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REDUCTION OF AN OPERATOR EQUATION IN TO AN
EQUIVALENT BIFURCATION EQUATION THROUGH
SCHAUDER’S FIXED POINT THEOREM

PALLAV KUMAR BARUAH!'*, BV K BHARADWAJ? AND M VENKATESULU?

This paper is dedicated to Bhagawan Sri Sathya Sai Baba.

ABSTRACT. In this paper we deal with the Nonlinear Coupled Ordinary Dif-
ferential Equations(Nonlinear CODE). A Multipoint Boundary Value Prob-
lem(MBVP) associated with these Nonlinear Equations is defined as an Oper-
ator Equation. This equation(infinite dimensional) is reduced to an Equivalent
Bifurcation Equation(finite dimensional) using Schauder’s Fixed Point Theo-
rem. This Bifurcation Equation being on a finite dimensional space can be
easily solved by using standard approximation techniques.

1. INTRODUCTION AND PRELIMINARIES

A lot of work has been done on the Differential Operator and the associated
Boundary Value Problems. Coupled Systems are very common in nature. Many
real life situations can be modeled using these coupled differential equations.
Some applications of such equations can be found in the prey-predator models
[14] where the interdependence of the dependent variables is clearly seen. So there
is a need for a unified theory for these Coupled Ordinary Differential Equations.
There are various methods to analyse differential equations and show the existence
of their solutoins, one such is through the fixed point theorems. Some papers in
literature dealing with operators and fixed point theorems are [I, 2, 13]. We
study these equations through a Functional Analytic approach. This approach
was first given by Kantorovich [§]. Cesari and Locker [9, 10] 3, 4] have adopted
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this approach for studying the nonlinear Differential Equations and the associated
BVPs. It is very useful to study the linear equations first before embarking on the
nonlinear equations. So we have studied the Linear Coupled Ordinary Differential
Equations and the associated BVPs in [11] and [12]. P C Das and Venkatesulu
[5],[6],[7] have studied a MBVP associated with Nonlinear Ordinary Differential
Equations using the alternative method given by Cesari [3]. We adopted the same
approach to study the Nonlinear Coupled Ordinary Differential Equations and
the associated MBVP.

First we have given few mathematical preliminaries useful in the study. We
define the Projections P,,, ),, and the right inverse H. Then we prove some
relations involving H, L, P, and @),,. We gave an integral representation for H
and H(I — P,,). In the succeeding sections we define the MBVP associated with
Nonlinear CODE as an operator equation. Then we reduce this operator equation
(on an infinite dimensional space) in to an equivalent Bifurcation Equation (on a
finite dimensional space) using the Schauder’s Fixed Point Theorem as in [6].

1.1. Mathematical Preliminaries. In this section we have given some prelim-
inary definitions about the setting in which we are dealing the problem. We
have also defined the formal coupled differential operator, maximal and the min-
imal operator and stated some proven results, which characterize these operators.

Definition 1.1. We denote by L?[a,b]x L?[a,b] areal or complex Hilbert space of
ordered pairs(formed by the cartesian product) of all square integrable functions
with inner product defined as

({ur, uz}, {o1,v9}) = (ur,v0)1 + (uz, v2)1 = [ wr (Eyor ()t + [ ua(t)oa ()t
and norm

1/2
[{u, ua}| Z(Hul(t)\|12 + HU2(t)H12)

and convergence is denoted by {uy,u; }x — {u1, w1} where (.,.); and
| . |l denote the inner product and norm in L?[a, b] defined as

(1, un) = / s (Dt

Definition 1.2. we denote by H"[a,b], the subspace of L?[a,b], consisting of
all functions u € C™[a, b], with u(™~1 absolutely continuous on [a,b] and with
u™ € L?[a,b]. Also we let

HCa,b] = L?[a,b].

We denote by H"[a,b] x H™[a, b] the cartesian product of H"[a,b] and H™[a,b],
taken in that order.(i.e., It consists of all ordered pairs of the form {u, v}, where,
u € H"[a,b] and v € H™[a, b]) The inner product and norm are induced from the
space L?[a,b] x L?|a, 0]

Definition 1.3. A formal Coupled Ordinary Differential Operator(CODO) of
order (n,m,n,m) on the interval [a,b] is an operator of the form:

(LiMy; LoM)({f, g}) = {ha, ha},
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such that
Li(f) + Mi(g) = I
La(f) + Ma(g) = hs
where {f,g} € H"[a,b] x H™[a,b] , {h1,hs} € L?[a,b] x L?[a,l]
Ly, My, Ly, My are formal differential operators of orders n,m,n, m respectively
on the interval [a, b], and are of the form

Ly = Z?:opi(t)(%)i , My = Ezn:lo qz’(t)(%)
&

Ly =3y (0 ($5), My =70 ai(t) (&)
where all coefficients
pili=0,1,2, ), G (i = 0,1,2, oo ), i (1 = 0,1,2, ... 1)
and ¢; (i =0,1,2,......,m) belong to L*[a,b] and t € [a, b]

%
%

Definition 1.4. If L. be a (n,n,n,n) ordered coupled ordinary differential oper-
ator it is said to be invertible iff L is one to one and on to L*[a,b] x L?*[a,b].

The operator (LM, Ly M) is linear and closed.
The proof of the statement can be concluded from the actual definitions of the
linearity and the closedness of the operator and some of the other properties of
it.
Assumption 1:
n>mn,m>m,n>m,m>n.

Theorem 1.5. Basic Fxistence-Uniqueness Theorem for IVP :

Let assumption 1 be true. Also, assume that there exist positive constants a and
B such that |p,(t)| > « and |gn(t)] > G for all t € [a,b]. Let hy, hy belong to
L?[a,b], let t, € [a,b] and let cy,cq........  Cre1, Cry ennnn , Cnem—1 be any arbitrary
set of (n+m) scalars. Then there exists a unique pair of functions {(f,g)} €
H"[a,b] x H™[a,b] such that

Li(f) + Mi(g) = ha, La(f) + Ma(g) = he (1.1)
a.e., on |a,b] and satisfying the initial conditions
D) =¢,i=0,....,n—1 (1.2)
and
gD (to) = ngiri=0,...om—1 (1.3)

For the next results, we assume the following;:
Assumption 2:
(L1 My; Lo M) is a formal coupled ordinary differential equation of order (n,m,n, m)
on [a,b], such that the following conditions are satisfied.
Suppose that the coefficients, p;, (i=0,1,2,....,n), ¢, (1=0,1,2,.....m), D,
(1=0,1,2,.....,0), i, (1 =0,1,2,.....m) satisfy the following conditions:

pi € H'la,b],i =0,1,.....n, ¢ € H'[a,b], i =0,1,.....,7m
p; € H'la,b], i =0,1,....n , ¢; € H'a,b],i=0,1,....m
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Now we have a definition.

Definition 1.6. Let (L1 Mj; Ly M,) be a formal coupled ordinary differential oper-
ator of order (n,m,n, m) on [a, b], such that assumptions 1 and 2 are satisfied. The
formal coupled ordinary differential operator

(L1M1; L2M2)* = (LTL; M1*M2*)
is called the formal adjoint of (LyMj; Lo M) where

Ly=370 o0 (1) () where pt € Hi[a,b]forj =0,1,2,...n.

dt
with pi(t) = > 1L (= )()(5113)@]}),()]—0127 ..... ,n—1.
My = Zﬁl A (4) (&) where @ € Hifa,b]forj =0,1,2,....1h

7=0 "y
with 450 = S22, (-1 (1) (@000 = 012t 1
Ly = Z?zofy(t)(%)] where p; € H'[a,b]forj =0,1,2,....0
wmdﬂﬂIZﬁk4YG>()‘®(DJ=QLZ ..... Al
o

My =377 oq;(t (&) where ¢f € H'[a,b]forj =0,1,2, ..
) =20 (1) ()@ = 0L 2 e 1
)

J
In case (L1 My; LoMs) = (L My; LoMy)*, we say that (LyM;y; LoMs) is formally
self-adjoint.

with ¢;(t

Now we define few norms which are used throughout this paper.

Definition 1.7.

n—1

||{x7£}||H”[a,b]XH"[a,b] = Vb— azsupte[avb] |{x2’i‘z}| + ||{xn7:%n}||
=0

 1{z",2"})

Let 7 be the formal coupled differential operator defined above.
For each 7 = 1,2, ..., k we define,

p({z,z}) = max (mal’izo..nqSUpte[a,b} ‘

2 n—1
B {xlu 1'2} Z Z aO]le + aljle (a’l) + .+ ah]le(b)) (14)
=1 =0
where the interval [a,b] is divided as a = ap < a1 < ... < a, = b. We assume

that & < n and all B;s are linearly independent.

So let us define the Linear Coupled Ordinary Differential Operator L here as the
operator generated by the formal coupled ordinary differential operator and the
boundary conditions in the equation (1.4).

Then let the linear operators T7(7) and Ty(7) be defined as follows

D(Ti(7)) = {{z,y} € H"[a,b] x H"[a, 0]}
() {z,y} = 7{z,y}
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and
D(Io(7)) = {{z,y} € Hyla,b] x H[a,b]}

TO(T) {l‘,y} = T{J],y}

Clearly, T7(7) is an extension of both Ty(7) and L.

Moreover, T1(7) is the adjoint of the operator T,(7*) where 7* represents the
formal adjoint of the operator 7.

Now let us recollect the following well known facts(Proved in [11]) about L:
D(L) is dense in L?[a,b] x L?[a,b].

L is a closed linear operator.

R(L) is closed in L?[a,b] x L*[a,b].

L?[a,b] x L*a,b] = R(L) ® N(L*) where N(L*) denotes the null space of the
adjoint of L.

We know that N(73(7)) is n-dimensional with N(L) C N(T(7)). Let us choose

function pairs { ¢;, Q/S\Z}, i=1,2,...,n.in C*[a, b] to form an orthonormal basis for

N(Ti(7)) in such a way that {gb,, qz/ﬁ\z}, 1 =1,2,...,p. forms an orthonormal basis

for N(L). we also chose {w;,&;}, i =1,2,..,q in D(L*) to form an orthonormal
basis for N(L*).

We note that the operator L/D(L)NN(L)" is a one-to-one closed linear operator
having the same range as L. Now Let H denote the inverse of this operator.

H= {L/D(L) N N(L)L}

By the closed graph theorem, H is a one-to-one continuous linear operator.
Clearly, D(H) = R(L), R(H) = L/D(L) N N(L)".

Moreover,

LH {y1,y2} = {y1, 92}
for all {y1,y2} € R(L)

and
HL {$1,$2} = {$1,$2} - Zp: ({Il,b} ) {quﬁgz}) {ﬁbu ng} )

for all {xq1, 22} € D(L)
Thus H is a continuous right inverse of L.

1.2. Projections P,, and (),, and their Relation with L. and H. We assume

that there exist elements {wy11, W1} s {Wgt2, Wgi2} 5 ey {Wm, @m } -... belonging to

D(L*) such that the sequence of functions {wq, w1}, {wa, W2}, ...,

{wg, g} {wgi1, Wgi1}, {wgs2, Wgia} s ooy {Wmy @m } ... form a complete orthonor-

mal set in L?[a, b] x L?[a, b]. Since L*[a, b] x L?[a,b] = R(L)® N(L*), the elements

{wgt1, g1} s {wgr2, Wgr2}t s ooers {Wm, Om } ... belong to R(L). Hence H {wyti, @gti}

i > 1 are defined and belong to D(L) N N(L)*. Let S, be the subspace spanned
by the elements {gzﬁi,gzgi}, i=1,2,...,p. and H {wg4i,@g1i}, i = 1,2, ...,m.
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Now we define the sequences of projections P,, and @,, as

Bz, 7} = Z ({z, 7} {wi, @i}) {wi, @i}

Q {27} = Z (.71 {on.6:}) {00}

+ i (o7} L {wi, @i}) H {ws, @i}
where m > q.
These operators P,,, (),, have the following properties.
P,, and @Q,, are continuous linear operators on all of L?[a,b] x L*[a,b].

P2 =P, and Q? = Qm

The range of (I — P,,) is a subset of R(L) and H(I — P,,) is a continuous linear
operator defined on all of S.

Proofs of these statements are very trivial from the definitions.

We now prove a theorem which we use in the subsequent discussions.

Theorem 1.8. The following results are valid:
(1) HI — Pp)L{xy,z2} = (I — Qm) {x1, 22} for all {z1,x22} € D(L).

(2) LH(I — Py) {x1,22} = (I — Py,) {x1, 22} for all {zy, 29} € S.
(3) LQm {$1,$2} P, L{xy, x5} for all {zy,25} € D(L).
(4) QumH(I — Py) {z1,22} =0 for all {z1,22} € S.

Proof. (1) Let {1,225} € D(L). Then
(I = Pp){w, 22} = L{xy, wa} — D00, (L{ay, wa}, {wi, @i}) {wi, @i}

=L {ZUl, .Tz} - Z ({xlv x2} ) L {wiv djl}) {wi7 djl}

m

=L {xl,xg} - Z ({961,352} , L* {Wzv@i}) {Wi:@i}

i=q+1

Therefore
H([ — Pm)L {,I’l, ZL‘Q} = HL {ZEl,.Z'Q}

m

=" (an 2o}, L {wi, @}) H {wi, @3}

= {21, 22} — i ({xla@} ) {Q%ng}) {@,(ng’}

- Z ({z1, 2o}, L™ {wi, wi}) {wi, i}

i=q+1

= (I = Qm) {z1, 22}
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(2) Since (I — P,){z1,z2} € R(L) for all {xy, 22} € L*[a,b] x L?[a,b], we
have
LH(I — Pm) {ZL’l,JZQ} = (I — Pm) {1’1,1'2}

(3) Let {x1,22} € D(L). Then

Qm {1, 22} = i <{$1,x2} , {(b“ $1}> {@7&1} +

Z ({z1, 22}, L {wi, 0i}) H {wi, 0i}
i=q+1
Therefore

0 (onzak =Y (o ah. {8 {0} +

m

‘Z ({1, 22}, L* {w;, & }) LH {w;, &}
= Z ({x1, 22}, L {w;,w; }) LH {w;, &}

Thus

LQm {1'1, £L‘2} = Z ({{El, IQ} s L* {wz,(;)l}) LH {wi, L(AJZ}

— Z (L{zy1, 22}, {wi,wi}) {wi,wi}

= PmL {ZL’l, IQ}
(4) Let {x1,zo} € L*[a,b] x L?*[a,b]. Then

H(I = Pp){x, 22} = H <{$1,x2} - Z ({z1, 22}, {w;, @;}) {Wj’@j}>
=H {371’ xQ} - Z ({331,372} ) {wﬁ@j}) H {wﬁd‘)]’}
Therefore "

QmH(I — Pp) {x1, 22}

= QuH {w1,23} = Qu (S (22} {0y, 031) H {5}

=50, (H o aa} {001} ) {00 b p+20 oy (H {or o} L feon}) H {wn, 01}
= (S (G (o 1) H {0} {01, 6i}) {061}

=D it (Z;’nzl ({21, 22} {wy, w;}) H {wy, w;}, L {Wi»@z'}> H{wi, &}

=Yg (H Az, w0}, L {wi, @i }) H {wi, 0i}
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=30 (7 Qo mab s @) {ws @i} {wn, 01} ) H o, i}
Thus
QmH(I — Py,){z1,22} = 0(i.e {0,0})

Now we give an integral representation to H and H(I — P,,).
The right inverse operator H, being a one-to-one continous linear operator has
an integral representation given by

b
(H {1, 32}) (t) = / K(t,s) (g2} (15)

where K (t,s) is called the Generalise Green’s function.
Similarly H(I — P,,) is also given the following representation

(H(I — Py,) {x1,22}) () = / K (t,s){x1(s), 12(3)}T ds (1.6)

where K,,(t, s) be the function defined by
Kn(t,s) =

n b T
K(t,s) — Z (/ K(t,€) {wi(€), ()} df) {wi(s),wi(s)},a <t,s <b (L.7)

2. MAIN RESULTS

2.1. The MBVP, Assumptions and Inequalities. In this section we follow
the notations of the previous one. We deal with the the Nonlinear Multipoint
Boundary Value Problem(MBVP) L{z,2} = N {z,2}, where N is defined sub-
sequently. Indeed we reduce the equation L {x,z} = N {x,Z} to an equivalent
bifurcation equation by making use of the Schauder’s fixed point theorems.

We reduce the equation L {z,2} = N {z, 2} under the following assumption

We assume the following for the rest of our study.

(1) L satisfies all the assumptions of the previous section.

(2) Let {X(t, L0y L1y ey T1),s X(t, o, L1, e\ in_l)} be a pair of nonlinear real
valued function defined on the interval [a,bl.and |{z;, %;}| < R;,,i =
0,1,..n—1.

(3) {X(t,xo,:pl,...,a:n_l),f((t,iio,fl,...,in_l)} € L?*a,b] x L*[a,b] for each
fixed {xz;, &;} satistying |{z;, &;}| < R;,i=10,1,...,n — 1.

(4) There exists a real number ky > 0 such that for [{x;,#;}| < R; and

{vi, 9:}] < R;, the pair of functions {X X } satisfies the following
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H {X(t,l’g,iCl, "'7'%.1171)7)2(257@07@17 "'7'@1171)}

n—1
- {X(tayanh ooy Yn—1), X (£, Yo, 91, ---,ﬂn—1)} | < ko(z [{zi, 2} — {vi, i)
i=0

(2.1)
, t € [a,bl.

We now define the operator N as following

Definition 2.1. D(N) = {{z,2} € H" '[a,b] x H" *[a,b] : supiefan [{2", 2'}] <
Ri7

i=0,..,n—2ess.supeay |[{z" 1, 2"} < Ry}

N {z(t),#(t)} = {X(t,x(t),xl(t), o 2 N), X (, 20, 21, ...,g:on,l)} for all £ €
[a, b] for which |[{z"~ !, 2" '} < R, 4

Clearly we can see that N {z,%} € L?[a,b] x L*[a,b] for {z,2} € D(N).

Now we develop an existential theory for the Nonlinear multipoint boundary value
problem(NL MBVP)

L{z,z} = N{z,z} (2.2)

Now we prove some inequalities useful in our analysis.

IN {z, 2} = N{y, 4} =

|| {X<.,x<'>,x1<'>,...,x"*% D X (800,210, 0)) }
(-, 90),

—{X<.,y<.>,y1<.>, A EL GO0 yn*(.))}u
<k )~ )
< ko (S5 I ) = (o', 37})

< ko{ Vb — a{> 15 supician {2, 3} — (v, 9} 1+
[{z"= 1 a1 = {y» g I}

< ko H{xa :i‘} B {yag}”H"[a,b}xH”[a,b]

where ||| (o4 prnfay 18 the norm also on H" a,b] x H" [a,b].
Thus for {z,2},{y,9} € D(N) we have

||N{:L’,JA}} - N{yvy}H < /{?0 |‘{$,i’} - {y7Q}HH"[a,b]XH"[a,b] (23)

. Y1 (K, (t, s
P = (SUPtE[a,b]/ (%)

[0

Let
ds)2,i=0,1,..,n—2 (2.4)

and

dsdt)? (2.5)
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2
Noting that f ‘ <8K+ﬂts)> ‘ ds)é is a monotone decreasing sequence for every t,

Dini’s theorem assures uniform convergence of this sequence to zeros m — oo for
L= 07]-7"'7n_ 1. Thus Pfﬂ — 0asm — OO,i = 0,1,...,n— 1 and pnmil — 0 as
m — 00.

So define

n—2

=Vb—a(d_p) + 0! (2.6)
1=0

O = Mmazi—o1, 1Pk, (2.7)

We observe that both Qmﬁm tend to zero as m — oo. let X be the vector with
the pair of functions {x,z}. Then

b
Ko ()X d)
Hfa ( 8) (S) 5 H"[a,b|x H"[a,b]
vVb—a (Z?_o SUPiela,b) f (—8 Ké’;(ts > X(s)ds

3 S 2
<¢—b—a(zz 2 (sumen 2 (22522t

. 3
+ (f S (2pniea)” dsdt) IX]
(by Schwartz inequality)
= (Vb= a (X055 o) +om ') I1X]
= O, || X]]
Hence for all X € L?[a,b] x L?[a,b] we have

)+

b (0" 1Km(t,s
I (81&+1(t)) X(s)ds

) ||X||)

] )ds < 6,1 (28)
H"[a,blx H"[a,b]
Also
b b s
p( [, Km(.,5) X (s)ds) = mazi—o1.n— 1supte[a b %X(s)ds
O"Km (t,s 1
< Maxi—o,1.n—1( % d3)2 [|.X]]

(by Schwartz inequality)

= (Mmaxi=o1,.n-10p) | X

(by it’s definition)

= O || X||

Therefore for X € L?[a,b] x L*[a,b] we have

/ Kol $)X (5)ds) < o | X (2.9)

2.2. Construction of Sets V and Sy. Let us consider the Banach Space H"![a, b] x
H"[a,b]. We observe that the set H"[a,b] x H" '[a,b] is a lincar manifold
of H" Y[a,b] x H" '[a,b]. We remember the function p defined on H"[a, b] x
H"[a,b).

We consider the p+m — ¢ dimensional space Sy. Clearly Sy C D(L) C H"[a,b] X
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H"[a,b]. We chose {zg, %9} € Sy such that 8 = u({zo,Zo}) < R where R =
min,—o,. n—1R;. Here R;s are the constants defined previously in the assump-
tions. Let {29, 20} = H(I — Py,)N {x0o, %o}, and let e and € be real numbers such
that

||{ZOa20}||Hn[a,b]an[a,b] <e, p({z0,%0}) <e (2.10)
Let ¢,d,r and R be real numbers such that
0<c<d, 0<r<R, c+te<d, R+B<R, r+e<R (2.11)

The sets V and Sy in H"[a,b] x H" *[a,b] are defined as follows:
Definition 2.2. V = {{z,1} €

So: {2, 2} = {zo, Lo} oo xsinay < ¢ and p({z, 2} —{zo, Z0}) <7}
(2.12)

and Sy = {{z,2} € H"[a,b] x H"[a,b] :

{z, 2} — {20, 2o} o pyxpinay < d and p({z, &} —{zo, &0}) < R}
(2.13)

We observe that V is a closed and bounded subset of L?[a,b] x L?[a,b]. In-
deed, let {{yk, Jx}} be any sequence contained in V" and let {{yx, Jx}} converge
to {y,y} in the topology of L?[a,b] x L?|a,b].

Firstly, we notice that {{yg, 9x}} € H"[a,b] x H"[a,b]. Since Sy is finite dimen-
sional, the element {y, ¢y} € Sp. From the fact that the linear operators on a finite
dimensional space are bounded, it readily follows that {L {yk, yx}} converges to
L{y, 9§} in the topology of S(i.e.L*[a,b] x L*[a, b]). Hence the sequence {{y, Ur}}
converges to {y, ¥} in the topology of H"[a, b] x H"|a, b|, which implies that the se-
quence {{yx, Jx } } converges to {y, 4} in the topology of H" ![a, b] x H"*[a, b] and
M({yk,gk} - {ya?)k}) — 0 as k — oo. Hence ||{y7@} - {xOJjO}HH"[a,b]xH"[a,b] <c
and

w({y, 9} — {xo, Zo}) < r. Thus {y,y} € V. Obviously V is a bounded subset of
L?[a,b] x L?[a,b]. Thus V is a closed and bounded subset of L*[a, b] x L*[a,b].

2.3. Operator T and sets A ({z*,2*}) and A. For each {z*,2*} € V, let T be
the operator on Sy defined by

Definition 2.3.
T{x,z} ={«*, 2"} + H(I — P,,)N {x,2} (2.14)
for {z,#} € S,.

We observe that 1" is well defined on go-
For each {z*,2*} € V, the set A ({z*,2*}) is defined by

Definition 2.4.
Az, 7)) = {{x,;f:} € So: (2,3} = T{x,a?}} (2.15)
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We denote by A = Uy zeyevA ({25, 27}).

Suppose A ({z*,2*}) is non-empty. Then {z,2} = T {x,2} = {z*,2*} + H(I —

P,)N {z,#} for some X € S,.

Clearly {z,2} € D(L) and by Theorem [1.§ we have Q,, {z, 2} = {z*, 2*}

Thus

L{z, 2} = LQu{x,2} + LH(I — P,,)N{z, 2}

using parts of Theorem 1.8 we get

L{z, 2} — N{z,2} = P, (L{z,2} — N{z,z})

Hence {z,2} € So is a solution of the nonlinear BVP if it satisfies th equation
P, (L{z,z} — N {z,2}) (2.16)

This equation is called the bifurcation equation of order m.

We notice that L{z,z} — N{z,2} = P, (L{z,2} — N{z,2}) on the set A pro-

vided A is non-empty. In the following sections we show that A ({z*,2*}) is

non-empty. Thus the original MBVP will be reduced to the equivalent bifurca-

tion equation (2.16) on the set A.

2.4. Reduction of the Original MBVP in to an Equivalent Bifurca-
tion Equation using the Schauder’s Fixed Point Theorem. The following
lemma is needed for our discussions in this section.

Lemma 2.5. Consider the Banach Spaces H"[a,b] x H"[a,b] and H" '[a,b] x
H" Ya,b]. Let {xm, Tm} be a bounded sequence in the space H"|a,b]x H"[a,b]. Then
this sequence has a subsequence which converges in the topology of H" '[a,b] x
H" 'a,b].

Lemma 2.6. Let all the assumptions stated at the starting of this section and
conditions (2.10), (2.11) be satisfied. Then the operator T : Sy — H"[a,b] X
H"[a,b] is continuous.

Proof. From the above Lemma we have
T{x, 2} = {a*, 3%} + f Kp(.,8) (N{x, 2} (s))ds for {x, i} € D(N).
Suppose x and y € So Then

g{xai“} —T{y, 9} = J, Kn(.8) (N {z,8} (s) = N {y,9} (5)) ds

Vi—a (2’?:01 e \ (T {2} = T{y,9})' ()]} + (T {2,2} = T {,5})"|
— Vb= (¥ L PR (N {2} (5) = N {y, 3} () ds)
Ji S (N {, x}( )= N {y,3} (s)) ds

1 s 2 2 N ~
<Vb—a (2 (supte[a,b] fy (*e) ds) ) IN {,2} (s) = N {y, 9} +

_|_

1
am ,8 2 ~ ~
(20 (2252) st ) I 2.2} ()~ N .3}
This comes from the Schwartz’s inequality

= (Vb—a (X% ph) + p) IN {z, 2} (s) = N {y, 9}l
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where

1
( S L (e s>) dsdt)
We clearly notice that p;!, — 0 as m — oo.
Define
Y = (Vo= a (X755 pin) + 03)
Then ~,, — 0 as m — oo.
Therefore from the above inequality we get that

VB =a (S0 supreias (T {o,8) = T {,91)" (1))
T (2,2} = T {y, 3}
< |V {3} (5) = N {y, 3}

< Ymko [[{z, 2} (s) — {y>g}”H"[a,b}><H"[a,b]
Hence the map T is continuous. O

Corollary 2.7. with all the assumptions in the previous theorem satisfied, the
map T : Sg — H" a,b] x H"'{a,b] is continuous.
Proof. The proof of the corollary follows from the above result and the fact that
174, 8 sy nsy < VO =@ (S0 supreton [(T {3} = Ty, 31 (1)) +
(T {2} =T {y,9})"|l O

In addition to the previous assumptions, only for the present case we assume
that [{z,2}| < Ky. Thus for {z,2} € Sy we have
|IN {z,2}| < ko and hence

IN {3} < kovh—a (2.17)

Lemma 2.8. Suppose all the assumptions of this section and (2.10), (2.11),(2.17)
are satisfied. Then the set T(Sy) is relatively compact in H™[a,b] x H"[a,b].

Proof. Firstly we observe that T(Sp) is bounded in H[a,b] x H"[a,b).
Indeed, let {z,2} € S. Then we have
T{zx, 2} ={a*, 2%} + f K (.,8) [N {z,2}] ds
Therefore ‘
Vo= a (S0 supreay \(T {o,a}) (0)]) + 1T {2, 2"
<Vh—a (2?:5 supicias) ({27,371 ()] ) + ({2, 31"+
b 0K (t,s
Visa (zl o supiciap [} 250D [N {z, 3} () ds|) +

b O Ky (t,5)
fa 8t" [N {‘T x}< )]
then, by a simple calculation as in the previous proof, we get

VE=a (S supietas (T {,2)' (0] ) + 1T {2}
<vi—a (T supte[ab\qx* "<t>\)+u<{x* F P+ Y IN {2, 2}
< VB=a (S0 supretas ({2, &1 (1)]) + ({2, &))" | + 3mkovE = a

We notice that the right hand side of the above inequality is independent of
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{z,#}. Therefore the set T(S,) is bounded in H"[a,b] x H"[a,b]. Hence from the
Lemma 2.5, the set T'(Sy) is relatively compact in H" '[a,b] x H" [a,b]. This
completes the proof. O

We now present a theorem which reduces the original MBVP to an equivalent
bifurcation equation by making use of the Schauder’s fixed point theorem.

Theorem 2.9. Let all the assumptions in this section and conditions (2.10),
(2.11) and (2.17) be true. Let m be sufficiently large such that

c<d—0nkoVb—a,m < R—0,kVb—a (2.18)
Then for each {xz*,2*} € V the set A({z*,2*}) is non-empty. Moreover L{x,z}—
N{z,2} = P, (L{z,2} — N{x,2}) on the set A.
Proof. By (2.15), it is enough to show that the map T corresponding to {z*,7*} €
V has a fixed point in go- We have seen in the previous theorems that the map
T is continuous and the set T'(S) is relatively compact in H"![a, b] x H"[a, b].
We now prove that T'(Sy) C S,
Let {z, 2} € Sy, then T {z, 2} € H"[a,b] x H"[a,b] and
T{x,&} = {28} + [} Kuu(.,s) [N {z, 2} (s)] ds
Therefore
T{x,z} — {xo,T0} = {o*, 2"} — {x0, T0} + fab Kn(.,8)[N{z, &} (s)]ds
Hence
|7 {z,2} - {$07f0}||Hn[a,b]an[a,b] = [{z*, 2"} — {x(]?:%O}HH"[a,b]xH"[a,b}
S Ko 5) [N {2, 2} ()] ds‘
< ¢+ by [N {z, 2}
< c+0kovVb—a
<d
Also
w(T {x_,j} — {zo, 2o}) < p({a™, 27} — {wo, Zo}) + M(ff Kn(.,5) [N {z, 2}] ds)
<74 O [N {z, 2}
<1+ 0nkovb—a
<R
Thus T(Sy) C S
We also observed that Sy is a closed, bounded and convex subset of H" *[a, b] x
H" 1[a,b]. Hence the application of Schauder’s ﬁXEd point theorem to the pair go

and T yields that the map 7" has a fixed point in Sy. Moreover, since A({z*,2*})
is non-empty. So, thus we have the desired reduction on the non-empty set A.

H"[a,b]x H"[a,b]

So, We notice that L{z,z} — N{x,z2} = P, (L{z,2} — N{z,2}) on the set
A since A is non-empty. 0J
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