (1) < — (NCo—e—ec1) fJue® — e (1B —8) [ Aul?
T2
G 2
(NCO 546>J Ll z°(x,1,s,t) dsdx (5.6)

1 r1
_C2J J J s(E+ (S)HZ(XIP/S,’C)\stdde.
Q

0’[1

Since 3 < 1, choosing 6 small enough, such that « =1— -5 > 0. For some w > 0, the embedding
H3 (Q) < LP (Q) satisfies

Il < ClaulE < ¢ (1awf?) ™ aul® < C(EO)F [auf? < w aul?,

or
8 xw

EX 2
.
Hence, (5.6) takes the form

eaw!
2

<NCO_SS£)J JTZ (x,1,s,t) dsdx (5.7)

F5(t) < — (NCop—e—c1) flue? —*HA I”*— i

1 rto
_CZJ J J s(&+m2(s)) Iz (x,p,5,t) dsdpdx.
Q

0’(.'1

Whence 6 is fixed, choosing N to be large enough, such that

NCyp—e—c1 >0 and NCO—eR>O
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Therefore, (5.7) takes the form, for some C > 0,

1 T2
(1) < —C | e+ w4l + | | [ s (e4 1 (5) 2dsdpax| < ~CE (1),
QJo T1
By using the equivalence relation (5.5) and a simple integration over (0, t), the result is proved. 0

6. Blow up

In this section, we prove the blow up results for negative initial energy. We have the assumption:
L : [11, To] — Ris an L* function such that:

S

We have the following lemmas to obtain the main result.

T2 1
J 2 (s)] ds < w1, > —. 6.1)
T1 2

Lemma 6.1. Suppose that (3.2) and (6.1) hold. Let u be a solution of (2.1). Then, X (t) is nonincreasing, such that

1 1 K 1
(1) = 5 Il 5 8wl + 35 fully = [ P Inul ax
2 2 p pla
1 1 %) (62)
+J JJ sluz (s) |22 (x, p, s, t)| dsdpdx,
2Jalo
which satisfies
T2
% (1) < —¢ <|ut||2+J | mz(sn\z2(x,1,s,t)|dsdx>. (6.3)
Q T1

Proof. By multiplying the first equation of (2.1) by u; and integrating over (), we obtain

a [ e+ L Au? + 5 o
{ z [l Ol G Hutuz—j ” J o ()2 (%, 1,5, 8) dsdx,  (6.4)
Q

dt —2 o P Inful* dx T
and
a1 [t >
—= ,P,8,t)| dsdpd
dtleJOLSM(S)”Z (x,p,5,t)| dsdpdx
1 1 12
:—J JJ 2|up (s)lzzpdsdpdx
2Ja o)
(6.5)
1 T2 9 1 T2 5
5| | s 0,5 0] asax =3 || b ()] 61,50 dsax
2 Q T1 2 Q T1
1 T 2 1 T2 2
:(J it (S)|d8> [ —J J luz (s)l 2% (x, 1,5, )| dsdx.
2 T 2 QJrm
Therefore,

d 2
S0 === || e () aez (61,5, 0l dsax
dt oly

1/ , 1 - (6.6)

i1 (j iz (s) ds) Rl =5 [ [ e (012 1,0 asax
2 T1 2 Q T1

From (6.4) and (6.5), we get (6.2). Utilizing the Young’s inequality, (6.1), and (6.6), we get (6.3). As a result,
the proof is completed. O
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Lemma 6.2. There exists a positive constant C > 0 depending on Q) only such that

s/p
(J P In [u® dx) <C U P In ful® dx + HAuH%}
Q Q

or any w € LPT1(Q) and 2 < s < p, provided that [u|? In Iu\k dx > 0.
Y p Q

Proof. In [12], from Lemma 3.2 we know that

s/p
(J ufP Inful® dx> <C [ J P Inful* dx + ||Vu||§}
Q Q

is satisfied, utilizing Sobolev embedding theorem we obtain this result. O
Similar to the [12] and using the Sobolev Embedding Theorem, we have the lemmas as follows.

Lemma 6.3. Depending on Q) only, suppose that C > 0, so that

2/p
Jull3 < C <jQ|u|P1n|u|‘<dx) +||Au||§/P], 6.7)

provided that [~ [u/P In lu/* dx > 0.
Lemma 6.4. Depending on Q) only, assume that C > 0, such that
2
ully < € [Ihlf + aul3],

foranyu e LP (Q) and 2 < s < p.
To get the main result, we define

1 1 k 1
H{t) = =50 () = = JualP = 3 I8 =+ |l Inulax

2
_1J
2)a

Theorem 6.5. Assume that (6.1) holds. Assume further that

1 T2
J J slua (s)l]2% (x, p, s, 1) | dsdpdx.

0T1

2<p<2($:42}, ifn >4,

{p}Z, n<4l

and
X (0) <O0.

Thus, the solution of (2.1) blows up in finite time.

Proof. By (6.3), we know that
X(t) <X(0) <0.

Thus,

T2
H (1) ==X (t) > ¢ (IIutII2+J J Iz (s)l]2% (x, 1,5, 1) dst>
. o (6.8)
> ClJ J w2 ()] |2% (%, 1,s,t)| dsdx > 0
Q

T1
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and .
0<H(0) <H() < J P In ful* dx. 6.9)
Pla
We introduce
L(t)=H"%()+ sJ uudx + WJ u?dx, t >0, (6.10)
Q 2 Jao
where ¢ > 0 to be specified later and
2b=2) P2 4 (611)
p? 2p ' '
By multiplying the first equation in (2.1) by u and with a derivative of (6.10), we get
'(t)=(1—c)H *(t)H (t)+¢ Hut||2 + EJ uurdx + ey J uudx
Q Q
=(1—o) H* (1) H (1) + ¢ [[ue]® — ¢ || Au)? (6.12)
T2
— £J J Iuo (s)luz (x,1,s,t) dsdx + eJ P In [ul® dx.
Q T1 Q
Thanks to Young's inequality, we get
T2
EJ J lus (s)luz (x,1,s,t) dsdx
Q
R . - (6.13)
€< 8 J o () ds | [Jull® + — J J [t (s)] |z7‘ (x,l,s,t)] dsdx} .
- 461 -
By (6.12), we obtain
2 2 2 2
() > (1—a)H *(t)H (1) + ¢ [Jue]] — e [|Au||” — e84 (J o (s)] ds) [l]]
T
¢ J J luo (s)] ‘zz (x,l,s,t)| dsdx + EJ /P In fu/* dx.
451 Q
By using (6.8) and setting 81 such that 451 o = kH™* (t), we obtain
L' (t) > [(1—a) — ek H* (1) H (1) + ¢ [|ue|
H* (1) (™
—¢|Au?— sJ (J I (s)] ds) ([ + EJ [P In ul® dx.
4C1K T1 Q
For 0 < a < 1, we have
1— 2
L' (t) > [(1—«)—ex] H* () H (t) + saJ P In [l dx + e ¥ ( 2“) 2w ?
Q
1— 1—a)k
+¢ <p(2a) _ 1) HAuHZ + s(pa) Hqu
(6.14)

e ([ sllas) P +ep - @) H (1)

4c1 K T

1— 1 r12
+£p(a)J JJ sl (s)l]2% (x, p, s, )| dsdpdx.
2 QJo T1
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By using (6.7) and (6.9), we get

1od x+2/p x
HE (1) Jul? < (J ulP In ful* dx> 2 < [(J P In ful* dx) + (J P In ful* dx> ||Au||§/P] .
Q Q Q

From Young’s inequality, we have

(pa+2)/p
N ) . y “ (fQ P In [ul® dx)
He (0wl < (| P ax) -l < e e/t
o +2 au)? + P2 (f o huP Inful* dx)

Hence, we get

(poct2)/
— e N | (o Pk ad) T AP
He 0l < (| Pl ax) - ulf < © e |
Q + (IQ uP In [u dx)
where C = max {%, pp;z} By exploiting (6.11), we obtain
op?
2<ap+2<p and 2<‘p—2 <p
Thus, Lemma 6.2 yields
H (t) [[ull; < ¢ (j P In ful* dx + ||Au\|%) : (6.15)
Q
By combining (6.14) and (6.15), we get
U'(t) 2 [1—o)—exd HT* () H' (1)
C T2 k
+e (a— —_— (J Iy (s)] ds>> J uP In Jul® dx
4C1K T1 Q
p(l—a)-2 c JTz 2
— A
te ( 2 Gork \ [y, P2 (sllds ) A (6.16)
e(l—a)k 1—a)+2
# o gy PO P ep -
_ 1
+ Ep(la)J J J slua (s)I22 (x, p, s, t) dsdpdx.
2 alolg
Since, choosing a > 0 so small, such that
—a)-2
p(l—a) >0,

2

and choosing « large enough, we get

S Rt o (f:f a2 (s)] ds) >0,
O~ ferx (fif w2 (s)] d5> >0.

Once k and a are fixed, picking ¢ so small, such that

(1—a)—exk>0, H(O)—l—sJ upuidx > 0.
Q
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Thus, for some A > 0, estimate (6.16) takes the form

L (t) > A [H () + uwell® + 1A + [} +J ufP In [u/* dx
Q

1 To (6.17)
| ] s ps dsdpdx] ,
QJo T
and
L(t)>L(0)>0,t=>0.
From the embedding [[u[|, < c|[[u[|,, and Holder’s inequality, we get
[ e <l sl < el sl
then from the Young’s inequality, we have
1/(1—«)
UQ uugdx <c <||u||g/(1*“) + ||ut||2e/(1_°‘)) , forl/p+1/6 =1. (6.18)

From Lemma 6.4, we take 6 = 2 (1 — ) which gives u/ (1 — «) =2/ (1 —2«) < p. Thus, for s =2/ (1 —2«),
estimate (6.18) yields
U uuwedx
Q

1/(1—x) ) )
< c Al + e+ [half?]

1/(1-«) )
S
< (Ihully + wl3) -

Therefore, Lemma 6.4 satisfies

U uuedx
Q

Hence,

e 1/(1—c)
Ll/(lfcx) (t) — <H1cx (t) 4 gj uuidx + ZJ u2dX>
Q

Q
[ 1/(1—a) /(1)
<c|H(t)+ U uugdx + ||u|]2/ oo
L Q (6.19)
[ 1/(1—a)
<c|H(t)+ U uuedx + ||u|]i/(1_°‘)]
Q
< [ + Iaw + fue)+ [ulp], ¢ > 0.
By combining (6.17) and (6.19), we get
L' (t) > ALVO=9) (1), £ >0, (6.20)

where A is a positive constant. A simple integration of (6.20) over (0, t) yields

1
® L-o/(1=a) (0) — Aot/ (1 — &)

Thus, L (t) blows up in time T*,
_ 1—«
© Aale/(-a) (0)

As a result, the proof is completed. O

TLT
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7. Conclusions

Recently, there has been published much work concerning the wave equations (Kirchhoff, Petrovsky,
Bessel,. .. etc.) with different state of delay time (constant delay, time-varying delay,...etc.). However, to
the best of our knowledge, there were no existence, exponential decay and blow up of solutions for the
logarithmic Petrovsky equation with distributed delay. Under suitable conditions, we have been proved
the local existence, global existence, exponential decay and blow up results of the logarithmic Petrovsky
equation with distributed delay.
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