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FUZZY MINIMAL SEPARATION AXIOMS
M. ALIMOHAMMADY!, E. EKICI?**, S. JAFARI?, M. ROOHI!

ABSTRACT. In this paper, we deal with some separation axioms in the context
of fuzzy minimal structures.

1. Introduction

Zadeh introduced the concept of a fuzzy set in [14]. Subsequently, many at-
tempts have been made to extend many science notions to the fuzzy setting, for
example [8, 10, 11]. Fuzzy minimal structure and fuzzy minimal space introduced
and investigated in [1-7]. For easy understanding of the material incorporated
in this paper, we recall some basic definitions and results. For details on the
following notions we refer to [1-14] and the references cited therein.

A fuzzy set in(on) a universe set X is a function with domain X and values in
I = [0,1]. The class of all fuzzy sets on X will be denoted by I* and symbols
A,B,... is used for fuzzy sets on X. 0ly is called empty fuzzy set where 1y is
the characteristic function on X. A family M of fuzzy sets in X is said to be a
fuzzy minimal structure in Chang’s sense on X if {01x,1x} € M. In this case
(X, M) is called a fuzzy minimal space [2]. A fuzzy set A € I is said to be fuzzy
m-open if A € M. B € [y is called a fuzzy m-closed set if B¢ € M. Let

m —Int(A) =\/{U:U < AU €M} and (1.1)
m—Cl(A) = N\{F:A<F FeM} (1.2)

A fuzzy set in X is called a fuzzy point if it takes the value 0 for all y € X
except one, say, r € X. If its value at = is a (0 < a < 1), we denote this fuzzy
point by z,, where the point z is called its support [12, 13]. For any fuzzy point
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zo and any fuzzy set A, x, € A if and only if @ < A(z). A fuzzy point z, is
called quasi-coincident with a fuzzy set B, denoted by z,¢B, if o + B(x) > 1.
A fuzzy set A is called quasi-coincident with a fuzzy set B, denoted by A¢B, if
there exists a x € X such that A(z) + B(x) > 1 [12, 13]. When they are not
quasi-coincident, it will denoted by A 4B. Throughout in this paper we assume
that all fuzzy minimal spaces are in the sense of Chang.

Proposition 1.1. [2] For any two fuzzy sets A and B in a fuzzy minimal space
(X, M)

(1) m — Int(A) < A and m — Int(A) = A if A is a fuzzy m-open set.

(2) A<m—CI(A) and A=m — Cl(A) if A is a fuzzy m-closed set.

(3) m — Int(A) <m — Int(B) and m — Cl(A) <m — CIl(B) if A < B.

(4) (m—Int(A)) A (m —Int(B)) < m—Int(ANA B) and (m — Int(A))V (m —
Int(B)) <m — Int(AV B).
(5) (m — CI(A)) vV (m — CIl(B)) £ m —CI(AV B) and m — Cl(AA B) <
(m —CIl(A)) A (m — CIl(B)).

(6) m—Int(m—Int(A)) = m—Int(A) and m —Cl(m —CIl(B)) = m— CIl(B).

(7) (m — Cl(A))* =m — Int(A°) and (m — Int(A))° =m — CI(A°).

Definition 1.2. [2] A fuzzy minimal space (X, M) enjoys the property U if
arbitrary union of fuzzy m-open sets is fuzzy m-open.

Proposition 1.3. [1] For a fuzzy minimal structure M on a set X, the following
statements are equivalent.

(1) (X, M) has the property U.
(2) If m — Int(A) = A, then A € M.
(3) If m — Cl(B) = B, then B° € M.

Fuzzy minimal continuous functions was introduced and studied in [3].

Definition 1.4. [3] Let (X, M) and (Y, ) be two fuzzy minimal spaces. We say
that a fuzzy function f : (X, M) — (Y, N) is fuzzy minimal continuous (briefly
fuzzy m-continuous) if f~'(B) € M, for any B € N.

Theorem 1.5. [3] Consider the following properties for a fuzzy function f :
(X, M) — (Y, N) between two fuzzy minimal spaces.
(1) f is a fuzzy m-continuous function.

(2) f~Y(B) is a fuzzy m-closed set for each fuzzy m-closed set B € IV .
(3) m C( YB)) < f~Y(m — CIl(B)) for each B € I".

(4) f(m = CIU(A)) <m — CU(f(A)) for any A€ I*.

(5) f~ (m Int(B)) <m — Int(f~Y(B)) for each B € I".

Then (1) & (2) = (3) & (4) & (5). Moreover, if (X, M) satisfies in the property
U, then all of the above statements are equivalent.
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2. Fuzzy minimal separation axioms

Definition 2.1. A fuzzy set N in a fuzzy minimal space (X, M) is said to be a
fuzzy minimal neighborhood of a fuzzy point z, if there is a fuzzy m-open set
in X with z, € pand pp < N.

Definition 2.2. Suppose (X, M) is a fuzzy minimal space. A fuzzy set N in X
is said to be a fuzzy minimal g-neighborhood of a fuzzy point x,, if there is a fuzzy
m-open set p in X with x,qu and p < A.

Definition 2.3. Suppose (X, M) is a fuzzy minimal space. A fuzzy point z, in
X is said to be fuzzy minimal cluster point of a fuzzy set A if every fuzzy minimal
g-neighborhood of z,, is ¢g-coincident with A.

Theorem 2.4. Suppose (X, M) is a fuzzy minimal space. A fuzzy point x, is a
fuzzy minimal cluster point of a fuzzy set A if and only if xo€m — CI(A).

Proof. Suppose z, ¢ m — CI(A). Then, one can easily see that there exists
m-closed set F'in X with A < F and F(x) < a. Therefore, x,qF° and A 4F*;
i.e., x, is not a fuzzy minimal cluster point of A. Conversely, suppose z, is not a
fuzzy minimal cluster point of A. There exists a fuzzy minimal ¢-neighborhood
N of x,, for which N gA. Then there exists a fuzzy m-open set p in X with z,qu
and u < N. Therefore, u 4A which implies that A < p°. Since p¢ is m-closed,
so (1.2) implies that m — Cl(A) < u°. That z, ¢ m — CIl(A) follows from the
fact that x, ¢ uc.

Definition 2.5. A fuzzy minimal space (X, M) is said to be
(1) fuzzy minimal Ty if for every pair of distinct fuzzy points z, and xg,

when x # y either z, has a fuzzy minimal neighborhood which is not
g-coincident with ysz or ys has a fuzzy minimal neighborhood which is not ¢-
coincident with z,,

when x = y and o < [ (say), there is a fuzzy minimal ¢-neighborhood of
yp which is not g-coincident with z,,

(2) fuzzy minimal Ty if for every pair of distinct fuzzy points z, and xg,

when x # y there is a fuzzy minimal neighborhood pu of x, and a fuzzy
minimal neighborhood v of ys with i 4yg and z, g4v,

when x = y and a < (3 (say), yg has a fuzzy minimal ¢-neighborhood
which is not g-coincident with x,,

(3) fuzzy minimal Ty if for every pair of distinct fuzzy points z, and xg,
when = # y, z, and y have fuzzy minimal g-neighborhoods which are not
g-coincident,
when z =y and a < 3 (say), x, has a fuzzy minimal neighborhood p and
ys has a fuzzy minimal g-neighborhood v in which p gv.

In short fuzzy m — T;(i=0,1,2) spaces are used for fuzzy minimal 7; spaces.

Theorem 2.6. Fvery fuzzy m — Ty space is a fuzzy m — Ty space and also every
fuzzy m — T space is a fuzzy m — Ty space.
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Proof. Obvious.

Theorem 2.7. A fuzzy minimal space (X, M) is fuzzy m—"T} if every fuzzy point
Ty 18 fuzzy m-closed in X.

Proof. Suppose z, and yg are distinct fuzzy points in X, there are two cases

(i) z#y

(ii) x =y and a < 3 (say).
Assume that = # y. By hypothesis xg, and yj are fuzzy m-open sets. It is easy to
see that z € Y5, Ys € 75, o Axg and ys Ays. In case that v = y and o < 3, one
can deduce that z¢ is a fuzzy m-open set with yzqxt, and z, gz¢ which implies
that (X, M) is fuzzy m — 1.

Theorem 2.8. Let (X, M) be a fuzzy minimal space. Then (X, M) is fuzzy
minimal Ty if for each v € X and each o € [0,1] there exists a fuzzy minimal
open set p such that pu(x) =1—«a and p(y) =1 fory # x.

Proof. Let x, be an arbitrary fuzzy point of X. We shall show that the fuzzy
point x, is fuzzy minimal closed. By hypothesis, there exists a fuzzy minimal
open set p such that pu(z) =1 — « and p(y) = 1 for y # . We have p® = z,.
Thus, the fuzzy point z, is fuzzy minimal closed and hence by Theorem 2.7 the
fuzzy minimal space X is fuzzy minimal 77.

Theorem 2.9. Suppose i =0,1,2. A fuzzy minimal space (X, M) is fuzzy m—T,;
if and only if for any pair of distinct fuzzy points x, and yg with distinct supports,
there exists a fuzzy m-continuous mapping f from X into a fuzzy m — T; space

(Y,N) such that f(x) # f(y).

Proof. We only prove the case that i = 2 and others are similar. Suppose
(X, M) is fuzzy m — Ty space. Let (Y,N) := (X, M) and f := idx. Clearly,
(Y,N) and f have the required properties. Conversely, suppose z, and yz are
distinct fuzzy points in X. There are two cases

(i)z#y

(i) z = y and o < 3 (say).

When z # y, by assumption there is fuzzy m-continuous mapping f from (X, M)
into a fuzzy m — Ty space (Y, N) with f(z) # f(y). Since (Y, N) is fuzzy m — Ty
space and (f(z)) and (f(y))s are distinct fuzzy points in Y, so there are fuzzy
minimal neighborhoods p and v of (f(x)), and (f(y))s respectively for which
u 4v. Tt follows from m-continuity of f that f~!(u) and f~1(v) are fuzzy minimal
neighborhoods of z, and ys respectively. Since u v, so f~'(u) 4f*(v). In
case that z =y and o < f (say), (f())a and (f(y))s are fuzzy points in Y with
f(z) = f(y). Since (Y, N) is fuzzy m — T space, so (f(z)), has a fuzzy minimal
neighborhood p and (f(y))s has a fuzzy minimal g-neighborhoods v for which
p fgv. Then f~1(u) is a fuzzy minimal g-neighborhood of z, and f~*(v) is a
fuzzy minimal g-neighborhood of yz with f~'(u) 4f~*(v). Therefore, (X, M) is
fuzzy m — Ty space.

Corollary 2.10. Suppose (X, M) and (Y,N) are fuzzy minimal spaces and f :
X — Y is injective and fuzzy m-continuous. (X, M) is fuzzy m — T; space if
(Y,N) is fuzzy m — T; space.
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Proof. It is an immediate consequence of Theorem [2.9.

Theorem 2.11. Let (X, M) be a fuzzy minimal space. If (X, M) is fuzzy mini-
mal Ty, then for any two distinct fuzzy points x, and yg, the following properties
hold:

(1) If x # y, then there exist fuzzy open neighborhoods u and v of x, and yg,
respectively, such that m — Cl(v) < pu¢ and m — Cl(p) < v°,

(2) If x =y and o < 3 (say), then there exists a fuzzy open neighborhood i of
xo such that yg & m — Cl(p).

Proof. (1) : Let = # y. Then there exist fuzzy m-open neighborhoods p and
v of x, and yg, respectively, such that p gv. Since u guv, then pu(z) <1 —wv(z)
and v(z) < 1 — u(z) for all z € X. Since p® and v¢ are fuzzy m-closed, then
m— Cl(v) < p® and m — Cl(u) < v

(2) : Let © = y. Then there exist a fuzzy minimal ¢-neighborhood X of yz and
a fuzzy open neighborhood p of z,, such that A gu. Now, let v be a fuzzy m-open
set in X such that ygqr and v < A. Since § > 1—v(y) = (m—Cl(v°))(y), v < A
and p < X then 5> m — Cl(u)(y) for all y € X. Thus, yg ¢ m — Cl(p).

Theorem 2.12. Let (X, M) be a fuzzy minimal space. Suppose that (X, M)
enjoys the property U. Then (X, M) is fuzzy minimal Ty if and only if for any
two distinct fuzzy points x, and yg, the following properties hold:

(1) If x # y, then there exist fuzzy m-open neighborhoods v and v of x, and
ys, respectively, such that m — Cl(v) < p¢ and m — Cl(p) < v°,

(2) If x =y and a < B (say), then there exists a fuzzy m-open neighborhood p
of o such that yg & m — Cl(p).

Proof. (=) : It follows from Theorem 2.11.

(<) : Let z, and ys be distinct fuzzy points in X and let x # y. Then there
exist fuzzy m-open neighborhoods p and v of z, and yg, respectively, such that
m — Cl(v) < pc. This implies that for all z € X, u(z) +v(z) < (m—Cl(v))(z) +
u(z) < 1. Hence, u gv. Now, let x = y and a < (3. Then there exists a fuzzy
m-open neighborhood p of x, such that yz ¢ m — Cl(p) . Let A = (m — Cl(p))°.
Since for all z € X, A(2) + u(z) < 1, then A /fgu. On the other hand, A is
a fuzzy open set and 4+ A(y) > a + A(y) > 1. Hence, A is a fuzzy minimal
g-neighborhood of y3 such that A 4pu.

Theorem 2.13. Let (X, M) be a fuzzy minimal space. If (X, M) is fuzzy mini-
mal Ty, then the following hold:

(1) for every fuzzy point x in X, xo = N{m — Cl(v) : v is a fuzzy minimal
neighborhood of x,}.

(2) for every x, y € X with x # vy, there exist a fuzzy minimal neighborhood
of x1 such that y ¢ supp(m — Cl(p)).

Proof. (1) : Let ys ¢ x,. We shall show the existence of a fuzzy minimal
neighborhood of z,, such that yz ¢ m — Cl(v).

Let x # y. Then there exist fuzzy minimal open sets y and v containing 1,
and z,, respectively such that u Gv. Then v is fuzzy minimal neighborhood of
Zq and p is a fuzzy minimal g-neighborhood of yg such that p gv. Hence, by
using Theorem 2.4/ we get yg ¢ m — Cl(v).
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Let z = y. Then a < 3 and there exist a fuzzy minimal g-neighborhood p of y3
and fuzzy minimal neighborhood v of z,, such that u 4v. Thus, ys ¢ m — Cl(v).

(2) : For every z, y € X with x # y, since (X, M) is fuzzy minimal T3, then
there exist fuzzy minimal open sets p and v such that 1 € u, y; € v and p gu.
Then v°(y) = 0 and p < v°. Since v is fuzzy minimal closed, m — Cl(u) < v°.
Thus, m — Cl(p)(y) = 0 and hence, y ¢ supp(m — Cl(p)).

Theorem 2.14. Let (X, M) be a fuzzy minimal space with property U. Then
(X, M) is fuzzy minimal Ty if and only if

(1) for every fuzzy point x, in X, xo = N{m — Cl(v) : v is a fuzzy minimal
neighborhood of x}.

(2) for every z, y € X with x # vy, there exist a fuzzy minimal neighborhood
of xy such that y ¢ supp(m — Cl(p)).

Proof. (=) : It follows from Theorem 2.13|

(<) : Let z, and yg be two distinct fuzzy points in X.

Let x # y. Suppose that 0 < o < 1. There exists a real number § such that
0 < a+9d < 1. By hypothesis, there exists a fuzzy minimal neighborhood p of yg
such that x5 ¢ m — Cl(p). Then x5 has a fuzzy minimal g-neighborhood v such
that u 4v. On the other hand, 0 +v(x) > 1 and v(z) > 1 —60 > « and hence v is
a fuzzy minimal neighborhood of z, such that u 4v, where p is a fuzzy minimal
neighborhood of yg. If @« = 8 = 1, by hypothesis there exists a fuzzy minimal
neighborhood u of x; such that m — Cl(u)(y) = 0. Thus, v = (m — Cl(u))¢ is a
fuzzy minimal neighborhood of y; such that u 4.

Let z = y and o < 3. Then there exists a fuzzy minimal neighborhood of z,
such that yg ¢ m — Cl(p). Thus, there exists a fuzzy minimal g-neighborhood v
of yz such that o 4v. Hence, (X, M) is fuzzy minimal T5.
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