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CONVERGENCE THEOREMS OF A SCHEME WITH ERRORS
FOR [-ASYMPTOTICALLY QUASI-NONEXPANSIVE
MAPPINGS

SEYIT TEMIR

ABSTRACT. In this paper, we prove weak and strong convergence of the Ishikawa
iterative scheme with errors to common fixed point I-asymptotically quasi-
nonexpansive mappings in a Banach space. The results obtained in this paper
improve and generalize the corresponding results in the existing literature.

1. INTRODUCTION

Let K be a nonempty subset of uniformly convex Banach space X. Let T be a
self-mapping of K. Let F(T) = {x € K : Tx = x} be denoted as the set of fixed
points of a mapping T.

A mapping T': K — K is called nonexpansive provided
[Tz = Ty| < llz -y
for all x,y € K. T is called asymptotically nonexpansive mapping if there exist
a sequence {\,} C [0,00) with lim A, = 0 such that

[Tz =Tyl < (14 An)[lz =y
for all z,y € K and n > 1.
T is called quasi-nonexpansive mapping provided

[Tz — pll < ||z = pll
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forall z € K and p € F(T) and n > 1.

T is called asymptotically quasi-nonexpansive mapping if there exist a sequence
{\} € [0,00) with lim A, = 0 such that

[Tz = pl < (14 An)llz — p

for all € K and p € F(T') and n > 1.
Remark 1.1. From above definitions, it is easy to see that if F/(T') is nonempty, a
nonexpansive mapping must be quasi-nonexpansive, and an asymptotically non-
expansive mapping must be asymptotically quasi-nonexpansive. But the converse
does not hold.

Let T, I : K — K. Then T is called I-nonexpansive on K if

[Tz — Ty < |1z — Ly|

for all z,y € K.

T is called I-asymptotically nonexpansive on K if there exists a sequence
{N,} € [0,00) with lim A/, = 0 such that

1772 = Ty|| < (1+ A" = I™y]|
forall z,y €e K andn=1,2,....

T is called uniformly L-Lipschitzian if there exists a constant L > 0 such that
for all z,y € K the following inequality holds:

[Tz = T"y|| < LIz — I"y]|

and I is uniformly I'-Lipschitzian if there exists a constant I' > 0 such that for
all x,y € K the following inequality holds:

11"z = I"y|| < Tlle = yll

T is called I-asymptotically quasi-nonexpansive on K if there exists a sequence
{N,} € [0,00) with lim A/, = 0 such that

17"z = pll < 1+ X)["z — p|

forallz € Kandpe F(T)NF(I) andn =1,2,....

The above definitions were given in [12]. Furthermore, in [12], the weakly
convergence theorem for [-asymptotically quasi-nonexpansive mapping defined
in Hilbert space was proved.

Remark 1.2. From the above definitions it follows that if F'(7T))NF(I) is nonempty,
a [-nonexpansive mapping must be [-quasi-nonexpansive, and linear [-quasi-
nonexpansive mappings are /-nonexpansive mappings. But it is easily seen that
there exist nonlinear continuous /-quasi-nonexpansive mappings which are not
I-nonexpansive.
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The class of asymptotically nonexpansive maps which an important general-
ization of the class nonexpansive maps was introduced by Goebel and Kirk [2].
They proved that every asymptotically nonexpansive self-mapping of a nonempty
closed convex bounded subset of a uniformly convex Banach space has a fixed
point. Also in [2], they extended this result to broader class of uniformly Lip-
schitzian mappings. In 1973, Petryshyn and Williamson [7] proved a necessary
and sufficient condition for a Mann iterative sequence to convergence to fixed
points for quasi-nonexpansive mappings. In 1997, Ghosh and Debnath [1] ex-
tended the results of [7] and gave some necessary and sufficient conditions for
Ishikawa iterative sequence to converge to fixed points for quasi-nonexpansive
mappings. Subsequently, in 2001 Liu Qihou [5] extended the above results and
gave some necessary and sufficient conditions for Ishikawa iterative sequence of
asymptotically quasi-nonexpansive mappings with error member to converge to
fixed points. In [10], the necessary and sufficient condition for the convergence of
the Ishikawa-type iterative sequences for two asymptotically quasi-nonexpansive
mappings to common fixed point of the mappings defined on a nonempty closed
convex subset of a Banach space were established. Their results were improved
some above mentioned results.

Recently, Rhoades and Temir [8] and Yao and Wang [13] introduced a class of
[-nonexpansive mapping. Rhoades and Temir [8] proved weak convergence of iter-
ative sequence for I-nonexpansive mapping to common fixed point. Yao and Wang
[13] proved strong convergence of iterative sequence for I-quasi-nonexpansive
mapping to common fixed point.

Let X be a normed linear space, T' be self-mapping on X. Let {z,,} be of the
Ishikawa iterative scheme [3] associated with T', zp € X,

Yn = (1 — bn):cn +b,Tx, (1 1)
Tpr1 = (1 — ap)xy + an Ty, :

for every n € N, where 0 < a,,, b, < 1.

Define the Ishikawa iterative process of the I-asymptotically quasi-nonexpansive
mappings in uniformly convex Banach space X as follows

. (1.2)

Tnt+1 = bnxn + an[yn + cpuy
Yn = bnxn + anTxn + Cpup

where {a,}, {b.}, {cn}, {@n}, {bn}, {€.} are sequences in [0, 1] with 0 < § <
ap, 0y <1—-06<1,a,+b,+c¢,=1=a,+0b,+¢c, and {u,}, {v,} are bounded
sequences in K.

In this paper, we consider T and [ self-mappings of K, where T is an I-
asymptotically quasi-nonexpansive mapping and [ : K — K be an asymptotically
quasi-nonexpansive mapping.

We establish the weak and strong convergence of the sequence of Ishikawa
iterates to a common fixed point of 7" and I. The aim of this paper is to study
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iterative process for convergence to common fixed point of I-asymptotically quasi-
nonexpansive mappings and to prove some sufficient and necessary conditions for
Ishikawa iterative sequences of [-asymptotically quasi-nonexpansive mappings to
converge to common fixed point.

Recall some definitions and notations.

2. PRELIMINARIES AND NOTATIONS

Let X be a Banach space and K be a nonempty subset of X. Let T be a
mapping of K into itself. For every ¢ with 0 < e < 2, we define the modulus J(¢)
of convexity of X by

: lz =yl
o(e) = inf{l = ==zl < LIyl < L, [lz = yll = &}.
A Banach space X is said to satisfy uniformly convex if §(¢) > 0. Recall that a
Banach space X is said to satisfy Opial’s condition [6] if, for each sequence {z,,}
in X, the condition x,, — x implies that

liminf ||z, — z| < liminf ||z, — y||
n—oo n—oo

for all y € X with y # z. Tt is well known from [6] that all [, spaces for
1 < r < o0 have this property. However, the L, space do not have unless r = 2.

Lemma 2.1. [11] Let {a,}, {b.} and {0,} be sequences of nonnegative real se-
quences satisfying the following conditions: ¥n > 1, any1 < (1+0,)a, +b,, where
Y op<ooand Y b, <oo. Then lim a, exists.

n=0 n=0 n—0o0

Lemma 2.2. [9] Let K be a nonempty closed bounded convex subset of a uniformly

convex Banach space X and {a,} a sequence [e,1 — €|, for some € € (0,1). Let
{z,} and {y,} be two sequences in K such that

lim sup ||z, || < &,

limsup |y, || < k
and

limsup ||apx, + (1 — an)yn|| = &

n—oo

holds for some k > 0.Then
lim |z, — yn| = 0.

Definition 2.3. The mappings 7',/ : K — K are said to satisfying condition (A)
if there is a nondecreasing function f : [0,00) — [0,00) with f(0) =0, f(r) > 0,
for all r € [0,00) such that $(||z — Tz| + ||z — Iz[]) > f(d(z, F)) for all z € K,
where d(z, F') = inf{||z —pl|| :p€ F = F(T) N F(I)}.
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3. CONVERGENCE THEOREMS FOR [-ASYMPTOTICALLY
QUASI-NONEXPANSIVE MAPPINGS

Lemma 3.1. Let X be a Banach space, K be a nonempty closed convex subset of
X, T is I-asymptotically quasi-nonexpansive self-mappings on K and I is asymp-
totically quasi-nonexpansive self-mappings on K with constant A, i, respectively
[e.e] o)
and Y N\, < 00, Y pin, < 00 such that F(T)NF(I) # 0 in K.
n=1 n=1
Tpt+1 = bnxn + an]yn + chuy
Yn = bnwn + ELnjﬁxn + CrUn

where {a,}, {bn}, {cn}, {@n}, {bn}, {Cn} are sequences in [0,1] with 0 < § <
ap,Gp <1 -0 < 1 ,an + by, —l—cn =1=a,+b, + ¢, and {u,}, {v,} are bounded
sequences in K. Z Cp < 00, Z Gy <oo. If F=F(T)NF(I) # 0 then lim |z, —

=1 n=1
p|| exists for common fixed point p of T and I.

Proof. Let p € F(T)N F(I). Since {u,}, {v,} are bounded sequences in K,there
exists M > 0 such that ma:c{sup |lun, — ||, sup an pl|} < M. Then

||anI”yn + by, + cpu, — pl|

bl — pll + anllI"yn — pl| + cullun — pl|

anl|zn = pll + ba (1 + pa) [y — pll + callun — p
nl|Tn — pll + 0n(1 + ) |Yn — pll + oM. (3.1)

Tt _pH

IA A CIA

by + @ T, + Cuv, — |

< ballwn = pll + @l T2 — pl| + Eallon — pl|

< ballwn = pll + @n[(L+ N[0 = pll] + Eallvn — pll
<

<

lyn — Dl

ballwn = pll + @a[(1 + X)X+ pn) |2 = pll] + Eallvn — pll
Bn”‘rn = pll + @n[(1+ M) (1 + pn) |20 — pll] + €. M (3.2)
2) into (3.1),
anllzn — pll + bn(1 + p) lyn — Pl + e M
anllTn = Pl + (1 + 1) [bu |20 = Pl + @ (1 + Xn) (1 + i) |20
+ b (14 pn)enM + e, M
= apllzn —pll +0a(1+ Mn)Bonn —pll +bnan (1 + Nn)Q(l + M)l
+ M (bp(1 4 pn)Cn + cp)
< Nl = Pl A+ bubu(1 + pin) + b (1 + p1)*(1+ X))
+ M(bp(1+ pn)Cn + ¢5)

Substituting (¢

21 —

ININ &

Thus we obtain

[Znt1 = pll < (14 &)z = pll + L0

—pl]

-7
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where

K = bpbn (1 + 1) + b (14 1) (1 + Ap)

with Y K, < o00. t, = M(b,(1+ )¢, + ¢,) with > ¢, < co. By Lemma 2.2,
n=1 n=1

lim ||z, — pl| exists for each p € F(T) N F(I).
O

Lemma 3.2. Let X be a uniformly conver Banach space, K be a nonempty closed
convex subset of X. Let T be uniformly L-Lipschitzian, I[-asymptotically quasi-
nonexpansive mappings on K and I be uniformly I'-Lipschitzian, asymptotically
quasi-nonezpansive mappings on K such that F(T) N F(I) # 0 in K. Suppose
that for any given x € K, the sequence {x,} is generated by (1.2). If F =
F(T)YNF(I)#0, then

lim |Tx, — z,| = im ||z, —x,|| = 0.
Proof. By Lemma 3.1 for any p € F(T)NF(I), lim ||z,—pl| exists. Let lim |z, —

p|l| = k. If k=0 by continuity of T and I, then the proof is completed.
Now suppose k > 0 and choose N > 0 such that maz{sup ||z, — u,||, sup ||z, —
1

n> n>1
ua]|} < N.

lyn —pll = Hann"{'anTnxn"i‘énvn — |
< (1 =an)llzn —pll + @l T2, — pll + nllvn — 2
< (A =an)l[en = pll + anf[(1+ ) |20 = pll] + Enllvn — 2l
< (A =an)llzn —pll + @[T+ ) (L + pn) |20 — pll] + Enllvn — 2|
< (A =an)lzn —pll + @1+ X)) (L + po) |20 — pll] + €N
= |ln = pll(1 = @ + @n[(1 + X)) (1 + pn)]) + €N
< o = pl|(1 4 @nAn + Gnfin + GpAppin) + N

Taking lim sup on both sides in the above inequality,

limsup ||y, — pl| < k. (3.3)

n—oo

Since [ is asymptotically quasi-nonexpansive mappings on K, we can get that,
1"y, — pll < (1 + pn)||yn — pl|, which on taking lim sup and using (3.3) gives

n—oo

limsup [[1"y, — p|| < k.

Further,
I [l — ol =
means that
Hm [|an ™y, + bty + cun — pl| = k
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Tim (1 a,)l| — pll + @79 — pll + el — ] = .
It follows from Lemma 2.2
i 177, = . =0, (3.4)

Now,

”xn_pH < Hflfn—f"ynHJer"yn—pH
< o = I"yall + (1 + p) lyn — Dl

which on taking lim implies

n—oo
k= lim ||z, — p|
< limsup(||z, — "ynl| + (1 + ) |lyn — 2l
= limsup|jy, —p| < k.
Then we obtain,
limsup [ly, —pll =k
Next,
1Tz, —pl| < (1 + M) 20 — p|
< T+ )1+ p) |2 = pl|-

Taking lim on both sides in the above inequality,

n—oo

T [T~ pll < T [0+ A)(1+ i)l — ]

n—oo

< lim |z, —p| < k.
n—oo

Further,

lim (1 = an)|[zn = pll + @[T 20 = pl| + nllvn = 2o = lim |y, —p] = k.

n—oo

By Lemma 2.2, we have

lim || T"z, — z,|| = 0. (3.5)

n—odo
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We have also,

[1"zn —xn| < ([I"@n = Iynll + "y — @
< Dllan = yall + 1Myn — @4l
= T||zn — [bnn + @ T T + Eavn]|l + 11" Yn — n |
< Dl|an(T"wn = 20)|| + [[{"Yn — 2|l + T lvn — 24|
< Ta,||T 2y — || + [ "Yn — @0|| + TN,

Since Y ¢, < 0o, from (3.4) and (3.5), we deduce that

n=1

lim || ["z, — z,|| = 0. (3.6)

n—oo

[y Y| |Znt1 — ]n+1xn+1” + ||[n+1$n+1 — Lz,

<
< N@np = Mo || + DI 201 — T |-

Taking lim sup on both sides in the above inequality and from (3.6)), we obtain

lim sup Hanrl - I$n+1H S 0.

n—oo
That is,
lim ||z, — [z,| =0.
n—oo
Next,

| Tns1 — Tn+1xn+1” + ||Tn+1xn+1 — Ty

|Zni1 = T"Tpia || + LT " Tpg1 — Toga |-

|1 — Tap] <
<

Also, taking limsup on both sides in the above inequality, from (3.6) and (3.7),
we obtain

lim sup ||xn+1 - Txn-‘rl” <0.

n—0o0

That is,
lim ||z, — Tx,| = 0.

Then the proof is completed.
OJ

Theorem 3.3. Let X be uniformly convexr Banach space satisfying Opial’s con-
dition, K be a nonempty closed conver subset of X. Let T, I and {x,} be the
same as Lemma 3.1. If F = F(T)NF(I) # 0, then {x,} converges weakly to a
common fized point of T and I.
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Proof. Let p € F'= F(T)NF(I). Then, as in Lemma 3.1, it follows lim ||z, — p|

exists and so for n > 1, {z,} is bounded on K. Then by the reflexivity of X
and the boundedness of {z,}, there exists a subsequence {x,,} of {z,} such
that z,, — p weakly. If F(T') N F(I) is a singleton, then the proof is complete.
For p € F(T) N F(I), T is I-asymptotically quasi-nonexpansive on K and [ is
asymptotically nonexpansive on K. The proof is completed if {x,} converges
weakly to a common fixed point of T" and I, i.e., it suffices to show that the weak
limit set of the sequence {x,} consists of exactly one point. We assume that
F(T)n F(I) is not singleton. Suppose p,q € w({z,}), where w({z,}) denotes
the weak limit set of {z,}. Let {x,,} and {z,,} be two subsequences of {z,}
which converge weakly to p and ¢, respectively. By Lemma 3.2 and Lemma 2.1
guarantees that Ip = p and Tp = p. In the same way Iq = q and T'q = q.

Next we prove the unigeness.Assume that p # ¢ and {z,, } — p, {7m,} — ¢
By Opial’s condition, we conclude that

lim ||z, —p| = lim [lz,, —p|| < lim [z, — 4]
n—00 k—o00 k—oo
= lim [z, — qf| = lim [[z,; —q||
n—00 j—00

< lim mej —p| = lim ||z, —p|.
— 00 n—oo

This is a contradiction. Thus {z,} converges weakly to an element of F'(T") N
F(I).
U

Theorem 3.4. Let X be a Banach space, K be a nonempty closed convex subset
of X. Let T, I and {x,} be the same as Lemma 8.1. If T,1 : K — K satisfy
condition (A) and T and I are continuous mapping and F = F(T)N F(I) # 0,
then {x,} converges strongly to a common fixed point of T and I.

Proof. By Lemma 3.1, lim ||z, — p|| exists for all p € F = F(T)N F(I). Let
k = sup ||z, — p||. From Lemma 3.2, we obtain
n>1
lim ||Tz, — x| = lim ||z, — z,|| =0.
In the proof of Lemma 3.1, we obtain

[Zn1 = pll < [[2n = pll(1 + Kn) + Ly (3.7)

where

Kn = by (14 1) + bptn (1 + 1,)2(1 + \y)

with Y K, < o00. t, = M(b,(1+ )¢, + ¢,) with > ¢, < co. By Lemma 2.1,
n=1 n=1
lim ||z, — pl| exists for each p € F(T) N F(I). By (3.4), we get

d(xpi1, F) < d(x,, F)(1+ k) + ty,
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Then by Lemma 2.1, lim d(z,, F') exists and the condition (A) guarantees that

n—o0o

lim f(d(z,, F)) =0 (3.8)

n—oo

Since f is a nondecreasing function and f(0) = 0, it follows that

lim d(z,, F) =0

Next, we show that {z,} is a Cauchy sequence in X. Notice that from (3.7)), (3.8))
for any p € F'= F(T) N F(I), we obtain
(1 + ﬂn+m71)||xn+mfl - pH + tn+m71

eXp(’@H—m—l + Kvn—i—m—2)”-xn+m—2 - p” + eXp('%n-i-m—l)(tn—ﬁ—m—l + tn+m—2)

||'Tn+m _pH

VANVAN

n+m—1 n+m—1 n+m—1

< exp( Y millan—pll +exp( D k) D

1=n 1=n 1=n

n+m—1

IN

o0

where @ = exp(>_ k;). Since lim d(z,, F') = 0, for any given £ > 0, there exists

—
— n—o0

a positive integer No such that for all n > No, d(zy, F) < 55 and }- ki < g5-
There exists pg € F' = F(T') N F(I) such that [|x,, — pol| < . B
Hence, for all n > Ny and m > 1, we have

[Zntm = 2nll < 2nm = poll + 120 — poll

n+m—1 n—1
< Qllan, = poll + QC Y 1) + Qllan, — poll + QO i)
:’L_—l—n’:z—l n—1 o
< 2Q||Tn, —poll + QC D )+ QD )
< 25+ Q35+ @55 =¢

which shows that {z,} is a Cauchy sequence in X. Thus, the completeness of X
implies that {x,} is convergent. Assume that {x,} converges to a point p.
Let lim z, = p. It will be proven that p is a common fixed point of T and I.

n—oo

For all e5 > 0, lim x,, = p; thus, there exists a natural number N, such that
n—oo
when n > Ns,

E2

—pl|l < . 3.9
Pl = 2max{2 + p1,2 + A1} (39)

| Zn
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lim d(z,, F) = 0 implies that there exists a natural number N3 > N, such that

< =2
T 2max{2+ 1,2+ M1}

Thus there exists a p, € F' such that

d(zy,, F) (3.10)

< °2
T 2max{2+ 1,2+ M}

|zn; — p2l| = d(zn;, p2)

From (3.9) and (3.10) we have

I Ip—pll < |lIp—p2+p2— 2N, + 2N, — D
< |p—pall + 2w — pall + llzng — 2l
< (I +p)llp = pall + llong = pall + 2 — 2l
< (I +p)llong —pll + (1 + w)llong — poll + [lon, — pall + 2N, — pll
< @+ p)llen, = pll + 2+ p)lrn, — pall
E9 €9
e pe G s WU G L peveer Sy S
< e&s.

g9 is an arbitrary positive number. Thus Ip = p. This implies that p € F(I).

For all e3 > 0, lim x,, = p; thus, there exists a natural number N, such that
when n > Ny,
€3
—pll < :
| 2{24 1+ A+ A}

lim d(x,, F') = 0 implies that there exists a natural number N3 > N, such that

n—oo

(3.11)

”xn

< = .
2{2 + u1 + /\1 + Ml)\l}
Thus there exists a p, € F' such that

d<xN37F) (3.12)

< £
~ 2max{2+ 1,2+ M}

HxNS _p2H = d(xN37p2)

From (3.11) and (3.12) we have

ITp—pll < [Tp—p2+p2— 2N, + TN, — P
< ||Tp = pall + l[zng — p2ll + [|on; — Dl
< (1+M)|p = poll + lzng — pall + 25 — Pl
< T+ M)A+ p)llzng —pll + (1 + M) [[eng — pall + llzng — p2l| + (|25 — ]
< (A4 + M+ wmA)l[en, —pll + (2 + p)l[eng — pell
€3 €3
< 24m+\ +M1)\1)2(2+u1 ) + (2+)\1)2max{2+u1,2+ !
< e3.
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€3 is an arbitrary positive number. Thus, also T'p = p. Therefore, p is a common
fixed point of T and I. This implies that {x,} converges strongly to the fixed
point of T" and . This completes the proof. O

REFERENCES

[1] M.K. Ghosh and L. Debnath, Convergence of Ishikawa iterates of quasi-nonexpansive
mappings, J. Math. Anal. Appl. 207 (1997), 96-103.

[2] K. Goebel and W. A. Kirk, A fixed point theorem for asymptotically nonexpansive map-
pings, Proc. Amer. Math. Soc., 35 (1972), 171-174.

[3] S.Ishikawa, Fixed points by a new iteration method, Proc. Amer. Math. Soc., 44 (1974),
147-150.

[4] H.Y. Lan, Common fixed point iterative processes with errors for generalized asymptoti-
cally quasi-nonexpansive mappings, Computers and Math. with Applications, 52 (2006),
1403-1412.

[5] Q. H. Liu, Iterative sequences for asymptotically quasi-nonexpansive mappings with Error
Member, J. Math. Anal. Appl., 259 (2001), 18-24.

[6] Z. Opial, Weak convergence of successive approximations for nonexpansive mappings.
Bull. Amer. Math. Soc., 73 (1967), 591-597.

[7]  W. V. Petryshyn and T. E. Williamson, Strong and weak convergence of the sequence
of successive approximations for quasi-nonexpansive mappings, J. Math. Anal. Appl., 43
(1973), 459-497.

[8] B.E. Rhoades and S. Temir, Convergence theorems for I-nonexpansive mapping, IJMMS,
Volume 2006, Article ID 63435, Pages 1-4.

[9] J. Schu, Weak and strong convergence to fixed points of asymptotically nonexpansive
mappings, Bulletin of the Australian Mathematical Society, 43 (1991), 153-159.

[10] N. Shahzad, A. Udomene, Apprximating common fixed points of two asymptotically
quasi-nonexpansive mappings in Banach spaces, Fixed Point Theory and Applications,
Volume 2006, Article ID18909, pages 1-10.

[11] K. K. Tan and H. K. Xu, Approximating fixed points of nonexpansive mappings by the
Ishikawa iterative process, J. Math. Anal. Appl., 178 (1993), 301-308.

[12] S. Temir, O. Gul, Convergence theorem for I-asymptotically quasi-nonexpansive mapping
in Hilbert space, J. Math. Anal. Appl., 329 (2007) 759-765.

[13] S.S.Yao, L.Wang,Strong convergence theorems for I-quasi-nonexpansive mappings , Far
east J. Math.Sci.(FJMS), 27 (1) (2007) 111-119.

SEYIT TEMIR, DEPARTMENT OF MATHEMATICS, ART AND SCIENCE FACULTY, HARRAN
UNIVERSITY, 63200, SANLIURFA, TURKEY
E-mail address: temirseyit@harran.edu.tr



