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Abstract

Very recently, Khojasteh, Shukla and Radenovié¢ [F. Khojasteh, S. Shukla, S. Radenovié, Filomat, 29 (2015),
1189-1194] introduced the notion of Z-contraction, that is, a nonlinear contraction involving a new class of
mappings namely simulation functions. This kind of contractions generalizes the Banach contraction and
unifies several known types of nonlinear contractions. In this paper, we consider a pair of nonlinear operators
satisfying a nonlinear contraction involving a simulation function in a metric space endowed with a partial
order. For this pair of operators, we establish coincidence and common fixed point results. As applications,
several related results in fixed point theory in a metric space with a partial order are deduced. (©2015 All
rights reserved.
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1. Introduction

Fixed point theory is a very useful tool for several areas of mathematical analysis and its applications.
Loosely speaking, there are three principal categories in this theory: the metric, the topological and the
order-theoretic approach, where fundamental examples of these are: Banach’s, Brouwer’s and Tarski’s the-
orems respectively.

In recent years, many results appeared related to metric fixed point theory in partially ordered sets. The
first work in this direction was the 2004 paper of Ran and Reurings [11], where they established a fixed
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point result, which can be considered as a combination of two fixed point theorems: Banach contraction
principle and Knaster-Tarski fixed point theorem. Further, several results appeared in this direction, we
mention I}, 2, B[4, 5] [7, 8, 9, 10l 13] and the references therein.

Very recently, Khojasteh, Shukla and Radenovié¢ [6] introduced the notion of Z-contraction, that is, a
nonlinear contraction involving a new class of mappings namely simulation functions. They studied the
existence and uniqueness of fixed points for Z-contraction type operators. This class of Z-contractions
includes a large types of nonlinear contractions existing in the literature. Thus, it is possible to treat several
fixed point problems from a unique, common point of view.

In [12], Roldén et al. studied the existence and uniqueness of coincidence points of a pair of nonlinear
operators satisfying a certain contraction involving simulation functions.

In this paper, we consider a pair of nonlinear operators satisfying a nonlinear contraction involving
a simulation function in a metric space endowed with a partial order. For this kind of contractions, we
establish coincidence and common fixed point results. As applications, several related results in fixed point
theory in a metric space with a partial order are deduced.

2. The class of simulation functions

The class of simulation functions was introduced by Khojasteh et al. in [6] as follows.

Definition 2.1. A simulation function is a mapping ¢ : [0,00) x [0,00) — R satisfying the following condi-
tions:

(¢1) €(0,0) = 0;
(C2) C(t,s) < s—t, forall t,s > 0;

(C3) if {tn}, {sn} are sequences in (0,00) such that lim, o t,, = lim,, 00 S = ¢ € (0, 00), then

lim sup (t,,, sn) < 0.

n—oo

The main result in [6] is the following.

Theorem 2.2. Let (X,d) be a complete metric space and T : X — X be a Z-contraction with respect to a
certain simulation function C, that is,

C(d(Tx,Ty),d(x,y)) >0, forall z,y € X. (2.1)

Then T has a unique fized point. Moreover, for every xog € X, the Picard sequence {T"xo} converges to this
fixed point.

Note that the condition ({;) was not used for the proof of Theorem However, taking z = y in ,
we obtain ((0,0) > 0. So if ¢(0,0) < 0, then the set of operators 7' : X — X satisfying will be empty.

Taking in consideration the above remark, we slightly modify the previous definition by removing the
condition (¢1). So the following notion will be used throughout this paper.

Definition 2.3. A simulation function is a mapping ¢ : [0,00) % [0,00) — R satisfying the conditions ({2)
and ((3).

Clearly, any simulation function in the original Khojasteh et al. sense (Definition [2.1]) is also a simulation
function in our sense (Definition [2.3), but the converse is not true, as we show in the following example.
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Example 2.4. Let () : [0,00) x [0,00) — R be the function defined by

Ot s) = {1 if (s,t) = (0,0),

As —t otherwise,

where A € (0,1). Then () satisfies ((2) and ({3) with {,(0,0) > 0.

3. Coincidence and common fixed points via simulation functions

Let (X,d) be a complete metric space. We suppose that the set X is endowed with a partial order <.
We recall the following definitions.

Definition 3.1 ([3]). Let f,g: X — X be two given mappings. We say that f is g-non-decreasing if
(z,9) € X x X, gz 2 gy = fz < fy.

Definition 3.2. Let f,g: X — X be two given mappings. We say that x € X
e is a coincidence point of f and g if fx = gx;
e is a common fixed point of f and ¢ if x = fx = gx;

e is a fixed point of f if fx = .
Now, we present our first main result in this paper.

Theorem 3.3. Let f,g: X — X be two given mappings. Suppose that the following conditions hold:
(i) f(X) S g(X);

(i1) g(X) is closed;
(iii) f is g-non-decreasing;
(iv) there exists xg € X with gxo =X fxo;

(v) if {gzn} C X is a non-decreasing sequence (w.r.t. <) with gx, — gz in g(X), then gz < g(gz) and
9Ty, = gz, for all n € N;

vi) there exists a simulation function ¢ such that for every (x,y) € X x X with gx < gy, we have
Y Yy g gy

¢(d(fz, fy), M(f,g,2,y)) >0,

where

d d
M(f,g,z,y) = max {d(gx,gy),d(gx,fx),d(gy’fy)’ (g2, fy) + d(gy, fz) }

2

Then f and g have a coincidence point. Further, if f and g commute at their coincidence points, then f
and g have a common fixed point.



H. Argoubi, B. Samet, C. Vetro, J. Nonlinear Sci. Appl. 8 (2015), 1082-1094 1085

In order to prove Theorem some lemmas are needed.

Lemma 3.4. Suppose that all the assumptions of Theorem are satisfied. Let {x,} be a sequence in X
such that
gTpi1 = fxn, for alln € N. (3.1)

Suppose that gx, # grn+1 for alln € N. Then

lim d(gxn, gxny1) = 0.

n—co
Proof. At first, observe that from (iii) and (iv), we have

gro 2 gr1 =X+ X gTn 2 gTpgr 2o (3.2)
It follows from and (vi) that for all n > 1, we have

(d(fLUn_l, fxn)a M(f7 g,Tn—1, xn))
(d(gzn, 9Tns1), M(f, 9, Tn-1,2n))-

0<

¢
¢

Moreover, for all n > 1, we have

- d(gTn—1, 9Tn+1
M(f,g,n—1,2n) max{d(gxn—hgxn),d(gxn,gxn D, (92n 129 n+ )}
The triangle inequality yields

d(gTn—1,9%n+1)
2

< max {d(gfvn—la gxn)a d(gxm gxn—i-l)} .
Thus
M(fv g, Tn—1, l’n) = max {d(gxn—la gl'n), d(gl’n, gxn—i—l)} y 1 > 1.

Therefore, from condition ({2), we have

0 < ¢ (d(gn, gTny1), max {d(92zn—1,92n), d(9Zn, 9Tny1)})
< max {d(gxn—la gxn), d(gxn, gxn+1)} - d(gﬂfn, gajn—i—l)a

for all n > 1. The above inequality shows that

M(f, g, 2n-1,2n) = d(gxpn—_1,92,), n > 1,

which implies that {d(gzn—1,92,)} is a monotonically decreasing sequence of non-negative real numbers.
So there is some r > 0 such that

lim d(gxn—1,9x,) = 1.
n—oo

Suppose that r > 0. It follows from the condition ((3) that

0 < limsup ¢ (d(g7n, 9%n+1), d(gTn-1, 92s)) <0,

n—oo

which is a contradiction. Then we conclude that » = 0, which ends the proof. O

Lemma 3.5. Suppose that all the assumptions of Theorem are satisfied. Let {x,} be a sequence in X
such that (3.1) holds with gz, # gxny1 for alln € N. Then {gx,} is bounded.
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Proof. Let us assume that {gz,} is not a bounded sequence. Then there exists a subsequence {x, } of {z,}
such that n; =1 and for each k € N, ng41 is the minimum integer such that

d(gxnk+1 s g$nk) > 1

and
d(gxm, gn,) < 1, for ny <m < npyq — 1.

By the triangle inequality, we obtain

1< d(gxnk+1agxnk) < d(gxnk+1agxnk+1—1) + d(gmnk_;,_l—h gxnk)
S d(gxnk+1agxnk+1—l) + 1.

Letting k — oo in the above inequality and using Lemma [3.4] we get
lim d(gzn,.,, 9%n,) = 1. (3.3)
k—o00

Using the triangle inequality, we get

gmnk+1 y g$nk) S d(gxnk+1 y gxnk+171) + d(gxnk+1717 gxnk)

gajnk+1 y gmnk+171) + d(gxnk+1717 gfl?nkfl) + d(gxnk ’ g.’Enk,l)

gxnk_,_l y gfpnk_H—l) + d(gxnk_H—l, gmnk) + Qd(gxnk’gxnk—l)
gwnk+179xnk+1—1) + 1 + Qd(gxnk,gxnk_l).

Letting k¥ — oo in the above inequality and using Lemma we get

lim d(gzn,,,~1,9%n,—1) = 1. (3.4)

k—o00
Again, the triangle inequality yields
|d(gxnk+1—1a gxnk) - d(gxnkagxﬂk+1)| < d(gl’nk+1_1, gxnk+1)'

Letting k£ — oo in the above inequality, using Lemma and ({3.3)), we obtain

lim d(gzn,,,-1,97n,) = 1. (3.5)

k—o00

By a similar way, we have

|d(gxnk—1ygxnk+1) - d(gxnk—lygxnk_H—l” < d(gxnk+17gxnk+1—l)'

Letting k£ — oo in the above inequality, using Lemma and (3.4), we obtain

lim d(grn,—1,9%n, ) = 1. (3.6)
k—o00
Now, using Lemma (3-3), (3.4), (3.5) and (3.6)), we obtain
klggo M(f, 9, Znpy—1,Tny—1) = L. (3.7)

Using (vi), (3.2)), (3.3), (3.7) and the condition ((3), we obtain

0 < thUpC (d(gxnk+1ag$nk)v M(f7gvxnk+1—17mnk—l)) < 07

k—o0

which is a contradiction. This ends the proof.



H. Argoubi, B. Samet, C. Vetro, J. Nonlinear Sci. Appl. 8 (2015), 1082-1094 1087

Lemma 3.6. Suppose that all the assumptions of Theorem are satisfied. Let {x,} be a sequence in X
such that (3.1) holds with gz, # gxn41 for alln € N. Then {gz,} is a Cauchy sequence.

Proof. Let
Cy, = sup{d(gxi, gx;) : i,j >n}, neN.

From Lernrna we know that C), < oo for every n € N. Since {C),} is a positive monotonically decreasing

sequence, there is some C > 0 such that
lim C, =C.

n—oo

Let us suppose that C' > 0. By the definition of C,,, for every k € N (k > 1), there exists ng, my € N such
that my > ni > k and

1
Cr — z < d(gxm,, 9n,) < Ck.

Letting k£ — oo in the above inequality, we get

lim d(gzm,,9xn,) = C. (3.8)

k—
By the triangle inequality, we have
‘d(gxmlngnk) - d(gxmk—lvgxmg—l)’ < d(gxmk7gxmk_1) + d(gxnk7gxnk_1>'

Letting k — oo in the above inequality, using (3.8)) and Lemma we get

lim d(gxm,—1,9%n,—1) = C. (3.9)
k—o00
Similarly, we have
kh_}n;O d(9xm;—1,92n,) = C (3.10)
and
kh—glo d(gxn,—1,92m,) = C. (3.11)
Using Lemma (13.9), (3.10) and (3.11)), we obtain
lim M(f,g,%m,—1,2n,—1) = C. (3.12)
k—o0

By (vi), (3.8), (3.12) and the condition ({3), we get

0 S thUP C(d(g$mk7g$nk)a M(fvga IEmk,l,il?nk,l)) < 07

k—o00

which is a contradiction. Thus we have C' = 0, that is,

lim C, = 0.

n—oo
This proves that {gx,} is a Cauchy sequence. O]
Now, we are able to prove our main result given by Theorem [3.3]

Proof. At first, observe that if gz, = gr,41 for some p € N, then gz, = fx,, that is, ;, is a coincidence
point of f and g. In this case, the existence of a coincidence point is proved. So, we can suppose that
gxn # grny1 for every n € N.

Since g(X) is closed and (X, d) is complete, by Lemma there exists some z € X such that

9Ty — gz as n — 0. (3.13)
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Now, we show that z is a coincidence point of f and g. Suppose that d(gz, fz) > 0. For all n € N, we have

d(gxnv fZ) + d(gZ,gxn+1) } )

M(f9.02) = e { g ). g2, g,01) g5 £2), .
Letting n — oo and using (3.13)), we get

lim M(f,g,zn,2) =d(gz, fz) > 0. (3.14)

n—oo

On the other hand, by (v), (vi), (3.13)), (3.14]) and the condition (3), we have

0 < limsup ((d(9Tn+1, f2), M(f, g, Tn, 2)) <O,

n—oo

which is a contradiction. Thus we have d(gz, fz) = 0, and z is a coincidence point of f and g.
Suppose now that f and g commute at z. Set

w=gz= fz.

Then
fw = f(gz) = g(f2) = gw.
By (v), we have
g9z 2 g(9z) = gw.

On the other hand,
M(f,g,w,z) = d(w, gw).

Suppose that d(w, gw) > 0. Using (vi) and the condition ((3), we obtain
0 < C(d(fw, f2), M(f,g,w,z2)) = ((d(w, gw), d(w, gw)) <0,

which is a contradiction. Thus we have
w=gw = fw,

and w is a common fixed point of f and g. This ends the proof of Theorem O
If g is the identity mapping, we obtain from Theorem the following fixed point result.
Theorem 3.7. Let f: X — X be a given mapping. Suppose that the following conditions hold:

(1) (z,y) € X x X, z 2y = fo =2 fy;
(ii) there exists xo € X with xo = fxo;
(iii) if {zn} C X is a non-decreasing sequence with x, — z, then x, < z, for alln € N;

1v ere exists a stmulation junciion suc at jor ever Z, S X w1t r Y, we have
iv) th ists a simulati ti h that y (z,y) € X x X withz <y, we h

Cd(fx, fy), M(f,z,y)) >0,

where

M(f,»,y) = max {d(JU,y),d(%,faj),d(y,fy)’ d(z, fy) -2|r d(y, fz) } .

Then {f"xo} converges to a fixed point of f.
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4. Coincidence and common fixed points via right-monotone simulation functions

Suppose now that ¢ : [0,00) x [0,00) — R satisfies the following additional condition:
(¢4) for every t > 0, we have
s1,83 2 0, 81 < 83 => C(t,51) < C(t,5).

In this case, we say that ( is a right-monotone simulation function.
Example 4.1. Let ¢ : [0,00) X [0,00) — R be the function defined by
¢(t,s) = |sins| —t, for all ¢, s > 0.
Then ( is a simulation function but it is not a right-monotone simulation function.

Example 4.2. Let ¢ : [0,00) X [0,00) — R be the function defined by

t+2
=g - — > 0.
¢(t,s) =s t+1t’ for all t,s > 0

Then ( is a right-monotone simulation function.

From Theorem [3.3] we can deduce various coincidence and common fixed point results via right-monotone
simulation functions.

Corollary 4.3. Let f,g: X — X be two given mappings. Suppose that the following conditions hold:

(i) f(X) S g(X);
(i) g(X) is closed;
(iii) f s g-non-decreasing;
(iv) there exists zo € X with gxo =X fxo;

(v) if {gzn} C X is a non-decreasing sequence (w.r.t. =) with gz, — gz in g(X), then gz < g(gz) and
gxn X gz, for alln € N;

(vi) there exists a right-monotone simulation function ¢ such that for every (z,y) € X x X with gz < gy,
we have

¢(d(fz, fy),d(gz, gy)) > 0.

Then f and g have a coincidence point. Further, if f and g commute at their coincidence points, then f
and g have a common fized point.

Proof. Observe that
d(gz,gy) < M(f,g,2,y),

for all x,y € X. Since ( is a right-monotone simulation function, then

C(d(fz, fy),d(gz,gy)) > 0= ¢ (d(fz, fy), M(f,g,2,y)) > 0.

Therefore the result follows from Theorem [3.3] O
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Similarly, we can deduce the following results.

Corollary 4.4. Let f,g: X — X be two given mappings. Suppose that the following conditions hold:

(i) f(X) S g(X);
(ii) g(X) is closed;
(iii) f is g-non-decreasing;
(iv) there exists zog € X with gxo =X fxo;

(v) if {gzn} C X is a non-decreasing sequence (w.r.t. =) with gr, — gz in g(X), then gz < g(gz) and
gxn X gz, for alln € N;

(vi) there exists a right-monotone simulation function ¢ such that for every (z,y) € X x X with gz < gy,
we have

¢ (d(fz, fy), max{d(gx, fx),d(gy, fy)}) > 0.

Then f and g have a coincidence point. Further, if f and g commute at their coincidence points, then f
and g have a common fixed point.

Corollary 4.5. Let f,g: X — X be two given mappings. Suppose that the following conditions hold:

(i) f(X) Cg(X);

(i) g(X) is closed;

(iii) f is g-non-decreasing;

(iv) there exists zog € X with gxo =X fxo;

(v) if {gzn} C X is a non-decreasing sequence (w.r.t. <) with gx, — gz in g(X), then gz < g(gz) and
gxn X gz, for alln € N;

(vi) there exists a right-monotone simulation function ¢ such that for every (z,y) € X x X with gz = gy,
we have

C(d(fz, fy), max{d(gz, gy),d(gz, fr),d(gy, fy)}) > 0.

Then f and g have a coincidence point. Further, if f and g commute at their coincidence points, then f
and g have a common fized point.

Note that the above results (Corollaries and [4.5)) can be established independently for any
simulation function that is not necessarily right-monotone.
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Example 4.6. Let X = [0,00) be endowed with the metric d : X x X — R given by
0 if x =y,
d(z,y) = :
max{z,y} ifz#y.

Now, consider the usual order of real numbers and define the mappings f,g : X — X by fz = z and
gr = 2z, for all x € X. Clearly, by above definitions, conditions (i)-(v) of Corollary hold true, with
xg = 0. Next, let ( : X x X — R be given by

Then, we have

L2 W+ Doyt | v
y+1 y+1 y+17—

for every (z,y) € X x X, with x <y. Thus, by an application of Corollary we get that f and g have a
coincidence point, say z = 0. Also, since f and g commute at z, then f and g have a common fixed point.

C(d(fz, fy),d(gz, gy)) = 2y

5. Applications

In this section, as applications, we obtain some results in fixed point theory in partially ordered metric
spaces via specific choices of simulation functions.
Let (X,d) be a complete metric space. We suppose that the set X is endowed with a partial order <.

Corollary 5.1. Let f,g: X — X be two given mappings. Suppose that the following conditions hold:

(i) f(X) € g(X);
(ii) g(X) is closed;
(iii) f is g-non-decreasing;
(iv) there exists zg € X with gxo =X fxo;

(v) if {gzn} C X is a non-decreasing sequence (w.r.t. <) with gz, — gz in g(X), then gz < g(gz) and
gxn X gz, for alln € N;

(vi) there exists some k € (0,1) such that for every (z,y) € X x X with gr < gy, we have

d(gz, fy) + d(gy, fﬂf)}
5 .

d(fx, fy) < kmax {d<gx,gy>,d<gx7fx>,d<gy, 7o),

Then f and g have a coincidence point. Further, if f and g commute at their coincidence points, then f
and g have a common fixed point.

Proof. The result follows from Theorem by taking as simulation function
C(t,s) = ks —t,

for all t,s > 0. O
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Corollary 5.2. Let f,g: X — X be two given mappings. Suppose that the following conditions hold:

(i) f(X) S g(X);
(i1) g(X) is closed;
(iii) f is g-non-decreasing;
(iv) there exists zog € X with gxo =X fxo;

(v) if {gzn} C X is a non-decreasing sequence (w.r.t. <) with gx, — gz in g(X), then gz < g(gz) and
9Ty = gz, for all n € N;

(vi) there exists a lower semi-continuous function ¢ : [0,00) — [0,00) with ¢~1(0) = {0} such that for
every (z,y) € X x X with gx < gy, we have

d(fx7 fy) < max {d(gx, gy)7 d(g;c7 fw)7 d(gy’ fy), d(gx’ fy) + d(gy, fx) }

(gxz,fy) +d(gy, fv) }) ‘

- <max {d(gw, 9y),d(gz, fx),d(gy, fy), ¢ 5

Then f and g have a coincidence point. Further, if f and g commute at their coincidence points, then f
and g have a common fized point.

Proof. The result follows from Theorem [3.3] by taking as simulation function

Clt,5) = 5 — pls) 1,
for all t,s > 0. OJ

Corollary 5.3. Let f,g: X — X be two given mappings. Suppose that the following conditions hold:

(i) f(X)Cg(X);

(ii) g(X) is closed;

(iii) f is g-non-decreasing;

(iv) there exists xo € X with gro = fxo;

(v) if {9gzn} C X is a non-decreasing sequence (w.r.t. <) with gx, — gz in g(X), then gz < g(gz) and
gTy, = gz, for all n € N;

(vi) there exists a function ¢ : [0,00) — [0,1) with lim;_,+ ¢(t) < 1 for all > 0 such that for every
(z,y) € X x X with gx < gy, we have
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d(fz, fy) < ¢ <max {d(gx,gy), d(gz, fz),d(gy, fy), d(gz, fy) —;d(gy, fx) })

d(gz, fy) + d(gy, fz) }
. .

max {d(gx, gy)v d(g.ﬁlﬁ, fx)a d(gy7 fy)a

Then f and g have a coincidence point. Further, if f and g commute at their coincidence points, then
f and g have a common fized point.

Proof. The result follows from Theorem by taking as simulation function

C(tv 5) = 890(5) - t?
for all t,s > 0. O

Corollary 5.4. Let f,g: X — X be two given mappings. Suppose that the following conditions hold:

(i) f(X) S g(X);
(ii) g(X) is closed;
(iii) f is g-non-decreasing;
(iv) there exists xy € X with gro = fxo;

(v) if {gxn} C X is a non-decreasing sequence (w.r.t. <) with gz, — gz in g(X), then gz < g(gz) and
gy = gz, for alln € N;

(vi) there exists an upper semi-continuous function n : [0,00) — [0,00) with n(t) < t for allt > 0 and
1(0) = 0 such that for every (z,y) € X x X with gr < gy, we have

d(gz, fy) ;d(gy’ fz) }) :

d(fz, fy) <n <max {d@x, gy). d(gz, o), d(gy, fy).

Then f and g have a coincidence point. Further, if f and g commute at their coincidence points, then f
and g have a common fixed point.

Proof. The result follows from Theorem by taking as simulation function

¢(t,s) =n(s) —t,
for all t,s > 0. OJ

Corollary 5.5. Let f,g: X — X be two given mappings. Suppose that the following conditions hold:

(i) f(X) € g(X);
(i) g(X) is closed;

(iii) f is g-non-decreasing;
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(iv) there exists xo € X with gro = fxo;

(v) if {gzn} C X is a non-decreasing sequence (w.r.t. <) with gx, — gz in g(X), then gz < g(gz) and
9Ty = gz, for all n € N;

(vi) there exists a function ¢ : [0,00) — [0,00) with ¢ € L} [0,00) and

loc

3
/ o(u) du > e,
0
for every e > 0, such that for every (z,y) € X x X with gr < gy, we have

(97, fy) + d(gy, ffr)}
5 .

d(fx,fy) d
/0 $(u) du < max {d(g:r,gy), d(gz, fx),d(gy, fy),

Then f and g have a coincidence point. Further, if f and g commute at their coincidence points, then f
and g have a common fixed point.

Proof. The result follows from Theorem by taking as simulation function

Cts) =5 — /0 o(u) du,

for all t,s > 0. O
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