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A NOTE ON NEW ESTIMATES FOR DISTANCES IN
ANALYTIC FUNCTION SPACES

ROMI SHAMOYAN! AND HAIYING LI**

ABSTRACT. We provide new estimates for distances from fixed analytic func-
tions to their subspaces in the unit disk. We will enlarge the list of previously
known assertions of this type obtained recently by R. Zhao and W. Xu.

1. INTRODUCTION AND PRELIMINARIES

Let D be, as usual, the unit disk on the complex plane, dA(z) the normalized
Lebesgue measure on D so that A(D) = 1 and d¢ be the Lebesgue measure on
the circle T = {£ : [£| = 1}. Let further H(D) be the space of all holomorphic
functions on the unit disk D.

For f € H(D) and f(z) = >_, ax2", we define the fractional derivative of the
function f as usual in the following manner

DYf(z) = Z(/{: + 1)%ap 2", a € R.
k=0

We will write Df(z) if @ = 1. Obviously, for all « € R, D*f € H(D).

For a € D, let g(z,a) = log m be the Green’s function for D with pole at a,
where ¢q(2) = =. For 0 <p < o0, =2 < ¢ <00, —2< s <00, -1 <qg+s<

o0, we say that f € F(p,q,s), if f € H(D) and

0 =510 [ 1DFGIP(L= 127" (. )AA) < oo,
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As we know [10], if 0 < p < 00, 2 < ¢ < 00, 2 < s <00, -1 <qg+s<
oo, f € F(p,q,s) if and only if

sup [ DA = [s2)1(1 = [ou2)]dA(2) < 0
a€c D

It is known also that F'(2,1,1) = BMOA.

We recall that weighted Bloch class B*(D), o > 0, is the collection of the
analytic functions on the unit disk satisfying

[ fllBe = sup |Df(2)](1 = |2]})* < o0.

B*(D) is a Banach space with the norm || f|g~. Note B'(D) = B(D) is a
classical Bloch class(see [2] and the references there).

The well-known so called “duality” approach to extremal problems in theory
of analytic functions leads to the following general formula

disty (g, X) = sup |l(g)| = inf [lg — ¢llv,
lext i<t peX
where g € Y, X is subspace of a normed space Y, Y € H(D) and X* it is
orthogonal complement in Y*, the dual space of Y and [ is a linear functional on
Y (see [6]).

Various extremal problems in H? Hardy classes in D based on duality approach
we mentioned were discussed in [3]. In particular for a function K € L?(T) the
following equality holds (see [3]), 1 < p < o0, % + % =1,

1
. o B _ L

distia(K, HY) geH}JI,lIEGL‘f 1K= gl feH:IIIJfIinSl 27T| §1=1 FOKQL]

It is well known if p > 1 then inf-dual extremal problem in analytic H? Hardy
classes has a solution, it is unique if an extremal function exists (see [3]).

Note also that extremal problems for H? spaces in multiply connected domains
were studied before in [I] and [7].

Various new results on extremal problems in A? Bergman class and it is sub-
spaces were obtained recently by many authors (see [5] and the references there).

In this paper, we will provide direct proofs for estimation of

disty (f, X) = it ||f = glly, X CY, [ €Y, X,Y C H(D)
g

in the unit disk.
Let further QF . = {z € D: [D*f(2)|(1 = |2|)* > e}, Q. = Qa..
Applying famous Fefferman duality theorem, P. Jones proved the following.
Theorem A. ([4], [10]) Let f € B. Then the following are equivalent:

(a) dy = distg(f, BMOA);
. dA(z
(b) do = inf{e: xqu (z)—()2
LT
where y denotes characteristic function of the mentioned set.

Recently, R. Zhao (see [10]) and W. Xu (see [9]) obtained results on distances
from Bloch functions to some Mobius invariant function spaces in a relatively

is a Carleson measure},
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direct way. The goal of this paper is to develop further their ideas and present
new theorems in the unit disk.

In next sections various assertions for distance function will be given. We will
indicate proofs of some assertions in details, short sketches in some cases will be
also provided.

Throughout the paper, we write C' ( sometimes with indexes) to denote a
positive constant which might be different at each occurrence (even in a chain of
inequalities) but is independent of the functions or variables being discussed.

We will write for two expressions A < B if there is a positive constant C' such
that A < CB.

2. ESTIMATES FOR DIST FUNCTION IN D

First we define a set as following.

Definition 2.1.

M={¢eT: / [+ (rE)|(1 — 7)odr > ).

M=M.o:f)=M.o.CT; 7€(0,1), a>0, &> 0.

Note first that from Bergman representation formula for large enough ~.

/0 FEOI(L = )edr

)] el dAw)
< of | a0y
< o (MO loliatw),

1_capria
So we have
1
H / FEOI = 7)odr| gy < C / F)|(L — w])* dA(uw),
0 D

where f € H(D), a > 0.
The problem of finding of estimates distx(f, Y), f € A%, where

X =(A) = {fcHD): | / FEEI(L = 7)%dr] 1 < 0o},

Y =(Ae ) ={f€HD): /O [f(w)|(1 = [w])* " dA(w) < oo}

appears naturally.
Our intention is to find an analogue of a theorem Zhao for this situation, using
characteristic function of M set.
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By well-known Bergman representation formula (see [2]) for every ¢ > —1

/f (1 — [2)'dA(z)

flw) = (1 — zw)t+2
_ / /fo )(1 —7)tdédr
Mz o(f) 1 —7Epp)t+?
/ / f(rE) (1 — 7)tdédr
T\Me o) (1= TEpp)t+?
= fi(w) + fao(w

We now estimate (f;) and (fs) separately.
Note first arguing as above we easily find that

1
[ fllage, = igrfll i | f-(p)1(1 = p)*dpl| oo (r)(1 — 7)*

IN

Csup(1 —7) / [ @)|(1 = ) dA(w)
Ol

cxls

Hence the problem of estimate of distagx (f, Aq_ b1.s), [ € A, also appears.
Note for s = 0, we have as before distax (/. Al_1o) = distaz(f, AL_).

It turns out that for s > 0 case, there is an opportunity to obtain a result of
above mentioned type that is to give estimates for distance function. For that
reason we will turn to estimates of f; and f5 functions defined above. We will
prove the two following inequalities, s > 0, o > 0,

(A) | fellage, < Ce;
B) Ifilla,,, < Collfllaz, sup(t =) [ v, ()¢
= Ci[[fllag, - (Ka,t,e),
where T=a —t—1, K = (K, 1)

We now will prove (A) and then (B). We have the following estimates.

l / )l —P)adTHLw(T)(l 7

(1 —7)'dEdr
< Cl-7 H S e
™M |1 - TT§¢| o

. RPN
c -7y T\M< [ 1teei0 - a2

< Ce.

IN

[ 2o (T)

for s =t —a, s> 0and M = M., > set that we defined above.



A NOTE ON NEW ESTIMATES FOR DISTANCES 43

Let us estimate the second integral. We have the following estimates.
||f1||A1 S Csup ]_—T /|f1 wT 1_|w|)a ldA( )

arlhs 7<1
/ VI F(r7O)|(1 — 7)tdédr

< Csup(l1—-7)° (1 - 7o

<1

< Csup (1-7) H/ |f(r7E)| 1_7-)d7—HLoo

1
: —d ,
i‘iﬁ’/M TR

where s =t —a, s >0,t>a, M = (M.;5).
Hence

distaze (f, Ay_1,) < Cinf{e >0, K < 00.}
Since
distage (f, Au_14) < I = fillag, = | faollag, < Ce.
Hence we have the following theorem.

Theorem 2.2. Let f € AY (D), a>0,s=t—a,t>a, s>0,

distaz, (f, Ao 1) < Cinf{e > 0: sup(1 —7)*""" 1/XME,t,;(§)df < 00.}
T

<1

where

1
Ms={6€T: / E|(1 - )idr > €},

Remark 2.3. Using arguments from [10](see also the proof of Theorem 2.4 below)
it can be easily shown that for s = 0 the assertion of Theorem 1 is sharp and
that is the reverse estimate holds.

Let us now turn to another problem connected with distances. We will give
sharp formula for dist function in BMOA-type classes. The following estimates
are almost obvious.

Let 6> —1,7>0, a >0, g > 0. Then we have

1/l = IIfHK a.0,6,7)

f(2)|9(1 — |2])PdA(z -
< s [HIELZEED
aEID) CLZ|
I/l = suppca [/~ J2)7, o> 2,7 =a—2
<

1 fllx, = fD If()]9(1 = |2])P72*TdA(2), ifa>T, B—a+T>—1.

The natural question is to estimate

distg(q.0,87) ([, K1) and dist g(g,a.5,) (f, K2) for || f|x < oo.

In the following assertion we provide such an estimate.
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First we define a new set, a subset of D as follows.

(1 |2])?

|1 —az|®

21— al)” > e}

Put f = f + f.,, assume || f| x < &, then we find the following estimates.

— B
) - /u-;l LB

az\f"
/() 1 — [2)%dA(2)
= / —az|®
f(z)]e(1 - |Z|)ﬁdf4( ) r
—izg/ |1 a0
91 — |z|)PdA
SO

Hence M(a) > (¢ —1)xn,.(a), a € D.

/D o (21 — 2P dA(2)
> (e — ) / Yo, (@) (1 — a])"2dA(2),

where 7> 1, f+7—a> -1, a > T.
Note from here we have immediately that

dist (s (f, Ka) = inf{e / v, (@) (1 — |af) ?dA(z) < 00, f € K},
D

Since otherwise there are two numbers ¢, €1, € > 0, ¢; > 0 such that

fo € Ky e >eq, ||f — fe1||K(q7Oé,/3,T) <&

and

/D x, (@) (1 — |a]) 2dA(z) =

and using estimates we provided above we arrive easily at a contradiction with

the fact that

/D o, (@)(1 — |a]) 2dA(z) =

Let g =1, 6 = a — 2. To prove the last estimate we obtained is sharp, we will
argue as in Theorem 2.2 using classical Bergman representation formula. We cut
the integral by D into two parts via Ny sets and obtain two functions fi, f2 such
that f = fi+ fo. Then we will estimate both functions. Our intension is to prove

the following estimates.

I folle < Ce; (C)
[ fillee, < CHfHK-/DXNf,E(a)(l — la))7*dA(2), (D)
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f = fl +f27 where

fi(z1) = C(B)

(1 - |2])° / (A~ o] (w)dAw) , \

oy, (1 — 212)772 (1 — wz)P+2

R =) [ (1(1_Z1’;ﬁ+2 / a (‘19 éi);fj“ ) aa(2).

21€D,ﬁ>—1,f€K.
We will show first (C), then (D).

ol < sup / (1= |z))°(1 — al)”

a€D |]- - a21|a

D\Ny .

\1 - zw\5+2|1 - zzl\ﬂ“

Then

(1—1]z])°(1 = |a])" _

< 1— "dA

Il < esup [ E= T e ()

1— p—7 (1-—

< 5sup/’ 2] ) dA(z)

a€D ll—azlla
<

Now we will prove (D).

— |z — W B w
|fl<zl>\gc/ (= [ /'f 0 = o)) "dA(w)y 4,

1= 21z|5+2 |1 — wz|f+2

(1 = 1), (2)
< Le
Il < o[ [t T

/ |f 1 - |lU|)ﬂdA( >dA(Z)(]- _ |21|)B_a+7—dA(Zl)

|1 —wz|“

N —12)P"dA(z
< CHfHK//X ()~ |2)77d ()(1—|z1|)ﬁ_a+TdA(z1)

1 — 2 Z|B+2

< Olflx / xy () (1= [2])2dA(2).

Since =a—2and f —a+7=7—2, 7> 1. This is what was needed. Hence
we have Theorem 2.4 on dist function.

Theorem 2.4. Leta>1,7>1, 7€ (a—2 a—l) Let

e = i“p/ =B 000 -

\1 —az|a

1 llaz_, —/D!f(Z)!(l — [2])7dA(z).

Let || fll k(a,-y < 00. Then
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distrc(f, AL_,) = inf{e : /DXNM(G)Q— la])"2dA(a) < 0o}

Corollary 2.5. 1) Leta>1,1n>1, n>1, 1€ (a—2,a—1), n € (a—2,a—

1),

f € K(o, min(7y,73)). Then

distyr _ (f, K(a, 7)) = distAiziz(f,K(oz,Tg)).

Q) Let oy >1,a>1,7>1, 7€ (v —2,00 — 1), 7 € (g — 2,0 — 1). Then

distyr_ (f, K(a1,7)) =disty_ (f, K(az,T)).

Corollary 2.6. Let 7 € (o« —2,a—1),a > 1, 7> 1, f € H(D). Then f is in
closure of Al , in K(«,7) is equivalent to

/D yo (@)(1 — |a])2dA(a) < oo

for every € > 0.

Remark 2.7. Some results of this paper can be easily generalized to more general
radial weights w(1 — |z|) with some natural conditions on w function.
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