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1. Introduction

As is well known, the Euler polynomials of order (€ N) are defined by the generating function

( 2 )Tezt:iE,(f)(:n)Z, (see [TIH]). (1.1)

et +1

When z = 0, Eq(f) = ET(LT) (0) are called the higher-order Euler numbers.
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In particular, r = 1, E,, (z) = gV (x) are called ordinary Euler polynomials.
In [2, B], L. Carlitz considered the degenerate Euler polynomials which are given by the generating

function .

2 z

— ] a+ar =Y (1.2)
((1+>\t)§+1> Z A

When z = 0, 67(:2\ = 57(3\ (0) are called the higher-order degenerate Euler numbers.

In particular, for r = 1, &, \ = 57(11;\ (0) and &, (z) = 57(112\ () are respectively called the degenerate
Euler numbers and the degenerate Euler polynomials.

From (1.2]), we have

“gwm”:fZ)r : |

where (z | A),, =2z (x —A)---(z — (n — 1) A).
Thus, by , we get

n

e @) =>" <7> @A), &7 (n>0), (see [3,10,12)). (1.4)

=0

In [9, 11], Kim and Kim, and Kim developed some new methods for obtaining identities related to
Bernoulli numbers of the second kind and Frobenius-Euler polynomials of higher order arising from certain
non-linear differential equations.

For example,

min{n,N—1}

. N+1—3
(-~ Z (N—J)!(N—1)!HN—1,N—1—]'(71)]~17£L_;»r 7)
7=0
EDY NI (V- if0<n<N,
AT ) e Y (-, >N

where Hy o = 1, for all N(€ N),

1 1
Hyi1=Hy=1 —
N,1 N +2+ +N,

Hy 151 Hy-2j1 Hp ;1
N T TN-1 71
b¥) = the nth Bernoulli numbers of the second kind with order & (see [, [I1]).

n

HNJ': Hoyj_lzo (QSJSN),

The rising factorial sequence is defined as
(z), =x(z+1)--(x+n—1) Z]Slnl L (n>0), (1.5)

where |S1 (n,[)| are called the unsigned Stirling numbers of the first kind (see [IH9), T1H13]).

The purpose of this paper is to construct some new non-linear differential equations and investigate
the solutions of these non-linear differential equations. In addition, we give some new identities involving
degenerate Euler numbers and polynomials arising from those non-linear differential equations.
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2. Identities of degenerate Euler numbers and polynomials

Now, we construct the non-linear differential equations with the solution F () = ———.
(1) X +1

Let
1

(1+A)> +1

F=F({t)=F(t\ =

i

>

and
FN=—FxFx---xF, where NeN.

N —times

From (2.1), we note that

Thus, by ([2.3]), we get

From ({2.4)), we can derive

(2)_dF(1)
- dt
(=D
(1+ At)?

_ (_1)2)\ (_1) (_1) (_1)

_(1—i—/\t)2(F_F2)+(1+)\t){(1+)\t)(F_Fz)_2F<1+)\t(F_F2)>}

_ DAy Oy CUP2 g g

_(1+At)2(F F)+(1+)\t)2(F F)+(1+)\t)2(F F?)

_1)2
- (11)+(:\\;>r21) (F—F?) + (F* = F?),

F

(F-F?) + ( 1(4:1;75) (F(1> - 2FF<1>>

(—1)32!
(1+ At)?

dt

CACEDT2A+D) oy CDPOAHD) W

T (F=F)+ (14 At)? <F1 2FF>
(D22, g (-1’2
(1+ At)? (¥ F)+(1+)\t)2

(DR A+ o (FDP(A+1)2

B (14 At)° (F=F)+ (14 At)°
(—D*212 5 g (D23 o
ey O sy

_EDOEN@HY DT AT O (C1D3AH2)

(1+ At (1+ At)? (1+At)°

(-1°3!

+(1+At)3F'

(2FF<1> - 3F2F<1>>

(=1)* 212x
(1+ At)?

(1) 4 (52— 1)

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)
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Thus we are led to set

N N+1
FN) = HMNZ% (N, ( F', (NeN), (2.7)
where N
dVF d d
Ny 2 - — o x —
F TN (t) prital th(t).
N —times

To determine the coefficients a; (N, \) in (2.7)), we take the derivative of ([2.7)) with respect to ¢ as follows:

dFM) (NN R

PN+
dt (14 x)N !

a; (N, X\) (1)1 F?
= (2.8)

N N+1 '
1 A — Zal (N, ) (1)t p®,
+ At)
From and (| ., we have
NN R 1
FWNHD — EDTT AN T ai (N, A) (=1) L F?
(1+Xt) —

( 1)N+1 N+1

g 2o (N () (- P

(- H N+1 | |
BESY A {Z (ANa; (N, \) +ia; (N, \) (=1~ F

i=1
N2 (2.9)
+) @i (N (1) (i = 1) F }
i=2
=——>——{(ANaj; (N,\) +ay (N,\)F
(1 gyt (AN a ()
N+1 . .
+ > (ANa; (N, ) +ia; (N, M) + (i — 1) a1 (N, 1)) (1) F
i=2
Fan i1 (N ) (DN (N + 1) PV
By (2.7) and (2.9 , we easily get
(—1)N+1 N+1 N2
(1+At)N“{ (ANay (N, \) + a1 (N,A) F +ayet (N (~DY T (N + 1) F
N+1 .
+ ) (ANa; (N, A) +ia; (N, A) + (i = 1) ai—1 (N, \)) (- )HFZ} (2.10)
i=2
( 1)N+1 N+2 L
_mz%l\f—i-l)\)( ) .
By comparing the coefficients on both sides of , we get
al(N+1,)\):)\NGI(N,)\)+GI(N7)\) (211)

= (AN + 1) a1 (N, \),
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an+2 (N +1,0) = (N+1)ans1 (N, N), (2.12)
and
a; (N+1,A) = (AN +d)a; (N,A) + (i — 1) aj—1 (N, ), (2.13)
where 2 <3 < N + 1.
From (2.4)) and , we have
(1) 2 W _ (=1) 2
F—F)=F\"Y = 1L,LADEF — 1,\) F“). 2.14
e S @) (214)
Thus, by (2.14), we get
ap (I,\) =1, and ag(l,A) =1 (2.15)
From (2.11)) and (2.15)), we can derive the following identities:
ar (N+1,\) = (AN +1)ay (N, )
= (AN +1) (AN —1)+1)ay (N —1,))
=(AN+1)AN-=-1)+1) AN =2)+1)a; (N —2,))
- (2.16)
= AN+ 1DAN=1)+1)---(A+1)as (1,1
=(AN+1)AN-1)+1)---(A+1)-1
— ANJrl <]‘>
A N+1
and
aN42 (N+ 17)‘) = (N+ 1) aN+1 (Nv )‘)
=(N+1)Nay (N —1,))
: (2.17)
= (N+1)N(N—1)--2a5(1,\)
=(N+1).
We observe that
ai (17)‘) =1, a (27)‘) = (1+)‘)7 ai (37)‘) = (1+)‘) (1+2>‘)7
2.18
a1(N,)\)—(1+/\)(1+2)\)---(1+(N—1))\)—)\N<i> ) (2.18)
N
and
az (1, A) =1,a3(2,\) =2a4 (3,N) =3l,...,an+1 (N,\) = N (2.19)

That is, the matrix (a; (J, A))1<;<ni1,1<j<n 18 given by

N +1

N

1 (1+A) T+N1+2)) -

1!

X
2!

AN
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From ([2.13)), we have

az (N +1,)) = (AN +2)as (N, \) + a1 (N, \)
=N +2){A (N —-1)+2)ag (N —1,\)+a; (N —1,\)}+a; (N, N
=(AN+2)(A(N —=1)4+2)as (N —1,A) + (AN +2) a1 (N — 1, ) + a1 (N, \)
=a; (N,N) + (AN +2)a; (N = 1,A) + (AN +2) (A(N — 1) +2)a; (N —2,))
+ (AN +2) (A(N = 1) +2) (AN(N —2) +2)az (N —2,))

m1=1 =0
+AN+2) AN =1)4+2)---(A+2)-1 (2.20)
1 Nl 9 1
—)\N< ) + AT (+N—m1+1) )\le( )
A N T,;l A mi A N—mq

and

a3 (N +1,)) = (AN +3) az (N, A) + 2laz (N, \)
=2lag (N, A) + (AN +3) {(A(N —=1)+3)ag (N —1,\) +2a2 (N — 1, \)}
= 2lag (N, A\) + 2! (AN +3)az (N — 1, )
+ (AN +3)(A(N—=1)+3)az (N —1,))
= 2lag (N, A\) + 21 (AN +3)az (N — 1, )
+21(AN +3)(A(N —=1)+3)az (N —2,))
F+AN+3) AN =1)+3)(A(N —-2)+3)az (N —2,))

N-2 mo—1
= 2lag (N, \) + 2! Z ( H (ANN=1)+ 3)) ag (N —ma, \) (2.21)
ma=1 =0
L2 AN £3) (AN —1) +3)--- (3 +3) (2\ + 3)
N—-2 3
:2'QQ(N,)\)+2' Z)\mz <NTTL2+1+) CLQ(N*mQ,)\)
mo=1 )\ m2
+21AN4+3)(A(N—=1)+3)--- (BN +3) (2A + 3)
N-2 3
= 21 | m2 _ —_ _
2Nay (N,)\)+2.n§::l)\ <N mo + 1+ A>m2 as (N —mg, \)

+onN-1 (3 + 2)
A N—-1
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N-1
=20 ) am <N—m2+1+i> as (N —ma, \)

mo=0 m2

—1 N—mo—1

QIANIZ Z <N—m2+1+i>

mo=0 m1=0
<(vomem3), ()
— mo — M ~ Y .
A mq A N—mo—mi—1
From (2.13]), we note that

as (N +1,0) = (AN +4)as (N, X) +3az (N, A). (2.22)
Thus, by (2.21]) and (2.22)), we get
as (N +1,\) =3a3 (N, A) + (AN +4) {(AN(N—=1)+4)as (N —1,\) +3a3 (N —1,\)}
= 3a3 (N, \) + 3 (AN +4)az (N — 1,))
FON +4) V(N = 1) +4)ag (N —1,)
=3a3(N,A\) +3(AN +4) a3z (N —1,))
+F3AN+4) AN —=1)+4)az (N —2,A)
FAN+4HAN -1)+4) (AN —=2)+4)as (N —2,))

m2

N-3 /m3—1
=3a3 (N,A)+3 > (H ()\(N—l)+4)> a3 (N —ms, \)

=0
3L AN +4) (A (N —1) +4) - (3A +4)
N-3 4
=3a3 (N,\) +3 > A™ (A + N —ms+ 1) as (N — ms, \) (2.23)

maz=1

4
+3I\N-2 ( + 3)
)‘ N-2

—32»”3( +N - m3+1) az (N —ms, \)
m3

m30

ma=1

= 3! Z Am5< +N - m3+1)m AN —ms =2
3

m3=0

N—m3—2 N—m3—mo—2

X (Meomi-ma)

mo=0 mi1=0

2 1
X<N—m3—m2—m1—1+> () .
A mi A N—ms3—mao—mi—2

By (2.23]), we see that
N—2 N—m3—2 N—m3—mo—2

ar(N+1,0) =30V 3" 3" > (i+N—m3+1>

m3=0 mo=0 m1=0

m2

m3

X (N —m3 — mo + i) (224)
mo

2 1
><<N—m3—m2—m1—1—|—) < > .
A mi A N—ms3—mao—m1—2
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Continuing this process, we get

N—i4+2 N—m;_1—i+2 N—m;_q——ma—i+2

a; (N +1,0) = (i — HIANT+2 Y- > > <§\+N_mi—1+1)

m;—1=0 m;—2=0 m1=0

1 9
X(N—mi_l—mi_g—i—z ) (N_ml—l__ml_l+3+> (225)
)\ mi—o >\ mi

1
X\ < .
A N—m;_1—m;_g—-—m1—i+2

Therefore, by (2.7) and ([2.25)), we obtain the following theorem.

mi—1

Theorem 2.1. For N € N, let us consider the following non-linear differential equation with respect to t:

FN = 2 22 N7 g, (N,A) (=1 FY, (2.26)
(1+ )N ; '
where
N—i+1 N—m;_1—i+1 N—m;_1—-—ma—i+l .
7
ai (N,\) = (i — 1)IANV—itt Z Z Z <N_mi1+)\> |
m;—1=0 m;_2=0 m1=0 mi—1
1—1 . 2
XN —mj_1—mj_o—1+ o N—mjy_1——m1 —1+2+ —
A mi_2 A m1
<(3)
A N_mi—l_mi—Q_"'_ml_i'i‘l‘
Then F = F (t) = —L1— ‘is a solution of (2.26).

(1+>\t)x +1

ey _La¥ [ 2
2dtN \ (14 x0)% +1

RN - PR
24t — A
o (2.27)
1 mm—1)---(m—N+1) .«
= 5 § gm)\ t

Now, we observe that

m=N
1 tm
= 5 Zogm+N,)\m,
m=
Thus, by (2.27)), we get

= N 1 tm
(1+ AN FIN) = Z NN 5D Emava—
l 2 = m!

_1

2

=0

= Z (z (l) )MlgnHN,A) ot

n=0

(2.28)

where (z), =2z(x—1)---(x—n+1), (n>0).
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;1 2 2
F :7 —1 X...X —1
2\ (14 M)> +1 (14 X)X +1

i—times (229)

From (1.2), we have

1 ) "
- ? n,\

n=0

o0
OR
nl’

Therefore, by Theorem (2.28)), and (2.29)), we obtain the following theorem.
Theorem 2.2. Forn >0, N € N, we have

En: (7) () A'€n—tnn

=0

N+1 N—i+1 N—m;_1—i+1 N—mj_1—-—ma—i+l i
— E ('l‘—].)!AN774+1 E § E (N_mz—1+)\>
=1 m;_1=0 m;_2=0 m1=0 mi—1

,— 1
x(N—mil—miQ—l—l—Z >
mi_1

A
X <N—mz‘—1—mi—2—-“—m1—i+2+2) (1)
A m1 )\ N—m;_1——m1—i+1
i-1 1 i
where (x), =x(x—1) - (r —n+1).
Let .
Ft))= ——. (2.30)
(IT+X)x —1
Then, by , we get
Py _ dF _ (=) (140
- - 2
dt (1 + )\t) ((1 + )\t)% — 1) (2.31)
_ (=1 2
DY (F+ 7).
(1) —1)2 _
2 — dF = (=1 )\2 (F+F2) + (=1 (F(l) —|—2FF(1))
dt (14 \t) 1+ Mt (232
D2+ L (CDPA+3) L, (C1)%2 .
- 5 F 5 I 3
(14 At) (14 At) (14 At)
and
dFQ®)
F(3) _
dt
1P A1) (2N +1 ~1D@A+T) (A +1
_ (=D )(3 ) p 4 D )3( ) g2 (2.33)
(14 At) (1+ At)

(=1)%*3!(A+2) 5 (-1)*3! ,
(14 At)? F +(1+>\t)3F'
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So we are led to put

N i
i=1
Thus, by (2.34]), we get
vy _ AF
dt
N+1
(—)NEAN
BEESUAER =R
i=1
( I)N N+1 ()
1—1 1
T 2 Zaz (N, A)iF" ™ F (2.35)

( 1)N+1 N+1
o Z (AN +4)a; (N,\) F

B
( 1)N+1 N+2
B ai—1 (N,A) (i —1 Ft.
(1+At)N“; N (=)
From (2.34)) and ([2.35)), we note that
(N+1) (=)™t N2
N+1 ‘
+ 37 (N + ) (N, ) + (= 1) @i (V, A))FZ} (2.36)
i=2
( 1)N+1 N+2
= — az (N+1,\N)F
By comparing the coefficients on the both sides of ( m, we get
al (N—l-l,)\) = ()\N+1)a1 (N,)\), aN+2 (N—i-l,)\): (N+1)aN+]_ (N,)\), (237)
and
(AN +i)a; (N, + (i —1)ai—1 (N, =a; (N+1,)), (2<i<N-+1). (2.38)

Also, we observe that

Fo = 5D {all)\)F+a2(1)\) 21

1(+1A)t (2.39)
= F+F?%).
Ton (FHE)
Thus, from (2.39), we get
ap (I,\)=1, and az(l,\) =1 (2.40)

Therefore the relations in (2.37)), (2.38]), and (2.40]) are the same as the ones in (2.11)), (2.12), (2.13]), and
(2.15). Hence, from ([2.25]), we obtain the following theorem.

Theorem 2.3. For N € N, the following non-linear differential equation

GIMIE -

FON) — — g a; (N )\) F (2.41)
(1 + )\t) =1

has the solution F = F (t) = ———, where
(I+X) X -1
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N—i+1 N—-m;_1—i+1 N—m;_1—-—ma—i+1

(N = @=DWHE 0y 2. Cv—m41+i>ml

m;_1=0 m;—2=0 m1=0 i

1—1 ) 2

X N—mi_l—mi_g—l—f- )\ N—mi_l—---—ml—z+2+x
mi—2 mi

<1>
X | — .
A N—m;_1—mj_g——mi—i+l

For r € N, the degenerate Bernoulli polynomials of order r are defined by Carlitz as

’I’L

(uﬂkq>1ﬂﬂ Z&A—;mmu (2.42)

When z =0, Bn A= ﬂ(r) (0) are called the degenerate higher-order Bernoulli numbers. In particular, r = 1,

Br = B ;\ are called the degenerate Bernoulli numbers. Note that £y y = 1.
We observe that

F=F()=—
(1+)\t)X —1
1
Zﬁm . Zﬁn/\ (2.43)
5n+1)\t
_Z n+1 n'

n=0
Thus, by (2.43]), we get

F(N 1) del 1
1
AN (14 a)x 1

- _
pn-N+1 _yN-1
= > inff m—N+D) " ( tzV (V-1 (2.44)
n=N-1 ’
ﬁn+N)\t 1 N-1
— 1 N — 1)L
mem S DYV )
From (2.44]), we have
o0
tn+1
NpWN-1) Fn1x V(v — 1)
n§1n+1(”_N+l)!+< ) ( )

(2.45)

Replacing N by N + 1, we get

tn

R (—D)N NI+ a0

n=N-+1

[e%s) n—N-—1 n
-y (Z A(J%_l; (n—l)-~~(n—l—N)>Z! (2.46)

n=N-+1 =0
N m

+ (DY NI (V) A=

n!’
n=0 ’
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where (z), =z (z—1)---(z —n+1).
From Theorem [2.3] we have

N+1
(1 4+ M)V NN — ()N N7 g (N, ) PV
j=1
N+1 ; J
— (DY Y a4 (V) —
j=1 (1 + /\15)X -1
- S gV
N j +1—j
= (DY Janp (NP DY BT o (2.47)
7=0 m=0
N oo [ min{n,N} n T .
—J
=YD e (00 T
00 Nmm{n,N} (N+1—5) m
=2 AEDY Y0 anp (NN =1) - (n—j + 1) BT 5
n=0 7=0
Therefore, by (2.46) and (2.47)), we obtain the following theorem.
Theorem 2.4. Forn > 0, we have
Nrnin{n,N} N1
DY D anvp (NN n(n=1) - (n—j+1)8, 05
§=0
DY NN, A if0<n<N,
A TN R (= 1) (== N) ifn> N+,
where
. N—i+1 N—m;_1—i+1 N—m;_1——ma—i+1 ;
a;i (N, M) = (i — DAV HL Y- > > (N —mi—1+ A)
m;—1=0 m;—o=0 m1=0 mi—1
i—1 ) 2
X<N_mi1_mi2—1+ h\ > "‘<N—mi1_“'_m1—l+2+)\>
mi—2 mi
(3)
A N-mj_1—m;_o——mi—i+l
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