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Abstract

The sequence spaces rf and 7f;, more general and comprehensive than the almost convergent sequence spaces
f and fo, were introduced by Zararsiz and Sengoniil in [Z. Zararsiz, M. Sengoniil, Doctoral Thesis, Nevsehir,
(2015)]. The purpose of the present paper is to study the sequence spaces brf and brf, that is, the sets of all
sequences such that their Z(r, s) transforms are in rf and 7f, respectively. Furthermore, we determine the
(- and - duals of brf, we show that there exists a linear isomorphic mapping between the spaces rf and brf,
and between rf, and brfy respectively, and provide some matrix characterizations of these spaces. Finally,
we introduce the Brg — core of a complex valued sequence and prove some theorems related to this new
type of core. (©2016 All rights reserved.

Keywords: Almost convergence, - and y-duals, matrix domain of a sequence space, isomorphism, core
theorem.
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1. Preliminaries, background and notations

There exist various ways of constructing new spaces from a given sequence space. One of them concerns
the convergence fields of any infinite matrix. Using this method, many sequence spaces have been constructed
(see, e.g., [1I-[], [6)-[10], [13],[15], [17]-[24], [28]-[34], [37]). Another way to obtain a new space is by using
standard techniques. Spaces constructed by means of these techniques are called base spaces. For example,
loo,c,co, Uy, f and fo, i.e. the spaces of bounded, convergent, null, absolutely p summable (1 < p < c0),
almost convergent and almost null convergent sequences of complex numbers respectively, are considered as
base spaces. Zararsiz and Sengoniil ([39]) have constructed a new base sequence space called the space of rf
- convergent sequences and investigated some of its important properties.
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In the present paper, by using matrix domains, we define the spaces of brf - convergent and null brf -
convergent sequences. In order to explain this concept, we provide some necessary notations and definitions.

o0
For brevity in notation, through all the text we will write >, sup, limsup and lim instead of ), sup,
n n n n n=0 neN

limsup and lim , where N = {0, 1,2, ...}. Furthermore, we denote by R and C the set of real and complex
n—o00 n—0o0

numbers, respectively. The set of all real and complex valued sequences, which is denoted in the following
by w, is a linear space with the addition and scalar multiplication of sequences. Each linear subspace of w
is called a sequence space. We will use the notations bs and cs for the spaces of all bounded and convergent
series, respectively.

Let A and p be two sequence spaces and A = (anx) be an infinite matrix of real or complex numbers
ank, where n, k € N. Then, we say that A defines a matrix mapping from A to u, denoted A € (A : u), if for
every sequence x = (x) in A, the sequence Ax = ((Ax),), called the A-transform of z, is in p. The domain
A4 of an infinite matrix A in a sequence space A is defined by

A ={x=(z) e w: Ax € \}, (1.1)
which is a sequence space. If we take A = ¢, then cy4 is called the convergence domain of A. We write the
o0

limit of Az as A—li7£n Ty = li}ln > apgry, and A is called regular if lim Az = lim z for every x € ¢. A = (aui)
is said to be a triangle matrix il% a(,)nk =0 for k£ > n and a,, # 0 for all n € N. If A is a triangle matrix, then
one can easily see that the sequence spaces Ag and A are linearly isomorphic, i.e. A4 = A. A sequence space
A with a linear topology is called a K- space provided each of the maps p; : A — C defined by p;(z) = z;
is continuous for all 7 € N. If X is a complete linear metric space then it is called an F K- space. Any F K-
space whose topology is normable is called a BK- space [12]. If a normed sequence space A has a sequence

(bn) with the property that for every x € X there exists a unique sequence of scalars (ay) such that
lim Hx — (aobo +aib1 +-- -+ anbn)H =0
n—oo

then (by) is called a Schauder basis for A.
Next we recall some particular some triangle and regular matrices which we will need in the following.
The Cesaro matrix of order one is the lower triangular matrix C' = (¢,) defined by

1
eop = 4 i1 Osksm,
0, k>n

for all n, k € N.
The Riesz matrix R = (r,) is defined by

Ik 0<k<n
T'nk = B ? - =
0, k>n

n
for all n,k € N, where () is a real sequence with rg > 0, rp > 0 and R, = )_ rg. It is known that the
k=0
Riesz matrix R is regular if and only if R,, — oo as n — oo [32].

Now, let r, s be non-zero real numbers and define the generalized difference matrix Z(r, s) = (bur(r, s))
by
r, k=n,
buk(r,s) =< s, k=n-—1, (k,n € N). (1.2)
0, 0<k<n—-lork>n

One can determine by a straightforward calculation that the inverse 21 (r, s) = (bui(r, s)) of the generalized
difference matrix is given by

1 s\n—k

. 1(_s 0<k<

bui(r,s) =4 " ( ’”) ’ =R= (k,n € N).
0, k> n,
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The aim of the present paper is to introduce the space brf and to investigate some of its properties.

The outline of the paper is as follows. In Section 2, we present the concepts of almost convergence
and space of almost convergent and almost null sequences. Section 3 is devoted to the spaces brf and brf;.
Additionally, we define the T- convergent and null T- convergent sequence spaces and give some properties
of the spaces brfand brfy. In Section 4, we determine the 8- and y-duals of brf. In Section 5, we characterize
some matrix mappings from brf to any given sequence space p and vice versa via the dual summability
methods. In the final section, we introduce the Bry — core of a complex valued sequence and obtain some
theorems related to this new type of core.

2. The space of almost convergent sequences

We recall some required definitions and results from the paper [26] of Lorentz. The shift operator S
on /s is defined by (Sz), = x,41 for all n € N. A Banach limit L is a non-negative linear functional
on ls satisfying L(Sz) = L(z) and L(e) = 1 where e = (1,1,1,...). A bounded sequence is called almost

convergent to the generalized limit a if all Banach limits of the sequence x are equal to a. This is denoted by
(Zn+Tnt1+ +Tnip—1)
p

P
in n. By f and fy we denote the space of all almost convergent and almost null sequences respectively, i.e.

f—limz = a. It was shown in [26] that f — limz = a if and only if lim = a, uniformly

[ = {:c = (z) € loo : Ja € C > lim E xnikl = a, uniformly in n} )
m m
k=0

and

m—+1

fo= {LIT = (xg) € U : limz Tntk _ 0, uniformly in n} .
k=0

In the aforementioned paper, Lorentz obtained the necessary and sufficient conditions for an infinite matrix
to contain f in its convergence domain. These conditions are standard Silverman Toeplitz conditions for
regularity, plus the requirement that

(o]
h;LnZ |ng — Gnpy1] = 0. (2.1)
k=0

A matrix U is called a generalized Cesaro matrixz if it is obtained from the matrix C' by shifting rows.
Let 0 : N — N. Then U = (uy) is defined by

w = n%rl, 6(n) S.k <#0(n)+n,
0, otherwise

for all n, k € N.

Let us denote by G the set of all such matrices obtained by using all possible functions 6. This set can
be used to characterize the space f, as shown by the next lemma given by Butkovic, Kraljevic and Sarapa
in [16].

Lemma 2.1 ([16]). The set f of all almost convergent sequences is equal to the set Nyegcy.

3. The sequence spaces brf and brf

In this section, we introduce the sequence spaces brfand brf, derived by the domain of the matrix %(r, s).
Also, we determine an isomorphism between the spaces brf and rf, and between brf, and rf,.

As seen above, almost convergence can be defined as the intersection of convergence field of a matrix
that is obtained by displacement of the lines of the first-order Cesaro matrix. Let v € N and x = (z) € (.
Let us define the matrix S = (s}, as follows:

v 1, n+v=k,
S =
nk 0, otherwise.
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Using S, we construct (S%z) = (S%z, S'z, Sz, ..., Sz, ...), the sequence of shifted transforms of z. Thus,
almost convergence has the same meaning as the convergence of first-order Cesaro average of the shifted
transform sequence (Sz) = (S%x, Sz, S%z, ..., SVx, ...) to a fixed sequence for each v. We can now generalize
f and fy by considering the following sequence spaces called the sets of all T-convergent and null T-convergent
sequences, respectively:

fr= {x €l : lilgn[T(S”x)]k =(eC,v=0,1,2, } ,

fTO = {.I‘ S goo : 11}£n[T(SU«T)]k = 077) = 07 1727 } :

By considering 7' = R = (ry) in the definition of the sets fr and fr,, we obtain the concepts of rf -
convergent and null rf - convergent sequence spaces introduced by Zararsiz and Sengoniil in [39], namely

1 m
rf=<x=(z}) € loo : lim — Zrkxk+n = a, uniformly in n p, (3.1)
m T k=0
and
m
fo=<x=(zx) €/ 'liminx = 0, uniformly in n (3.2)
TJo k Oo-mRmeOk‘k—‘rn ) . .

Since the spaces rf and rf; are not obtained by the convergence field of an infinite matrix, these spaces can
be seen as base spaces. In addition to rf and 7fy, we define two new types of spaces of convergent sequences,
brf and brfy, as the sets of all sequences such that their %(r, s)- transforms are in the spaces rf and rf,
respectively, that is,

brf = {a: = (z) €Ew: limz Ig—k[skarn_l + rZyn] = a € C, uniformly in n} )
k=0

and

m
brfp =< x = (x) €Ew: limz T—k[sxk+n,1 + 7)) = 0, uniformly in n p .
" =0 R

Using the notation from (|1.1), we can redefine the spaces brf and brf, as

brf= (Tf)%(r,s) and beO = (TfO)gg(“S)'

It is clear that brfand brf, are not base spaces. Now, let us define the sequence y = (yj) as the AB(r, s)-
transform of a sequence x = (zy), i.e.,

Yk = sTr—1 + 1z, (ke€N). (3.3)

We should emphasize here that the sequence spaces 7f and rf; can be reduced to the classical almost
convergent sequence spaces of real numbers f and fy respectively if we set r, = 1 for all £ € N. Thus, the
properties and results related to the sequence spaces rf and rf; are more general than the corresponding
implications regarding f and fo.

Lorentz ([26]) proved that if the regular matrix method A has the property , then f and rf are
equivalent. However, if lim R,, is not equal to oo, then the Riesz matrix R is not a Toeplitz matrix.

n
Therefore, in general, the spaces rf and rf, are different from the spaces f and fo.

Lemma 3.1 ([39]). The sets rf and rfy are Banach spaces with the norm

1 m
TkTk+n
R Z
M k=0

, uniformly in n. (3.4)

/]y = llll,y, = sup
m
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Corollary 3.2 ([39]). The space rf has no Schauder basis.

Theorem 3.3. The sets brf and brfy are linear spaces with the co-ordinatewise addition and scalar multip-
lication. Additionally, they are BK - spaces with the norm defined by

m

1 . .
2l orf, = l|||ors = sup yon Z Tk[SThin—1 + TTkinl|, uniformly in n. (3.5)
™ k=0

Proof. The first part of the theorem is clear so we will only prove the second claim. Since (3.3) holds, rf
and rf, are Banach spaces (see Lemma and the matrix Z(r, s) is normal, Theorem 4.3.3 of Wilansky
[38] ensures that brf and brf, are BK- spaces. O

Theorem 3.4. The sequence spaces rf and rfy are isometrically isomorphic to the spaces brf and brf;,
respectively, that is, vf = brf and rfy = brf,.

Proof. To avoid the repetition of similar statements, we give the proof only for the spaces rf and brf. In
order to prove the fact that rf = brf, we should show the existence of a linear bijection between these spaces.
Consider the transformation 7' defined using the notation of , from brf to rf, by x — y = Tx. The
linearity of T is clear. Furthermore, it is trivial that = equals 6 = (0,0, ...) whenever Tx = 6 and hence T is
injective.

Let y = (yr) € rf and define the sequence x = (zy) by

k .
v = (@)= (@ =3+ (-2) e
j=0
for all £k € N. Then it is easy to see that
k=1
STp—1 + rTg ]:0; (—;) Yk—j— 1+jz(:)(—r> Yk—j = Yk
for all £ € N, which means that
1 & 1 &
lﬁn o kg ($Tkan—1 + TThin) = hm o kzgrkyk+n = brf — limyg, uniformly in n.

Thus, z = (x) € brf. Consequently, it is clear that T is surjective. Now, we show that 7" is norm preserving,
which will imply that the spaces brf and rf are isometrically isomorphic as desired:

1

R Tk [5$k+n—1 + mk+n]
m

| brf = sup
m

m
k=0
1 & shL s\ b s\J
= Sup |- Zﬁc - (—*> Yktn—j—1+ <—*> Yk+n—j
m | Rm r r , r
k=0 7=0 7=0
1 m
= SUp | 5 > rktn| = [yl
This concludes the proof. O

It is known that a set A C w is said to be convex if z,y € X implies M = {z cw:z =1tz + (1 —1t)y,0 <
t <1} C A. In the case of the spaces 7f, rfy, brf and brf, we have
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Theorem 3.5. The sets rf, rfy, brf and brfy are convex spaces.

Proof. The proof of the theorem is clear from the definition of convexity. O

The matrix domain A4 of a sequence space A has a basis if and only if A has a basis and A = (a,;) is a
triangle matrix. Thus, by Corollary [3.2] we obtain

Corollary 3.6. The space brf has no Schauder basis.

4. Duals

In this section, by using the techniques in [5], we state and prove the theorems determining the 5- and
v-duals of the spaces brf, and brf.
For the sequence spaces A and p, define the set S(\, 1) by

S\ p) =1{2=(2k) Ew:zz = (x)2k) € p for all x = (zy) € A\}. (4.1)

If we take p = ¢ then the set S(A, (1) is called the a-dual of A\, and similarly the sets S(A, cs), S(A, bs) are
called 8- and 7-dual of A and denoted by A\? and A7, respectively.
The following results will be used in the computation of the 8- dual of the sets brf and brf;.

Lemma 4.1 ([39)). Let A = (ank) be an infinite matriz. Then A € (1f: ls) if and only if

sup g lank| < oco. (4.2)
n
k

Proposition 4.2 ([39]). Let A = (ank) be an infinite matriz. Then A € (rf: ¢) if and only if

lirrln Z ank = a, (4.3)
k

lima,, = ar (k€ N), (4.4)
and
lim >~ |A(ank — ax)| = 0. (4.5)
k
Lemma 4.3 ([39]). Let A = (ank) be an infinite matriz. Then A € (L : 1) if and only if relations (4.2),
rf—limay,, = ag, Vk € N, (4.6)
and
1 m
hélnzk: ‘Rm ; Tiln+ik — ag| = 0, uniformly in n (4.7)
hold.

Lemma 4.4 ([39)). Let A = (ank) be an infinite matriz. Then A € (c: rf) if and only if the relations

1 m
supz R Zriaik <o (k,meN), (4.8)
™o T =0
1 m
lim — Z Tilniik = Ak, uniformly in n, (ax € C) (4.9)
m fi i=0 ’
and
1 - . .
l%qr@n R Z ZTian+i,k = a, uniformly in n (4.10)

k =0
hold.



Z. Zararsiz, J. Nonlinear Sci. Appl. 9 (2016), 112-125

118

Lemma 4.5 ([5]). Let D = (d,,;) be defined via the sequence a = (ay) € w and the inverse V = (vni) of the

triangle matriz U = (upg), by

n
> avig, 0<k<n,
dnk = j=k

0, k > n,

for all k,n € N. Then
A} ={a=(ar) ew:D e (X:lsx)},

and
MY ={a=(ax) ew:De(\:c)}

Theorem 4.6. The v-dual of the space brf is the set di(r,s) defined by

n n .
1 i—k
di(r,s) = a:(ak)ew:supg 75 (—;) a;| < oo
[ —

Proof. The proof is clear, so we omit it.

Let us define the sets d; for ¢ = 2,3, 4 as follows:

n .
1 J—k
do(r,s) =< a=(ag) €Ew: limz — (—§> a; exists » ,
~pr \ 7

Theorem 4.7. The [3-dual of the space brf is the set 9 = ﬂ?zl di(r,s).

Proof. Define the matrix V' = (v,;) via the sequence u = (uy) € w by

==

ik (=) *u;, 0<k<n,

Unk = 7
0, k>n

n

for all n, k € N. Taking into account that z;, = > 1 (—ﬁ)j_k yj, we find that

T T
j=k

e =33 (=2 = Ve (e,
k=0

k=0 j=Fk

(4.11)

From (4.11)), we see that ux = (ugzy) € cs whenever x = (zy) € brf if and only if Vy € ¢ whenever

y = (yx) € rf. Then we derive by Proposition [4.2 that brf® = 2.

O



Z. Zararsiz, J. Nonlinear Sci. Appl. 9 (2016), 112-125 119

5. Some matrix mappings related to the space brf

In the present section, we characterize the matrix mappings from brf into any given sequence space p
and vice versa via the concept of dual summability methods of the new type.

Dual summability methods have been used by many authors, such as Basar [I1], Basar and Colak [14],
Kuttner [25], Lorentz and Zeller [27]. We provide a brief overview of these methods, following Basar [11].

Let us suppose that the sequences u = (u) and v = (vg) are connected via relation , and let the
A-transform of the sequence u = (uy) be z = (z;) and the B-transform of the sequence v = (vg) be t = (tx),
ie.

2= (Au)p = Y appup, (k€N) (5.1)
k
and
te = (Bo)k =Y burvr, (k€N). (5.2)
k

It is clear here that the method B is applied to the Z(r, s)- transform of the sequence u = (uy) while the
method A is directly applied to the terms of the sequence u = (uy). So, the methods A and B are essentially
different (see [11]).

Let us assume that the matrix product BZ(r, s) exists. This is a much weaker assumption than the
conditions on the matrix B belonging to any matrix class, in general. If z; becomes t; (or t; becomes zy),
under the application of the formal summation by parts, then the methods A and B as in and
are called generalized difference dual type matrices. This leads us to fact that B#(r, s) exists and is equal
to A and (BZ(r, s))u = B(#(r, s)u) formally holds. This statement is equivalent to the relation

n 1 ik
bpk = Z - (—fy (nj OF Apk = Sbp g1 + rbpy (5.3)

T

for all n,k € N.
Now we can give the following theorem concerning generalized difference dual matrices:

Theorem 5.1. Let A = (ank) and B = (byk) be dual matrices of the new type and p be any given sequence
space. Then, A € (brf: p) if and only if (ani)ren € brf® for alln € N and B € (rf: p).

Proof. Suppose that A = (a,;) and B = (b,y) are generalized difference dual matrices, that is to say that
holds, and let p be any given sequence space. Let us keep in mind that the spaces brf and rf are
isomorphic.

Let A € (brf: u) and take any y = (yi) € rf. Then BZA(r, s) exists and (ank)ken € Z, which yields that
(bnk)ken € £ for each n € N. Hence By exists, and since

D bnkyk =Y ankk (5.4)
k k

for all n € N, we have By = Az, whence B € (rf: y1). Conversely, let (ang)ren € brf® for each n € N and
B € (rf: u), and take any = = (xy) € brf. Then it is clear that Az exists. From here, given that

D apgay =) Z - (—;) anj | Yk =Y buki
k=0 k=0 | j=F k=0
for all n € N, we can infer that Az = By, and this shows that A € (brf: u). O

Theorem 5.2. Suppose that the elements of the infinite matrices D = (dni) and E = (enk) satisfy the
relation
€nk = Sdnfl,k + Tdnk (55)

for alln,k € N, and let i1 be any given sequence space. Then D € (u : brf) if and if only E € (p : rf).
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Proof. Let us suppose that x = () € u and consider the following equality with (5.5):
{AB(r,s)(Dx)}n, = s(Dx)p—1 + r(Dx)y
=$Y dn_1pTi+7 Y dnkTi
k k
= (sdn_1 + rdng)
k
= (E2)y.

This yields that Dz € brfif and only if EFx € rf. This completes the proof. O

The results we present next can be obtained from Proposition Lemma and Theorems and
Consider the following statements:

1 s\J—Fk
(=2 < 00, 5.6
S%pzk: il ( 7“) nj| = 0 (5.6)
n .
. 1 s\J—k
hrl;nZ - (—;) anj = ag, (5.7)
=k
"1 s\ik
1i7rlnz >, (—;) anj = a, for each fixed k € N, (5.8)
k j=k
"1/ s\ik

limz A - (—7> anj —ay || =0, for each fixed k € N, (5.9)

n £ T

n .
. 1 S\J—k .
rf—lm )y — (—7> anj = ay, exists for each fixed k € N, (5.10)
noegr AT

1 m
hm§ R JZrkanﬂ & — ag| = 0, uniformly in n, (5.11)
supz |san—1k + rapg| < oo, (5.12)

n
k
rf — lim(sap—1 % + ray,) = oy exists for each k € N, (5.13)
n
rf— 1i7rln Z(San—l,k +Trang) = . (5.14)
k

Proposition 5.3. The following statements hold:

(i) A= (ank) € (brf: L) if and only if (ank)keN € brf’ for alln € N and holds.

(ii) A = (ank) € (brf: c) if and only if (ank)ren € brfﬁ for alln € N and (5.6), (5.7). and hold.
(iii) A = (ank) € (le : brf) if and only if (5.11)), (5.12) and (5.13)) hold.
(iv) A= (ank) € (c: brf) if and only if (5.12)), (5. 13|) and (5.14)) hold.
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6. brf - type core theorems

In this section, we give some core theorems related to the rf- and brf- cores. Let x = (x) be a sequence
in C and Ry, be the least convex closed region of the complex plane containing xx, 11, Tr12,.... The Knopp
Core (or IC — core) of x is defined by the intersection of all Ry (k = 1,2,...) (see [2I]). In [35], it is shown
that

K — core(x) = ﬂ B,(2)
zeC
for any bounded sequence z, where B,(z) = {w € C: |w — z| < limsupy, |z — z|}.

Let E be a subset of N. The natural density § of E is defined by 6(E) = liTILn L{k < n: k € E}| where
{k <n:k € E}| denotes the number of elements of E not exceeding n. A sequence x = (z}) is said to be
statistically convergent to a number ¢ if §({k : |xx — €| > €}) = 0 for every € > 0. In this case, we write
st —limz = ¢ ([36]). By st and sto, we denote the space of all statistically convergent and statistically null
sequences, respectively.

In [23], Fridy and Orhan introduced the notion of the statistical core(or st — core) of a complex valued
sequence and showed that, for a statistically bounded sequence x,

st — core(x) = ﬂ Cr(2),
zeC
where Cy(z) = {w € C: |w — z| < st — limsup |z — 2|}.
k

Here, we consider sequences with complex entries and by ¢ (C) we denote the space of all bounded
complex valued sequences. Following Knopp, a core theorem is characterized by a class of matrices for
which the core of the transformed sequence is included in the core of original sequence.

Now, we introduce the Brg — core of a complex valued sequence and characterize the class of matrices
to yield Bryg — core(Ax) C K — core(z), K — core(Az) C Bryg — core(x), Brg — core(Ax) C Bryg — core(x)
and Brg — core(Ax) C st — core(x) for all x € £ (C).

Let us set

1 m
tmn(2) = i Z Ti[STitn—1 + ITitn).

™ =0
Then, we can define the Bry — core of a complex sequence as follows:

Definition 6.1. Let H,, be the least closed convex hull containing t,,, (), tm+1,n(2), tmt2.n(x),.... Then
o
Brg — core(x) = ﬂ H,.
n=1

Note that we define the Brg — core of x by the K — core of the sequence (¢,,(x)). Hence, we can obtain
the following theorem which is analogue of a result in [35]:

Theorem 6.2. For any z € C, let

Gz(z) = {w € C:|w— z| <limsupsup [tyn(z) — z|} .

m n

Then, for any x € fo,

Brg — core(x) = m Gz(z).
zeC
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Next, we characterize the classes A € (c:brf)req and (st() oo : b7f)reg. For brevity, through all the text
we write a(m,n, k) in place of
1

T [Sai+n—1,k + mi+n,k]
Ry,

m
=0

for all m,n, k € N.
Lemma 6.3. A € (c: brf)peq if and only if (5.6) and (5.10) hold with aj, =0 for all k € N and

1imZ€L(m,n, k) =1, uniformly in n. (6.1)
" k

Lemma 6.4. A € (st()loo : b7f)reg if and only if A € (¢ : brf)req and
lim Z |a(m,n, k)| =0, uniformly in n (6.2)
" ke

for every E C N with natural density zero.

Proof. Let A € (st Nlo : brf)reg. Then the fact that A € (¢ : brf),eqy immediately follows from the inclusion
¢ C st Nly. Now, define a sequence t = (t) for = € { as

f = xr, keE,
710, ké¢E,

where E is any subset of N with §(£) = 0. Then st — lim¢; = 0 and t € stg, so we have that At € brfy. On
the other hand, since (At),, = > anitk, the matrix B = (b,) defined by

keE
b — Ak, ke E,
"wT10, k¢E

for all n, must belong to the class (¢, brfy). Hence, the necessity of (6.2)) follows from Proposition
Conversely, suppose that A € (¢ : brf),eq and (6.2) holds. Let x € st N4 and st — lima = ¢. Then, for
any given € > 0 the set E = {k : |z, — ¢| > ¢} has density zero and |z, — ¢| < e if k ¢ E. Now, we can write

> a(m,n,k)xk =Y alm,n, k) (zy — ) + £ a(m,n, k). (6.3)
k k k

Since

> a(mn, k) (@e — 0| < ) Y la(m, n, k)| + ]| Al

k kekE

letting m — oo in (6.3]) and using (6.1]) with (6.2]), we obtain

lim Z a(m,n,k)z, = ¢.
k

This implies that A € (st()los : b7f)reg and the proof is completed. O
We can also give some inclusion theorems. First, we need the next lemma.

Lemma 6.5 ([22], Corollary 12). Let A = (amr(n)) be a matriz defined by ami(n) = a(m,n, k) for all
m,n, k € N, satisfying || Al = ||amr(n)|| < co and limsup sup |apy,k(n)| = 0. Then there exists y € loo with

llyl| <1 such that

m n

limsupsup » a(m,n,k)y, = limsup sup Z la(m,n, k).
k m "ok
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Theorem 6.6. Bryg — core(Ax) C K — core(z) for all x € s if and only if A € (¢ : brf)req and

lim sup su a(m,n, k)| =1. 6.4
supsp 3 am, . 4) (64)

Proof. Let the Bpg — core(Ax) C K —core(x) and take x € ¢ with limz = ¢. Then, since K — core(x) C {¢},
Brg — core(Ax) C {¢}. From here, brf —lim Az = ¢ which means that A € (c: brf)reg.

Since A € (c : brf)reqg, the matrix A = a(m,n, k) satisfies the conditions of Lemma Thus, there
exists y € oo with |ly|| < 1 such that

{w eC:|w| < limsupsupZ&(m,n,k)yk} = {w eC:|w| < limsupsupz la(m,n, k)]} )

On the other hand, since K — core(y) C A7(0),

{w eC:|wl < limsupsupz |d(m,n,k)]} C A1(0) ={w e C: |w| <1},
m n k)

which implies (6.4)).

Conversely, let w € Bryg — core(Ax). Then, for any given z € C, we can write

|w — z| < limsupsup |ty (Az) — 2|
m n

= limsupsup |z — Z a(m,n, k)xy

m n k

1-— Zd(m,n, k)

k

< lim sup sup Z a(m,n,k)(z — xy)

+ lim sup sup |z|
m n k m n

= lim sup sup Z a(m,n, k)(z — xx)

m n k

Now, let L(x) = limsup|x, — z|. Then, for any € > 0, |z — 2| < L(z) +¢ whenever k > ky. Hence, we obtain
k

Z&(m,n, k)(z — )| = Z a(m,n, k)(z — x) + Z a(m,n, k)(z — xx)

k k<ko k>ko
<suplz—axl > |a(m,n, k)| + [L(z) +e] Y |a(m,n, k)|
k k<ko k>ko
<sup |z — @y Z la(m,n, k)| + [L(x) + €] Z la(m, n, k).
k k<ko k> ko

Therefore, applying lim sup,, sup,, and taking into account the hypothesis, we have

Z a(m,n, k)(z —xp)| < L(x) + ¢,

|w — z| < limsup sup
m k

n

which means that w € IC — core(z). O

The proofs of the following two theorems are entirely analogous to that of Theorem so we omit the
details.
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Theorem 6.7. K —core(Ax) C Brg — core(x) for all v € U if and only if A € (brf: ¢)reg and (6.4) holds.

Theorem 6.8. Bry — core(Ax) C Brg — core(x) for all v € L if and only if A € (brf: brf)req and (6.4)
holds.

Theorem 6.9. Bry — core(Ax) C st —core(x) for all x € ls if and only if A € (st(Vloo : b1f)reg and (6.4)
holds.

Proof. First of all, we assume that Bryg — core(Ax) C st — core(z) for all z € {. By taking x € st loo,
one can see that A € (st() 4o : b7f)peq. Also, since st — core(z) C K — core(x) for any x ([20]), the necessity
of the condition follows from Theorem

Conversely, suppose that A € (st )l : b7f)peq and holds, and take w € Bryg — core(Az). Now,
let § = st — limsup |z — zx|. If we write B = {k : |z — 2| > 8+ ¢}, then 6(E) =0 and |z —zx| < S+ ¢
whenever k£ ¢ E. Hence we have

Z a(m,n,k)(z —xg)| = Z a(m,n,k)(z —xg) + Z a(m,n,k)(z — xx)

% keE k¢E
< |z — x| Z la(m,n, k)| + Z la(m,n, k)||z — zk]
keE k¢E
<z —agl Y lalm,n, k)| +[B+¢] Y la(m,n. k).
kEE k¢E

By applying the operator lim sup sup and using the hypothesis together with (6.2)) and (6.4)), we obtain that
m n

lim sup sup Z a(m,n,k)(z —x)| < B +e. (6.5)

m n L

Thus, (6.5) implies that |w — z| < 8+ e. Since ¢ is arbitrary, this means that w € st — core(x), which

completes the proof. O
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