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Abstract

The purpose of this paper is to investigate the properties of some Ciri¢ type generalized contractions defined
on cyclic representations in a metric space. (©2015 All rights reserved.
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1. Introduction

One of the consistent generalizations of the Banach Contraction Principle was given in 2003 by Kirk,
Srinivasan and Veeramani [2], using the concept of cyclic operator. More precisely, they proved the following
result.

Theorem 1.1 ([2]). Let {A;}", be nonempty subsets of a complete metric space and suppose f : U A; —
i=1

U A; satisfies the following conditions (where A1 = Aq):
i=1

(l) f(Az) Q Ai—i—l fO?" 1 S 7 S m;y

(i) d(f(2), f(y)) < ¥(d(z,y)), Vo € A;, Yy € Aijr, for 1 < i < m, where ¢ : Ry — Ry is upper

semi-continuous from the right and satisfies 0 < p(t) <t for all t > 0.
Then f has a unique fized point.

Our results generalize some similar theorems regarding Banach, Kannan, Bianchini, Reich, Sehgal, Chat-
terjea and Zamfirescu type operators (see [5], [6]), in the case of a cyclic condition (see [4]). Also, the main
result is a generalization of Theorem 2.1 given by Pacurar and Rus in [3].

Email address: amagdas@yahoo.com (Adrian Magdasg)
Received 2015-3-15



A. Magdas, J. Nonlinear Sci. Appl. 8 (2015), 1257-1264 1258

2. Preliminaries

We present here some notions and results which will be used in our main section.
There are several conditions upon comparison functions that have been considered in literature. In order

to study the convergence of the Picard iteration {z,},>0 defined by
Tn = f(Xp-1), n>1 (2.1)

in this paper we shall refer to:

Definition 2.1 ([I0]). A function ¢ : Ry — Ry is called a comparison function if it satisfies:
(i)p ¢ is increasing;
(i) {¢™(t)}nen converges to 0 as n — oo, for all t € R.

If the condition (ii), is replaced by:
(iii)y Z ©"(t) < oo, for any t > 0,
k=0

then ¢ is called a strong comparison function.

Lemma 2.2 ([9]). If ¢ : Ry — Ry is a comparison function, then the following hold:

(i) @(t) <t, for any t > 0;
(i) ¢(0) = 0;

(iii) ¢ is continuous at 0.

Lemma 2.3 ([3], [I0]). If ¢ : Ry — Ry is a strong comparison function, then the following hold:

(i) ¢ is a comparison function;
(i) the function s : Ry — Ry, defined by

s(t) =Y &F(t), t e Ry, (2.2)

k=0

is increasing and continuous at 0;
o0

(iii) there exist ko € N, a € (0,1) and a convergent series of nonnegative terms ka such that
k=1

O TL(t) < a@®(t) + vy, for k> ko and any t € Ry

Remark 2.4. Some authors use the notion of (c)-comparison function defined by the conditions (i) and (iii)

from Lemma Actually, the concept of (c¢)-comparison function coincides with that of strong comparison
function.

Example 2.5. (1) ¢ : Ry — Ry, ¢(t) = at, where a € [0, 1], is a strong comparison function.

t
(2) p:Ry = Ry, o(t) = 1 is a comparison function, but is not a strong comparison function.

t
57 te [07 1] . . .

(3) ¢ : Ry = Ry, o(t) = 1 is a strong comparison function.
t—=, t>1

2

1]

(4) ¢ : Ry = Ry, @(t) =at + 5 where a € ]0, %[ is a strong comparison function.
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For more considerations on comparison functions see [7], [9] and the references therein.

Now, let (X,d) be a metric space. P(X) denotes the collection of nonempty subsets of X, and P (X)
denotes the collection of nonempty and closed subsets of X. We recall the following notion, introduced in
[8], suggested by the considerations in [2].

Definition 2.6. Let X be a nonempty set, m a positive integer and f : X — X an operator. By definition,
m
U Aj; is a cyclic representation of X with respect to f if

=1

(i) X =J A with 4; € P(X), for 1 <i <m;
i=1
(il) f(A;) C Ajyq, for 1 <i < m, where A;,11 = Aj.

3. Main results
We start this section by presenting the notion of cyclic ¢-contraction of Ciri¢ type.

Definition 3.1. Let (X,d) be a metric space, m a positive integer, Ai,..., A, € Py(X), Y € P(X) and
f:Y — Y an operator. If

m
(i) U A; is a cyclic representation of Y with respect to f;
i=1
(ii) there exists a strong comparison function ¢ : R — Ry such that

A5@), 506 < { (). e, S @) ). S0 5ldCo S ) + dly )]}

for any x € A;, y € Ajy1, where A1 = A;,
then f is said to be a cyclic p-contraction of Ciri¢ type.

The main result of this paper is the following.

Theorem 3.2. Let (X,d) be a complete metric space, m be a positive integer, Ai,...,An € Py(X),
Y € P(X), ¢ : Ry — Ry be a strong comparison function, and f :' Y — Y be an operator. Assume
that f is a cyclic p-contraction of Cirié type.

Then:

m
(1) f has a unique fized point x* € ﬂ A; and the Picard iteration {x,}n>0 given by (2.1) converges to x*
=1
for any starting point xqg € Y;

(2) the following estimates hold:
d(xn, %) < s("(d(20,71))), n = 1;

d(zp, %) < s(d(zp, Tnt1)), n > 1;
(3) for any x €Y, d(z,z*) < s(d(z, f(z))), where s is given by ([2.2) in Lemmal[2.53;

[e.e]
(4) Z d(xn, Tnt1) < 00, i.e. [ is a good Picard operator;

n=0

oo
(5) Zd(wn,x*) < 00, t.e. fis a special Picard operator.
n=0
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Proof. (1) Let 9 € Y, and x,, = f(xp—1), for n > 1. Then we have

5 o) f o) <o (mx {10, i), s, | ) (3.

Using the triangle inequality,

1 1
§d(xn—1) xn—&—l) < Q[d(xn 1, xn) + d(ﬂ?n, $n+1)] < max{d(xn—lu xn)’ d(xn’ In—l—l)}
so (3.1)) becomes
d(Tp, Tni1) < p(max{d(zn—1,Zn), d(Tn, Tny1)})-

Supposing that there exists p € N, p > 1, such that d(zp—1,2p) < d(zp, 2p+1), and taking into consideration

that ¢ is a comparison function, from (3.1]) we obtain
d(@p, Tpt1) < @(d(2p, Tp11)) < d(Tp, Tpt1),

which is a contradiction.
It follows that d(x,—1,zyn) > d(xn, Tpt1), for any n > 1, thus (3.1) becomes

d(@n, 2pt1) < @(d(@p-1,2n)). (32)
Using the monotonicity of ¢, we get
d(l‘n, IL‘n+1) < @n(d(an ZL‘1)), (33)
whence, for p > 1,
A(n, Tasp) < @(d(w0,71)) + " (Ao, 1)) + ... + " (d(wo, 21)). (3.4)
Denoting S, := Z " (d(xg, 1)), we obtain
k=0
(3.5)

d(.Tn, SCner) < Snerfl —Sp-1-

As p is a strong comparison function,
(o)

k(d
ZSO (z0,21)) < 00,

so there exists S € Ry such that lim S, = S.
n—oo
By . d(xp, Tn+p) — 0 as n — oo, which means that {z,},>0 is a Cauchy sequence in the complete

subspace Y, so it is convergent to some p € Y.
The sequence {z,},>0 has an infinite number of terms in each A;, i = 1, m, therefore from each A; we

can extract a subsequence of {x, },>0 which converges to p = lim =z,
- n—o0

m
Because A; are closed, it follows p € ﬂ A;, so ﬂ A; # (). We consider the restriction

=1 =1

m m
7l n (A= 4
it i=1 i=1

m
m A; is also complete. Using Theorem 1.5.1 from | f‘ has a unique fixed point z*, which can be

i=1
obtained by means of the Picard iteration starting from any 1n1t1al point.
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We still have to prove that the Picard iteration converges to x* for any initial guess x € Y. Note that

1

i, a”) = o). ) e, o). dons i) e S0, o, Sl )]

If we denote a,, = d(zy,2*) for all n € N, the above relation becomes
1
ap+1 < @ (max {an, d(xn, Tnt1), 0, i(an + an+1)}> .

1
Using the fact that i(an + ap+1) < max{ay, any1}, we get

An+1 < Sp(max{anv Gnp+1, d(ﬂ?n, :En+1)})'

But max{an,ant+1,d(zn, Tn+1)} # ant1, otherwise we would have an+1 < @(ap41), contradicting the as-
sumption that ¢(t) < ¢, for any ¢ > 0. Consequently,

ant+1 < p(max{an, d(zp, xny1)}), for any n € N. (3.6)

The following cases need to be analysed:
a) There exists a positive integer k such that ax < d(zg, zr11).
For n = k, inequality (3.6 becomes

ak1 < @(d(@k, Thy1))-
For n =k + 1, using (3.2)), inequality (3.6 becomes

apt2 < p(max{ap i1, d(Tp1, Tei2)}) < p(max{agi1, o(d(@g, 541))}) < @*(d( Tk, Tpt1))-

By induction, we obtain
ak+p < P (d(Th; Tpg1)) (3.7)

and by letting p — oo, the sequence {ay, },>0 converges to 0.
b) For any n € N*, a,, > d(zp, xn+1). The inequality (3.6)) becomes

ani1 < play), for any n € N,

so an < ¢"(ap), which implies again that a,, — 0, as n — co.
(2) By letting p — oo in ([3.4)), we obtain the a priori estimate

d(xp, ") < s(¢"(d(z0,21))), for any n > 1.

Using (3.2) and the monotonicity of ¢, we have

p—1
d(xny xn—i—p) < d(xn’ xn—}—l) + d(xn—f—l) xn+2) + ...+ d(xn-l—p—la xn-i—p) < Z @k(d(l'na xn-{—l))u
k=0

and letting p — oo,
o
d(zn, 2*) <Y " (d(2n, 2n11)), n > 0. (3.8)
k=0
Considering the definition of s, this yields the a posteriori estimate

d(xp, ") < s(d(xn, Tnt1)), for any n > 1.
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(3) Let z € Y. From (3.8)), for xg := = we have:
d(z,a*) <> F(d(=, f(2))).
k=0
(4) Using the inequality (3.3)),
D d(wn, wi1) <Y @"(d(wo, 21)) = s(d(x0,21)) < 0.
n=0 n=0

(5) We use the inequality (3.6)), i.e.

ant1 < p(max{an, d(@n, Tnt1)}),

for any n € N, where a,, 1= d(zp,2z*). We need to discuss two cases.
a) If there exists k € N such that ap < d(xg, xg4+1), then the inequality (3.7)), i.e.

atp < QP (d(Tg, Tp11))

holds for any p € N. Then

SO
o0
Zd(:nn,:n*) < 0.
n=0
b) If ay, > d(xp, Tp41) for any n € N, then (3.6]) becomes
Ap41 < (P(an)v for any n < N

which implies a,, < ¢"(ap). Then
o0 [e.9]
Y oan <) ¢"(ag) < o
n=0 n=0

so again
o0
Zd(azn,x*) < 0.
n=0
O

Theorem 3.3. Let f: Y — Y be as in Theorem[3.3 Then the fized point problem for f is well posed, that
is, assuming there exist z, € Y, n € N such that

d(zn, f(zn)) = 0 as n — oo,

this implies that
zn — 5 as n — oo,

where Fy = {x*}.
Proof. Using the inequality d(x,z*) < s(d(z, f(x))) from Theorem for x := z,, we have:
d(ZTMx*) S S(d(znv f(zn)))’ n e N7

and letting n — oo we obtain
d(zp,x*) = 0, n — oo.
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Theorem 3.4. Let f:Y — Y be as in Theorem and g :Y —'Y be such that:

(i) g has at least one fized point xy € Fy;
(ii) there exists n > 0 such that
d(f(z),g(z)) <n, for any z €Y.

Then d(z},xy) < s(n), where Fy = {x}} and s is defined in Lemma .

Proof. By letting x := x in the inequality d(z,2*) < s(d(z, f(x))), we have

d(@}, xg) < s(d(zy, f(xy))) = s(d(g(zg), f(xy)))-
Using the monotonicity of s we obtain d(z},z7) < s(n). O

Theorem 3.5. Let f:Y — Y be as in Theorem[3.3 and f,:Y — Y, n € N, be such that:
(i) for each n € N there exists x}, € Fy,;
(ii) {fu}n>0 converges uniformly to f.

Then x3, — x* as n — oo, where Fy = {z*}.

Proof. As {fn}n>0 converges uniformly to f, there exists 1, € Ry, n € N, such that n, — 0 as n — oo, and

d(fu(2), f(x)) < 1, for any z € Y.
Using Theorem [3.4] for g := f,,, n € N, we have

d(wh,a*) < s(n), n € N,
By letting n — oo above, we get d(x,,x*) — 0. O

The following theorem is a Maia type result regarding Ciri¢ type generalized contractions defined on
cyclic representations.

Theorem 3.6. Let X be a nonempty set, d and p be two metrics on X, m be a positive integer, Ay, ..., Am €
Py(X),Y e P(X)and f:Y =Y be an operator. Suppose that:

(i) there exists ¢ > 0 such that d(z,y) < c- p(z,y), for any z,y € Y;
(ii)
(iii)

)

(iv

(Y,d) is a complete metric space;
f:(Y,d) = (Y,d) is continuous;
f:,p

m
Then f has a unique fived point x* € ﬂ A; and the Picard iteration {zy}n>0 given by (2.1) converges
i=1

) — (Y, p) is a cyclic p-contraction of Cirié type.

to x* for any starting point xg € Y.

Proof. By the same reasoning as in Theorem using condition (iv), we obtain that {z,},en is a Cauchy
sequence in (X, p).

Using condition (i) it follows that it is Cauchy in (X, d) as well.

By (ii) and (iii) it is easy to prove that {z,},en converges in (X, d) to the unique fixed point of f. [

Remark 3.7. It is an open problem to find conditions under which the operator f : Y — Y defined as in
Theorem has the limit shadowing property, that is, assuming that there exist z, € Y, n € N, such that
d(zn41, f(2n)) — 0 as n — oo, it follows that there exists x € Y such that

d(zn, f"(z)) = 0 as n — oo.
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