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STABILITY OF A GENERALIZED EULER-LAGRANGE TYPE
ADDITIVE MAPPING AND HOMOMORPHISMS IN
C*-ALGEBRAS 1[I

ABBAS NAJATI AND CHOONKIL PARK*

ABSTRACT. Let X,Y be Banach modules over a C*-algebra and let rq,--- , 7, €
R be given. We prove the generalized Hyers-Ulam stability of the following
functional equation in Banach modules over a unital C*-algebra:

Z f(% Z Tl = %rjxj) + Zrlf(xl) = nf(% Zrimi) (0.1)
Jj=1 1<i<n,i#j i=1 =1

We show that if Y7 ;7 # 0, 7, # 0,75 # 0 for some 1 < i < j < n and a

mapping f : X — Y satisfies the functional equation (0.1) then the mapping

f: X — Y is additive. As an application, we investigate homomorphisms in

unital C*-algebras.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations was originated from a question
of Ulam [66] concerning the stability of group homomorphisms:

Let (Gy,.) be a group and let (G, *) be a metric group with the metric d(.,.).
Given € > 0, does there exist a 0 > 0, such that if a mapping h : G; — G, satisfies
the inequality d(h(zy.22), h(z1) * h(x2)) < 0 for all x1,x9 € Gy, then there exists
a homomorphism H : G; — Gy with d(h(z1), H(z1)) < € for all z; € G17?

Hyers [15] gave a first affirmative partial answer to the question of Ulam for
Banach spaces. Hyers’ Theorem was generalized by Aoki [2] for additive mappings
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and by Th.M. Rassias [58] for linear mappings by considering an unbounded
Cauchy difference.

Theorem 1.1. (Th.M. Rassias [58]). Let f : E — E' be a mapping from a
normed vector space E into a Banach space E' subject to the inequality

1f(z+y) = f(x) = fF)ll < e(llz]]” + llyl]") (1.1)
for all x,y € E, where € and p are constants with € > 0 and p < 1. Then the
limit on

L(z) = lim f(2"r)

n—o00 on
exists for allx € E and L : E — E' is the unique additive mapping which satisfies
2¢
—L <
17@) - L)) < goees
for all x € E. If p < 0 then the inequality (1.1) holds for xz,y # 0 and (1.2) for

x # 0. Also, if for each x € E the mapping t — f(tx) is continuous in t € R,
then L is R-linear.

[Elig (1.2)

Theorem 1.2. (J.M. Rassias [49]-[51]). Let X be a real normed linear space and
Y a real Banach space. Assume that f : X — Y is a mapping for which there
exist constants 0 > 0 and p,q € R such that r = p+ q # 1 and [ satisfies the
functional inequality

1z +y) = fl) = F) < Olll[lyl[*

for all x,y € X. Then there exists a unique additive mapping L : X — Y
satisfying
9 T
@) = L&) < gl
for all x € X. If, in addition, f : X — Y is a mapping such that the trans-
formation t — f(tx) is continuous in t € R for each fired x € X, then L is
R-linear.

The paper of Th.M. Rassias [58] has provided a lot of influence in the develop-
ment of what we call the generalized Hyers-Ulam stability of functional equations.
In 1994, a generalization of Theorems 1.1 and 1.2 was obtained by Gavruta [10],
who replaced the bounds e(||z||” + ||ly||?) and 6]|z|[?||y||? by a general control
function ¢(x,y).

The functional equation

flx+y)+ flo—y) =2f(z) +2f(y) (1.3)

is called a quadratic functional equation. In particular, every solution of the
quadratic functional equation is said to be a quadratic mapping. The generalized
Hyers-Ulam stability problem for the quadratic functional equation was proved by
Skof [65] for mappings f : X — Y, where X is a normed space and Y is a Banach
space. Cholewa [3] noticed that the theorem of Skof is still true if the relevant
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domain X is replaced by an Abelian group. Czerwik [5] proved the generalized
Hyers-Ulam stability of the quadratic functional equation. J.M. Rassias [52, 53]
introduced and investigated the stability problem of Ulam for the Euler-Lagrange
quadratic mappings (1.3) and

flarzy + asms) + flagwy — arwy) = (af + a3)[f(x1) + f(22)]. (1.4)

Grabiec [14] has generalized these results mentioned above. In addition, J.M. Ras-
sias [54] generalized the Euler-Lagrange quadratic mapping (1.4) and investigated
its stability problem. Thus these Euler-Lagrange type equations (mappings) are
called as FEuler-Lagrange-Rassias functional equations (mappings).

The stability problems of several functional equations have been extensively
investigated by a number of authors and there are many interesting results con-
cerning this problem (see [1], [4], [6], [7], [9]-[13], [16]-[22], [24]-][64] and [67]).

Recently, C. Park and J. Park [46] introduced and investigated the following
additive functional equation of Euler-Lagrange type

ZML (Z ri(z; — %)) + <Z TZ-) L <Z 7“;6,;) (1.5)
= (Zn) ZHL(%), 1, ,Tn € (0,00)

whose solution is said to be a generalized additive mapping of Euler-Lagrange
type.

In this paper, we introduce the following additive functional equation of Euler-
Lagrange type which is somewhat different from (1.5):

n n

Zf(% Z rir; — %rjxj) + Zﬁf(fﬁi) = nf(% grixi>, (1.6)

j=1 1<i<n,ij i=1

where ry,--- , 7, € R. Every solution of the functional equation (1.6) is said to
be a generalized Fuler-Lagrange type additive mapping.

We investigate the generalized Hyers-Ulam stability of the functional equa-
tion (1.6) in Banach modules over a C*-algebra. These results are applied to
investigate C*-algebra homomorphisms in unital C*-algebras.

Throughout this paper, assume that A is a unital C*-algebra with norm ||.|| 4
and unit e, that B is a unital C*-algebra with norm ||.||z, and that X and
Y are left Banach modules over a unital C*-algebra A with norms |.||x and
|.|ly, respectively. Let U(A) be the group of unitary elements in A and let
ri,-c 1 € R
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For a given mapping f : X — Y, u € U(A) and a given u € C, we define
Dyyiionfand Dy f 2 X™ =Y by

n

1 1 -
Dyyy o gp fl21,- - s2p) 1 = Z f<§ Z TUT; — §Tjuxj> + Z_;nuf(:vl)

j=1 1<i<n,i#j

- nf(% Zil: n-uxl-)

and
Dy f(T157 0+ s 2p) 1 = Zf(§ > priwi— Ql“”j%‘) + > i f ()
j=1 1<i<n,ij i=1
1 n
- nf<§ ; W“ﬂi)
for all z1,--- ,x, € X.

2. GENERALIZED HYERS-ULAM STABILITY OF THE FUNCTIONAL EQUATION
(1.6) IN BANACH MODULES OVER A C*-ALGEBRA

Lemma 2.1. Let X and Y be linear spaces and let ry,--- ,r, be real numbers
with Y p_ i # 0 and r; # 0,15 # 0 for some 1 < i < j < n. Assume that a
mapping L : X — Y satisfies the functional equation (1.6) for all 1, -+ ,z, € X.
Then the mapping L is additive. Moreover, L(ryz) = riL(z) for all x € X and
alll <k <n.

Proof. Since > _, iy # 0, putting z; = --- =z, = 0 in (1.6), we get L(0) = 0.
Without loss of generality, we may assume that ri, 7o # 0. Letting z3 = --- =
z, =01n (1.6), we get

I <—7’1:z:1 + T2x2) LI (rlxl — Tgxg) R L(wn) + oL ()

2 2
-y (%) (2.1)

for all z1, 29 € X. Letting 25 = 0 in (2.1), we get

rL(z1) = L (ﬂ) .y (—@> (2.2)
2 2
for all z; € X.
Similarly, by putting 1 = 0 in (2.1), we get
bt 5 () -1 (5) o
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for all ; € X. It follows from (2.1), (2.2) and (2.3) that

—T121 + 7229 X1 — Ty 121 1929
jo i i I L i L(——) L@—J
() v (B2 + e () <2 (5

o (D) g () gy (Dt
2 2 2

for all z, 25 € X. Replacing z; and x5 by f,—f and i—g in (2.4), we get
L(—z+vy)+ L(x —y) + L(x) + L(y) — L(—z) — L(—y) = 2L(x +y) (2.5)
for all z,y € X. Letting y = —x in (2.5), we get that L(—2z) + L(2x) = 0 for
all z € X. So the mapping L is odd. Therefore, it follows from (2.5) that the
mapping L is additive. Moreover, let x € X and 1 < k < n. Setting x;, = x and

xrp=0forall 1 <l<n,l#k, in (1.6) and using the oddness of L, we get that
L(rgx) = riL(x). O

Using the same method as in the proof of Lemma 2.1, we have an alternative
result of Lemma 2.1 when y ;_ r; = 0.

Lemma 2.2. Let X and Y be linear spaces and let rq,--- ,r, be real numbers
with r; # 0,7; # 0 for some 1 <@ < j <n. Assume that a mapping L : X — Y
with L(0) = 0 satisfies the functional equation (1.6) for all x1,--- ,x, € X. Then
the mapping L is additive. Moreover, L(ryx) = rpL(x) for oll x € X and all
1<k <n.

We investigate the generalized Hyers-Ulam stability of a generalized Euler-
Lagrange type additive mapping in Banach spaces.

Throughout this paper, rq,--- ,r, will be real numbers such that r; #
0,7; #0 for fixed 1 << j <n.

Theorem 2.3. Let f: X — Y be a mapping satisfying f(0) = 0 for which there
is a function ¢ : X™ — [0,00) such that

o0

— 1 & k
Soij(xvy) = 22_1690«)7 7\2 w,,O,--- ) 2 y70,"' 70> < 00, (26)
k=0 ith jth
mniw@%lu-ﬁx)zo (2.7)
k—oo 2k oo ’

[ Dery i f (@1, ) ly < (@, 20) (2.8)
forall z,xq, -+ ,x, € X and y € {0, £x}. Then there exists a unique generalized
Euler-Lagrange type additive mapping L : X — 'Y such that

1 2x 2z r
— L@y < {15 (5.2) +285(5, -
1) = 2@y < {77 + 280 =)
2z T
+ [%’(7,@ + 29%‘(;70)} (2.9)

+ (7303 + 255021}
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for all x € X. Moreover, L(ryz) = ryL(z) for allx € X and all 1 < k < n.

Proof. For each 1 < k < n with k& # 4,7, let x = 0 in (2.8).Then we get the
following inequality

() g (M) o (TN g + )

Y
< (0, ,0, z; ,0,--+,0, z; ,0,--,0 2.10
< o x ; ) (2.10)
ith jth
for all x;,z; € X. For convenience, set
SOZj(x?y) = SO(Oa 707\ 'I ,707"' 707 ) a07"' 70)
ith jth
for all z,y € X and all 1 <i < j < n. Letting 2; = 0 in (2.10), we get
rix r
|7 (-22) = £ (B2) +riftap)|, < wi0.3)) (2.11)
for all z; € X.
Similarly, letting z; = 0 in (2.10), we get
szz TiZ;

for all z; € X. It follows from (2.10), (2.11) and (2.12) that

TiT; + T T, — T % + 1T
S L hat'} S et A B T e Rt
G A S Bl

+ (55 )+f(%> (=) -1 ()], .
< @i (@i, x5) + i (23, 0) + ©45(0, z;)

for all z;, z; € X. Replacing z; and x; by 2 ~ and 2y in (2.13), we get that

[f(—=z+y)+ flz —y) - 2f(fv+y)
+ f(x) + fly) = f(=2) = fF(=»)lly

2z 2y 2x 2y
< @ij <?, r_) + ©ij <?70) + pij (0» r_>
7 7 2 J

for all z,y € X. Putting y = z in (2.14), we get
12f (z) = 2f (—z) — 2/ (2z)|ly (2.15)

2 2z 2z 2z
Swig (o) Teu | 0 ) e |0
7 7 7 J

for all z € X. Replacing x and y by § and —3 in (2.14), respectively, we get

1f(x) + f(=2)lly <y (rf —;) + 03 (;,0> + @i (0, —r£> (2.16)
7 7 7 j

(2.14)
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for all z € X. Tt follows from (2.15) and (2.16) that

1f(22) =21 (2)[ly < () (2.17)
for all x € X, where
9(@): = 5{ [ 25) + 205 (5, - 2]
2 Ty T T T

2 x
+ [0 (7 0) + 2055(—,0)]

+ e (0.22) +205(0,-2)] )

J J
It follows from (2.6) that

=1 1 2r 2x T T
s = {[E 2 2 (2, - 2]
k=0
2 —
+ (85 (550) + 265 0)] (218)

. 2z — x
+[85(0.57) + 2850, )]} < o0
Tj ]
for all x € X. Replacing x by 2*z in (2.17) and dividing both sides of (2.17) by
2F1 we get

1 k+1 1 k k
HWﬂQ ) = /(2 H = 2k+1¢(2 2
for all z € X and all k € Z. Therefore, we have

Hﬁfm—gimfemwtusiuﬁf<m>—;f<zlx>uy

k
1 1
2 Z TRACES
for all x € X and all integers k& > m. It follows from (2.18) and (2.19) that

the sequence {f } is Cauchy in Y for all x € X, and thus converges by the
completeness of Y Thus we can define a mapping L : X — Y by

_ o f(2R)
o= T
for all z € X. Letting m = 0 in (2.19) and taking the limit as k¥ — oo in (2.19),
we obtain the desired inequality (2.9).
It follows from (2.7) and (2.8) that

(2.19)

[\D

.1
HDB,Tl,'“,?”nL('%l» e 7xn)HY = lim _k”Deﬂ“L-“ﬂ“nf(Qkxl? e 72k$n)HY
k—oo 2
k —
< Jim gee(mn - 2 =0
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for all xq,--- ,x, € X. Therefore, the mapping L : X — Y satisfies the equation
(1.6) and L(0) = 0. Hence by Lemma 2.2, L is a generalized Euler-Lagrange type
additive mapping and L(ryz) = rpL(x) for all z € X and all 1 < k < n.

To prove the uniqueness, let 7' : X — Y be another generalized Euler-Lagrange
type additive mapping with 7°(0) = 0 satisfying (2.9). By Lemma 2.2, the map-
ping 7' is additive. Therefore, it follows from (2.9) and (2.18) that

L) = T(@)ly = Jim || 720) ~ T4, < 5 Jim o S Zo(@ )

2 k—oo 2k
oo
lim g
k—00
=k

So L(z) = T(x) for all z € X. O

c(2'z) = 0.

N | —
B | =

Theorem 2.4. Let f: X — Y be a mapping satisfying f(0) = 0 for which there
is a function ¢ : X" — [0,00) satisfying (2.6), (2.7) and
||Du,T1,~~-,Tnf(x17 o 7$n>|| < 90(171’ T 7xn) (2'20)

for all zy,--+ ,x, € X and all w € U(A). Then there exists a unique A-linear
generalized Euler-Lagrange type additive mapping L : X —'Y satisfying (2.9) for
all z € X. Moreover, L(ryx) = riL(x) for allx € X and all 1 < k < n.

Proof. By Theorem 2.3, there exists a unique generalized Euler-Lagrange type
additive mapping L : X — Y satisfying (2.9) and moreover L(ryz) = riL(z) for
alze X and all 1 <k <n.

By the assumption, for each u € U(A), we get

HDU,Tl,---,TnL(Ov e 707\/7 0--- 70)HY
i th

o1
= lim ?HDUN...Mf(O,--- ,o,&’fg/,o--- 0|l

k—o00
i th

1
< lim —¢(0,---,0,2"2,0---,0) =0
i th

T k—oo 2

for all x € X. So
riul(x) = L(r;ux)
for all u € U(A) and all x € X. Since L(r;z) = r;L(x) for all z € X and r; # 0,
L(uz) = ul(x)
for all u € U(A) and all x € X.
By the same reasoning as in the proofs of [40] and [42],
L(azx + by) = L(ax) + L(by) = aL(x) + bL(y)

forall a,b € A(a,b# 0) and all z,y € X. Since L(0z) =0 = 0L(z) for all x € X,
the unique generalized Euler-Lagrange type additive mapping L : X — Y is an
A-linear mapping. O
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Corollary 2.5. Let § > 0, {e}res and {px}res be real numbers such that €, > 0
and 0 < px < 1 for all k € J, where J C {1,2,--- ;n}. Assume that a mapping
f: X =Y with f(0) =0 satisfies the inequality

”Du,n,---,rnf(xla e 7*77n>HY <o+ Z Ekak”])O?

keJ
for all x1,-+ ,x, € X and all w € U(A). Then there exists a unique A-linear
generalized Euler-Lagrange type additive mapping L : X — Y such that
MZ(LE), Z,j S J,'

1f@ - L@y <4 3o eI
M, 1,7 §§ J.

for all x € X, where

9 (2 -+ 2pk)€k
Mj(z) = §5+ Z m”ﬂ@“
kefi,g} k

9 (2422

M;(z) = 55 + m“x

0 (2+)e 9

Mi(z) = 26 + =259 e pf = 24,
J(x) 2 + (2 o 2pj>7'§] HxHX7 2

pi
X

Moreover, L(ryx) = ripL(z) for allz € X and all 1 <k < n.

Proof. Define p(x1,- -+ ,x,) == 0+, €xl|zil|, and apply Theorem 2.4. Then
we get the desired result. 0

Corollary 2.6. Let 9, > 0, p,q > 0 with A = p+q < 1. Assume that a mapping
f:X =Y with f(0) =0 satisfies the inequality

[ Durs e (@1 ) Ly <06+ el [ 1%
for all zy,--+ ,x, € X and all u € U(A). Then there exists a unique A-linear
generalized Euler-Lagrange type additive mapping L : X — 'Y such that
9 (2 +2%)e

Il %

1f(2) = L2)lly = 56 + 202~ )7t

for all x € X. Moreover, L(ryx) = riyL(z) for allxz € X and all 1 < k < n.

Proof. Define (x1,- -+ ,x,) = 0 + €||zi|| % ||z;]|%- Applying Theorem 2.4, we ob-
tain the desired result. U
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Theorem 2.7. Let f: X — Y be a mapping satisfying f(0) = 0 for which there
is a function ¢ : X™ — [0, 00) such that

T Y
gbl]l‘y sz ) _k’07“.’ ﬁa()a"'70)<ooa (221)
2 ~~
ith jth
im 266 (FL ... xﬂ) _
fim 0 (G 3) =0 222
||D€,7“1,"',7“nf<x17 U ,l’n)“Y < ¢($17 o 71:%) (223)
forall z,xq, -+ ,x, € X and y € {0, £x}. Then there exists a unique generalized
Euler-Lagrange type additive mapping L : X — Y such that
2 2z T
I5) - L)l < 3 {[u (>, ) 20500 0)
J
+ [@-j(—,o) + 2¢ij(f,o)] (2.24)
x
[(/5@]( ) + 2‘%( r_)]}
T j

for all z € X. Moreover, L(ryx) = riyL(z) for allz € X and all 1 < k < n.

Proof. By a similar method to the proof of Theorem 2.3, we have the following
inequality

1f(2x) = 2f(2)|ly < ¥(x) (2.25)
for all z € X, where
\Ij(x) {[(bz](zj’ ij;) 2¢z]( ’_%)}

+ [gﬁij(—,()) + 2¢ij(f,0)}
+ 650, 25) + 2050, -]}

T'j j
It follows from (2.21) that

> 2w (%) - {52 +25, (5 -5

+ [Zﬁ?j(—“’,o) + 25);-(2,0)} (2.26)
+ [0, 2%) + 20,0, ——)}} < o0

Tj T'j
for all z € X. Replacing = by 5% in (2.25) and multiplying both sides of (2.25)

by 2%, we get
Xz Xz Xz
|21 () - 27 ()|, < 2 (5e)

HY
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for all z € X and all k € Z. Therefore, we have

s - 20, < 3 [ ) - 20650

k
T
S Z 21\11 ( 21+1 )
l=m

for all x € X and all integers & > m. It follows from (2.26) and (2.27) that the
sequence {2"f(Z%)} is Cauchy in Y for all € X, and thus converges by the
completeness of Y. Thus we can define a mapping L X =Y by
x
L(x) = hm ok f <?>

k—o0

(2.27)

for all x € X. Letting m = 0 in (2.27) and taking the limit as k — oo in (2.27),
we obtain the desired inequality (2.24).
The rest of the proof is similar to the proof of Theorem 2.3. O

Theorem 2.8. Let f: X — Y be a mapping with f(0) =0 for which there is a
function ¢ : X™ — [0,00) satisfying (2.21), (2.22) and

HDUJ'L'”J'nf(I17 T 7IH)H S QS(xly trt 7xn) (228)

for all zy,--+ ,x, € X and all w € U(A). Then there exists a unique A-linear
generalized Euler-Lagrange type additive mapping L : X — Y satisfying (2.24)
for all x € X. Moreover, L(ryz) = rpL(z) for allxz € X and all 1 < k < n.

Proof. The proof is similar to the proof of Theorem 2.4. O

Corollary 2.9. Let {¢;}res and {px}res be real numbers such that € > 0 and
pr > 1 forallk € J, where J C{1,2,--- ,n}. Assume that a mapping f : X —Y
with f(0) = 0 satisfies the inequality

1D f @1, )y <D el
keJ
for all zy,--+ ,x, € X and all w € U(A). Then there exists a unique A-linear
generalized Euler-Lagrange type additive mapping L : X — 'Y such that
Nij(x), i,j€J;
Nila), i€J,j¢;
— <
5@~ Ll <4 Ny 5205

N, ijé¢J.
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for all x € X, where

(2% + 2)e
Nij(z) = Z an“%
ke{ig) k
(2171' + 2)€i i
Ni(x) 2 = X
@+ 2
Nij(z) = —— 25 |,

Moreover, L(ryx) = riL(z) for allz € X and all 1 < k < n.

Proof. Define ¢(z1,- -+ ,xn) == >, €xllzi - Applying Theorem 2.8, we obtain
the desired result. O

Corollary 2.10. Let € > 0, p,q > 0 with A = p+ q > 1. Assume that a mapping
f:X =Y with f(0) =0 satisfies the inequality

[ Duy i f (@1, )y < el llall%
for all z1,--+ ,x, € X and all u € U(A). Then there exists a unique A-linear
generalized Euler-Lagrange type additive mapping L : X — 'Y such that

A €
1) = L@l < g malel

for all x € X. Moreover, L(ryz) = rpL(z) for allxz € X and all 1 < k < n.

Proof. Define ¢(z1,- -+ ,x,) = €||z;||5]|z;|% Applying Theorem 2.8, we obtain
the desired result. O

Remark 2.11. In Theorems 2.7, 2.8 and Corollaries 2.9, 2.10 one can assume
that Y ,_, rx # 0 instead of f(0) = 0.

3. HOMOMORPHISMS IN UNITAL C*-ALGEBRAS

In this section, we investigate C*-algebra homomorphisms in unital C*-algebras.
We will use the following lemma in the proof of the next theorem.

Lemma 3.1. [42] Let f : A — B be an additive mapping such that f(ux) = pf(z)
forallz € A and all p € S* := {X € C: |\ =1}. Then the mapping f : A — B
1s C-linear.
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Theorem 3.2. Let € > 0 and {pi}res be real numbers such that py > 0 for all
k € J, where J C {1,2,--- ,n} and |J| > 3. Let f : A — B be a mapping with
f(0) =0 for which there is a function ¢ : A" — [0,00) satisfying (2.7) and

[ Dpryyeon f (@150 20| g < EH [Ealvs (3.1)
keJ
/@ un) - S @), < 0@ ua, - 2bua) (33

for all x,xy, - 2, € A, allu € U(A), all k € N and all p € S'. Then the
mapping f : A — B is a C*-algebra homomorphism.

Proof. Since |J| > 3, letting p =1 and 2y =0 forall 1 < k <mn, k # 1,7, in (3.1),
we get

f (—TZ‘ZEZ';’I"]‘I]‘> I f (7"7;27@‘ ; ’I"jIj) —}-Tzf(xz) +ij(xj) _ 2f (TixiZzjj>

for all z;,z; € A. By the same reasoning as in the proof of Lemma 2.1, the
mapping f is additive and f(ryz) = rif(x) for all x € A and k = ¢,5. So by
letting x; = = and x; = 0 for all 1 < k < n, k # 4, in (3.1), we get that
f(uz) = pf(x) for all z € A and all yp € S'. Therefore, by Lemma 3.1, the
mapping f is C-linear. Hence it follows from (2.7), (3.2) and (3.3) that

1F() = Fu)* = lim — || F25u") — £,

k—o0 2k
1
< lim — LIV k —
- le)oo 2k¢(2ﬁu’ —_— 2 u) 0

n times

!V@@—f@ﬁumB:hm34VQ%w—f@%V@wB

k—o00 Qk
< lim ﬁw@ uz, - ,2%uz) =0
n times

for all z € A and all u € U(A). So f(u*) = f(u)* and f(ux) = f(u)f(x) for all
x € Aand all u € U(A). Since f is C-linear and each x € A is a finite linear
combination of unitary elements (see [23]), i.e., x = > ;" | \yuy, where )\, € C
and ug € U(A) for all 1 <k <n, we have

I
(]
>~
=
=
<
T
N~
*
I
—
oY
E
>
e
<
e
N~
* |
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flzy) = f (Z Akuky) = Mef (wry)

Aef (u) f(y) = f (Z Akuk> f(y)
)f(y)

[
NE

1

I
=7
5

for all x,y € A.
Therefore, the mapping f : A — B is a C*-algebra homomorphism. ]

The following theorem is an alternative result of Theorem 3.2.

Theorem 3.3. Let € > 0 and {px}res be real numbers such that py, > 0 for all
k € J, where J C {1,2,--- ,n} and |J| > 3. Let f : A — B be a mapping with
f(0) =0 for which there is a function ¢ : A™ — [0,00) satisfying (2.22) and

1Dy F (1 ) lm < € [ ] llall%

keJ
GO =G, < oG5 (34)
H,—/
|# G =G|, < olar 50 (35)
%f—/

for all x,xy,--+ 2, € A, alluw € U(A), all k € N and all 4 € S*. Then the
mapping [+ A — B is a C*-algebra homomorphism.

Remark 3.4. In Theorems 3.2 and 3.3, one can assume that ', r # 0 instead
of f(0)=0.

Theorem 3.5. Let f : A — B be a mapping with f(0) = 0 for which there is a
function ¢ : A™ — [0,00) satisfying (2.6), (2.7), (3.2), (3.3) and
||D;L,r1,-~~,rnf<l’1, . 7xn)HB < go(xl, oo ,xn), (3.6)

forall xy, -+ ,x, € A and all p € S*. Assume that limy,_, %f@ke) 18 invertible.
Then the mapping f : A — B is a C*-algebra homomorphism.

Proof. Consider the C*-algebras A and B as left Banach modules over the unital
C*-algebra C. By Theorem 2.4, there exists a unique C-linear generalized Euler-
Lagrange type additive mapping H : A — B defined by

H(r) = lim o f(242)
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for all z € A. By (2.7), (3.2) and (3.3), we get

| () = H(w)* ||, = lim 2—1ka (287 — f (2")°

k—o0

B
1

< 1 — LIV k —

< ]}me 2k90(2 u, -, 2%u) =0,

n times

|H (uz) — Hu) f(z)]|5 = lim — ||f (2*uz) — F@)f(2)]],

k:—>o<>2k
1
< lim —o(2kyr. .- 9k —
< lim ope(2uz, -, 2uz) =0
n times

for all u € U(A) and all x € A. So H (v*) = H(u)* and H(ux) = H(u)f(x) for
all u € U(A) and all © € A. Therefore, by the additivity of H, we have

. 1 k . 1 k
H(uz) = klg& 2—kH (2%uz) = H(u) khj& ﬂf (2*2) = H(u)H (z) (3.7)
for all w € U(A) and all z € A. Since H is C-linear and each z € A is a finite
linear combination of unitary elements, i.e., x = > " Ayuy, where Ay € C and

u € U(A) for all 1 <k <mn, it follows from (3.7) that

k=1 k=1

= Z AeH (up)H(y) = H (Z )\kuk> H(y)

k=1 k=1
= H(z)H(y),
H(z*)=H (Z _ku;> = NeH(up) =Y NeH(uy)’
k=1 k=1 k=1
k=1 k=1
= H(z)"

for all z,y € A. Since H(e) = limy_o 57 f(2%e€) is invertible and

H(e)H(y) = H(ey) = H(e)f(y)
forally € A, H(y) = f(y) for all y € A.
Therefore, the mapping f : A — B is a C*-algebra homomorphism. O
The following theorem is an alternative result of Theorem 3.5.
Theorem 3.6. Let f : A — B be a mapping with f(0) = 0 for which there is a
function ¢ : A" — [0,00) satisfying (2.21), (2.22), (3.4), (3.5) and

||Du,T1,~~-,Tnf(x17" : 7xn>||B S ¢(x1a e 71:71)7



138 A. NAJATI, C. PARK

forall z1,--- 2, € A and all p € S*. Assume that limy_, Qkf(Z%) 18 1nvertible.
Then the mapping f : A — B is a C*-algebra homomorphism.

Corollary 3.7. Let {€;}res and {px}res be real numbers such that e > 0 and
pr > 1(0 < pp < 1) for all k € J, where J C {1,2,--- n}. Assume that a
mapping f: A — B with f(0) = 0 satisfies the inequalities

1D f (@1, a)lls < D ezl
keJ

u* U \ = €L
Hf(2_m) — ), = ; 2mpr

<frespectively, | f2"u™) — f(2™u)*||p < Z ekap’“>,

keJ

I1Gm) —1GR) @) <D sllely
keJ

(respectively, | f(2"uz) = F(2 ) f(@)lls < D 2|2}
keJ
for all xy,-+ ,x, € A, allu € U(A), allm € N and all p € S'. Assume that
limy, oo Qkf(z%) (respectively, limy oo %f(?ke)) is invertible. Then the mapping
f:A— B s a C*-algebra homomorphism.

Proof. The result follows from Theorem 3.6 (respectively, Theorem 3.5). O]

Remark 3.8. In Theorem 3.6 and Corollary 3.7, one can assume that > ;_, 7 #
0 instead of f(0) = 0.

Theorem 3.9. Let f : A — B be a mapping with f(0) = 0 for which there is a
function ¢ : A™ — [0,00) satisfying (2.6), (2.7), (3.2), (3.3) and

”D,uﬂ“h"'ﬂ“nf(xlv U 73371)”3 < Qo(xh o vxn) (38)

for p=14,1 and all z1,--- ,z, € A. Assume that limy_,, 2%]"(Zke) is 1nvertible
and for each fized x € A the mapping t — f(tz) is continuous in t € R. Then
the mapping f : A — B is a C*-algebra homomorphism.

Proof. Put p = 1 in (3.8). By the same reasoning as in the proof of Theorem
2.3, there exists a unique generalized Euler-Lagrange type additive mapping H :
A — B defined by

f(2¥z)

H(z) = lim

k—o0

for all z € A. By the same reasoning as in the proof of [58], the generalized
Euler-Lagrange type additive mapping H : A — B is R-linear.
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By the same method as in the proof of Theorem 2.4, we have

D,u,’f’l,"',TnH(O,"' 70’ €T 0 7O)

'’
j th v
1 )
_klir{olo? D/.LTl ’r‘nf(ov ')0723:’0 )0)

for all z € A. So
ripH () = H(rjpx)
for all x € A. Since H(rjz) = r;H(z) for all z € X and r; # 0,
H(px) = pH(x)

for p =14,1 and all z € A.
For each element A € C we have A = s + it, where s,t € R. Thus

H(Mz) = H(sx +itx) = sH(x) + tH(ix)
= sH(x)+itH(x) = (s +it)H(x)
= \H(x)
for all A € C and all z € A. So
H(Cz +ny) = H(Cz) + H(ny) = CH(z) +nH(y)

for all (,n € C and all z,y € A. Hence the generalized Fuler-Lagrange type
additive mapping H : A — B is C-linear.
The rest of the proof is the same as in the proof of Theorem 3.5. OJ

The following theorem is an alternative result of Theorem 3.9.

Theorem 3.10. Let f : A — B be a mapping with f(0) = 0 for which there is a
function ¢ : A" — [0,00) satisfying (2.21), (2.22), (3.4), (3.5) and

HDuﬂ’l,'“,Tnf(mlv e 7$n)HB < ¢(ZE1, T ,:Bn), (39)

for pw=1,1 and all x,x21,--- ,x, € A. Assume that limy_, 2'“f(2%) is invertible
and for each fired x € A the mapping t — f(tx) is continuous in t € R. Then
the mapping f : A — B is a C*-algebra homomorphism.

Remark 3.11. In Theorem 3.10, one can assume that > ;_, 7 # 0 instead of
f(0) =0.
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