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Abstract

In this paper, we prove strong convergence theorem by the hybrid method for an a—nonexpansive mapping
in a Banach space. Our results complement and enrich the research contents of a—nonexpansive mapping.
Simultaneously, our main result generalizes Takahashi, Takeuchi, Kubota’s result|W. Takahashi, Y. Takeuchi
, R. Kubota, J. Math. Anal. Appl. 341 (2008) 276-286].(©2012 NGA. All rights reserved.
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1. Introduction

Let E be a real Banach space and let C' be a nonempty closed convex subset of . A mapping T : C' — C
is said to be nonexpansive, if

| Tx —Ty|| < ||z —yl|l, foreachz, ye C. (1.1)

Lots of iterative schemes for nonexpansive mappings have been introduced (see [1], [2], [3]), furthermore,
many strong convergence theorems for nonexpansive mapping have been proved. On the other hand, there
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are many nonlinear mappings which are more general than the nonexpansive mapping. Compare to the exist
problem of fixed point of those mapping, the iterative methods for finding fixed point is also very useful in
studying in the fixed point theory and the theory of equations in other fields.

In 2007, Gobel and Pineda [4] introduced and studied a new mapping, called a«—nonexpansive mapping.
The mapping is more general than the nonexpansive one.

Definition 1.1. For a given multiindex o = (a3, g, - -+, ay) satisfies oy > 0, ¢ =1, 2, -+, n and
Z?:l a; = 1. A mapping T : C' — (' is said to be a—nonexpansive if
n . .
> aillT's = T'y|| < |lz —yll, Vo, yeC. (1.2)
i=1

In order to show that the class of «—nonexpansive mapping is more general than the one of nonexpansive
mappings, we give an example.

Example 1.2. Let £ =R!, and

0, if x=0;
T(x)_{;, if  z€(0,4+00).

Then, T is not nonexpansive but ca—nonexpansive.

Proof. Obviously, T is not nonexpansive. Taking z = %, y = 0, by the definition of Tz, we have
Tz~ Tyl =2~ 0] > |5 — 0] =}z — y].

On the other hand, for every z, y € [0,+00), we have
17?2 — Tyl = ||z — .

Therefore, we can affirm that
0Tz — Tyl + | T%x — T?y|| = |l — y

where a = (a1, a2) = (0,1). Then T is an a—nonexpansive mapping but not a nonexpansive one. [

If T is nonexpansive self-mapping, we can imply that 7" must be a—nonexpansive one, where o =

(a1, ag, - an) = (%7 %7. - %7)

For technical reason we always assume that the first coefficient «; is nonzero, that is, @y > 0. In this
case the mapping T satisfies the Lipschitz condition

1
Tz =Tyl < ~llz—yl, Vo yel (1.3)

Recall a mapping T : C — C' is said to be an asymptotically nonexpansive mapping, if exists a sequence of
reals {7y, } with 0 <, — 0 such that

[Tz =Tyl < A+ W)z —yll, Vz, yeCl. (1.4)
Noticing that, with regard to (1.4), take n =1, 2, - -+, n, we have

[Tz =Tyl < (1T +7)llz -yl

1Tz — T?y|| < (14 72)llx —yll,
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T2 = Ty[| < (1 + )z =yl

By multiplying the above inequalities with a; > 0, ¢ =1, 2, -- -, n, respectively, we have

a||Tz =Tyl < cr(1+m)llz —yll = arllz =yl + aamlz =y,

as||T?z — T?y|| < az(1 + )|z — yl| = aellz — yl| + a2rellz — y|,

an[|T"e = T"y|| < an(l +yn)llz =yl = cnllz = yll + anyallz = yll.

Adding all the inequalities above, we obtain

n n n
il Tie =Tyl <Y aille =yl + Y civille =yl
=1 =1 =1

Since > ; a; = 1 and suppose that lim, o > - ; @;y; = 0, we have

Yol Tl =Tl < (1+ M)z —yll, (1.5)
i=1

where A\, = > 1" | ;.
Definition 1.3. For a given multiindex o = (g, a9, - -+, «ay) satisfies ay > 0, i =1, 2, - -+, n and

>0 =1. Amapping T : C — C is said to be a—mean-asymptotically-nonexpansive if exists a sequence
of reals {\,} with 0 < \,, — 0 such that

n
D aill T = Tyl < (14 A)llz =yl
i=1

Remark 1.4. From the analysis above and Definition 1.1 , we know that each a—nonexpansive mapping is
an a—mean-asymptotically-nonexpansive one.

The last observation is that (1.2) implies that for o = (a1, a9, - -+, @) the mapping

n
Tox = ZaiTi:c, Veel (1.6)
i=1
is nonexpansive. However, nonexpansiveness of T, is much weaker than (1.2), for instance, it doesn’t entail

the continuity of T' (see [4]).

Recently, Chakkrid Klin-eam, Suthep Suantail5], introduced the relation of the fixed point sets between
a—nonexpasive operator and T, operator. they give the following theorem:

Theorem 1.5. (see Theorem 3.1 of Klin-eam, Suantai [5]) Let C be a closed convexr subset of a Banach
space E and for alln € N, let a = (a1, o, -+, ) such that «; > 0, i =1, 2, -+, n, a1 > 0 and
Sy a; =1. Let T be an a—nonezpansive mapping from C into itself. If oy > n%y then F(T) = F(T,),
where F(T) is the fized point set of T

At the same time, they have succeeded in proving the demiclosedness principle for the aw—nonexpansive
mappings.
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Theorem 1.6. (see Theorem 3.4 of Klin-eam, Suantai [5]) Let C be a closed convexr subset of a Banach
space E and for alln € N, let o = (a1, g, -+, ay) such that ; >0, i =1, 2, -+, n, a7 > 0 and
Yoiya; = 1. Let T be an a—nonezpansive mapping from C into itself with o > %12, if {xn} C C

converges weakly to x and {x,, — Tx.,} converges strongly to 0 as n — oo, then x € F(T).

Motivated by results above, we prove strong convergence theorems by the hybrid method for an a—nonexpansive
mapping in a Banach space.

2. Preliminaries

In what follows, E denotes a real Banach space with norm || - || and E* the dual space of E. The norm
of E* is also denoted by|| - ||. For z* € E*, its value at € E is denoted by (z,z*). The normalized duality
mapping J from E to E* is defined by

J(x) = {2" € B*: (z,27) = ||z|* = [|"]|*} (2.1)

for all x € E. Some properties of the duality mapping have been given in [6, [7].

A Banach space F is said to be strictly convex if ||z + y|| < 2 for all z, y € E with ||z|| = ||y|| = 1 and
x # y. A Banach space F is also said to be uniformly convex if lim,,_, ||z, — yn| = 0 for any two sequences
{z,} and {y,} in F such that ||z,| = ||lyn|]| = 1 and lim, o ||Xn + yn| = 2. We also know that if E is a
uniformly convex Banach space, then x, — = and ||z, || — ||z| imply z, — z. Let U = {x € E : ||z| = 1}
be the unit sphere of E, then the Banach space F is said to be smooth if

iy Mzt tyll =[]
im

n—00 t
exists for each z, y € U.

Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive Banach space E.
Then, for arbitrarily fixed z € E, a function C' > [ly — z|| € R has a unique minimizer y, € C. Using such
a point, we define the metric projection P by Pox = y, = argmingec|lz — y||* for every x € E. In a
similar fashion, we can see that a function C' 5 y — ¢(z,y) € R also has a unique minimizer z, € C. The
generalized projection Il¢ of E onto C'is defined by Ilcx = 2z, = argmingcc¢(z,y) for every x € E; see [§].

In fact, we have the following result.

Lemma 2.1. (see [§]) Let C be a nonempty closed and convex subset of a real reflexive, strictly convex, and
smooth Banach space E and let x € E. Then, there exists a unique element xo € C such that ¢(xg,x) =

min{¢(z,x) : z € C}.
In order to prove our results, the following lemmas are needed.

Lemma 2.2. (see [§]) Let C be a nonempty closed and convex subset of a real smooth Banach space E, Let
xz € E. Then, xo = lcx if and only if

(z —xp,Jxg — Jx) >0, VzeCl.
In Chakkrid Klin-eam, Suthep Suantai [5], they also give the following lemma:

Lemma 2.3. (see Lemma 3.3 of Klin-eam, Suantai [J]) Let C' be a closed convex subset of a Banach space
E and for alln € N, let a = (o1, g, -+, ap) such that a; >0, i =1, 2, ---, n, a0 >0 and Y ;" ; a; = 1.
Let T be an a—nonexpansive mapping from C' into itself. If a; > %\1/5 Let {x,,} be a bounded sequence in
C, then ||xpm — Txp|| — 0 if and only if |z — Tozm| — 0 as m — oo.

A mapping T : C' — C' is said to be closed, if for any sequence {x,} C C with x,, — = and Tz, — vy,
then Tx = y.
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Lemma 2.4. Let C be a closed convex subset of a Banach space E and for alln € N, let « = (a1, ag, -+, ap)
such that a; >0, i =1, 2, ---, n, oq >0 and > ; a; = 1. Let T be an a—nonexpansive mapping from C
into itself. If ap > %\1/5 Let {xy,} C C converges strongly to x and {x,, — Txy,} converges strongly to 0 as
n — oo, then x € F(T).

Proof. Since {z, — T'z,,} converges strongly to 0 as n — oo, from Lemma we have {x,, — Toxm}
converges stronglly to 0 as n — oo. Since T, is a nonexpansive mapping, which is closed. We have
x € F(T). From Theorem [1.5] we obtain that x € F(T). O

Lemma 2.5. Let C be a uniformly convex and smooth Banach space E and for alln € N, let o« = (a1, ag, -
., ay) such that a; >0, i =1, 2, -+, n, a0 >0 and Y ;" a; = 1. Let T be an a—nonexpansive mapping

from C into itself. If oy > n%lg Then F(T) is closed and convez.

Proof. By Theorem we have F(T') = F(T,). Since T, is a nonexpansive mapping, we know that F'(Ty,)
is closed and convex here. So, with regard to an aw—nonexpansive T, we also have that F(T) is closed and
convex. [

3. The Main Result

In this section, we consider a strong convergence theorem for an av—nonexpansive operator in a Banach
space.

Theorem 3.1. Let C' be a closed convex subset of a uniformly convexr and smooth Banach space E. Let
a= (a1, ag, -+, ay) such that a; >0, i =1, 2, ---, n,on >0and >, o =1,1letT:C — C be
an a—mnonexpansive mapping such that F(T) # 0. For xg € E, Cy = C and x1 = U, x0, define a sequence
{zn} of C as follows:

Yn = (1 - Bn)xn + BnT'y,

Cny1 ={z € Cn: llyn — 2| < flon — 2[I}, (3.1)
Tn4+1 = HCnJrle: neN,

where 0 < a < B, <1, foralln € N. If ag > %12, Then, x,, converges strongly to zo = lpT)xo.

Proof. Firstly, we show that C,, is closed and convex and F(T") C C), for every n € N
It is obvious that C, is closed, for every n € N. It follows that C,, is convex for every n € N. Since

1yn — 2|l < [|lon — 2|| (3:2)
is equivalent to
Yn — 2|2+ 2(yn — T, J2p — J2) < 0. (3.3)
So, Cy, is convex for every n € N. For u € F(T'), we compute that
[y — ull = (1 = Bn)wn + BnTxn — ul
< (1= Bn)llzn — ull + Bl Tan — ul|
= (1= Bn)llzn — ull + BulTzn — Toul|
= (1= Bu)llzn — ull + Buller (T, — Tu)
+ ao(Tzy — T?u) + -+ + an(Tx, — T"u)|| (3.4)
1—0a;

< (1= Ba)llwn —ul| + Bnﬁ”xn — Tul|
1

< (1= Bu)llzn = ull + Bullzn —

= [Jen — ull
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It implies that u € C), for each n € N. So, we have F(T') C C,, for all n € N.
Next, we prove that {z} is bounded. Since F(T') is a nonempty closed convex subset of C, there exists

a unique element zo € F/(T') such that zo = Hpryxo. From 41 = lg, , 70, We have

1
[#n41 — 2ol < [|z — o], (3.5)
for every z € Cp11. As zg € F(T) C Cpy1, we obtain
[ 201 — 2ol < [lz0 — o, (3.6)

for every n € N. This implies that {z,,} is bounded.
On the other hand, C,11 C C), for all n € N, we have

Tn+l = HC’TH_lmO S Cn—l—l C Cnv
for all n € N. Since x,, = Il¢, z¢, we obtain that
|7 — @ol| < [|zns1 — 2ol (3.7)

for all n € N. It follows from (3.6) that the limit of {x,, — x¢} exists.
Since Cy, C Cy, imy1 = llg,, 20 € Cpy C Oy, for all m > n and zp41 = g
2.1}, one has

120, in view of Lemma

<.%'n+1 —xg, JTpy1 — J.Z'n+1> >0 (3.8)

We compute that
[Zmt1 = Znr1]|* = [Emi1 — 20 = (@ns1 — 20) |2
= [|@ms1 — zoll* + llZns1 — zol* — 2(@n41 — T0, JTmy1 — Jz0)
= [|Zms1 — 2ol + [|Znt1 — ol
—2(Tnt1 — 20, JTmy1 — Jxpg1 + J2pg1 — Jx0)
= [l#mt1 = zol® = l#nt1 — woll* = 2(zn 41 — @0, JEmir — J2nga)
< N#mrr — zol* = lznga — o>
Since the limit of ||x,4+1 — ol exists, we get
1}1320 |€m — zn| = 0. (3.9)

Therefore, {z,} is a Cauchy sequence. Since Banach space is a complete metric space and C' is closed and
convex, one can assume that

Tp — P,  aAS N — 00. (3.10)
Noticing that 2,11 = Ilg, ;20 € Cyy1, We obtain that

[yn = Znpill < llon — zpga]- (3.11)
In view of (3.10), we have that

lyn — Tni1l] = 0, asn — o (3.12)
and

1y = zall < llyn — ngall + lZns1 — 2nll =0, as n— oo (3.13)

From y, = (1 — fp)xn + BnTxy, we have

1
[0 = Tl = Z=llyn — 2al- (3.14)
Bn
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Because of assumption that 0 < a < 3,, < 1, we have

|xn — Tyl = 0. (3.15)

lim
n—oo
This implies from Lemma [2.4] that p € F(T)).

Finally, we prove that p = zo = Ilp(1)zo.
From .1 = IIg, 7o and Lemma we have

n+1

(Jxg — JTpi1, Tni1 —y) >0, (3.16)
for all y € Cp,41. Since F(T') C C,+1, we also have that

(Jrog — Jxpt1, Tnt1 — q) > 0, (3.17)
for all ¢ € F(T'). By taking limit in (3.17), one has

(Jxog — Jxpt1,p — q) > 0, (3.18)
for all ¢ € F(T). Now, by Lemma again, we have that

p = zo = Up(r)o.

The proof is completed. [J
Because every nonexpansive mapping is a—nonexpansive, the following corollary can be obtain by The-

orem 3.1

Corollary 3.2. Let C be a closed conver subset of a uniformly convexr and smooth Banach space E. Let
T :C — C be a nonexpansive mapping such that F(T) # 0. For xg € E, C; = C and z1 = g, xo, define a
sequence {x,} of C as follows:

Yn = (1 = Bn)Tn + BnTTn,
Cnp1 ={2 € Cn: llyn — 2| < llzn — 2[I},
LTn+1 = HCn+1:E05 ne Na

where 0 < a < B, <1, for alln € N. Then, xy, converges strongly to zo = Ilp(1)xo.

Remark 3.3. Corollary is equivalence to Theorem 4.1 of Takahashi, Takeuchi, Kubota [9]. Therefore,
Our main result Theorem is more general than Theorem 4.1 [9].
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