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Abstract

In this paper we prove some existence and uniqueness results for pseudo almost automorphic and weighted
pseudo almost automorphic mild solutions to a class of partial functional differential equation in Banach
spaces. The main technique is based upon some appropriate composition theorems combined with the
Banach contraction mapping principle and fractional powers of operators.(©2012 NGA. All
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1. Introduction

In this paper, we are mainly concerned with the existence and uniqueness of pseudo almost automorphic
and weighted pseudo almost automorphic mild solutions for a class of partial neutral functional differential
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equations in the abstract form

L u(t) + £ (tulha (0)) = Au(t) + g (1 u(hal0)) 1 € R, (L1)
where A : D(A) € X — X is the infinitesimal generator of an analytic semigroup of linear operators
{T(t)}+>0 on a Banach space (X, |- |) and there exist positive numbers M, § such that | T(t)| < Me% for
t >0, and f(-), g(-), hi (-), i = 1,2, are appropriate functions specified later.

The concept of pseudo almost automorphic function, which was initiated by Xiao et al. in [1], is more
general than that of almost automorphic function created by Bochner in [2, B]. Since then, those functions
has been studied and developed extensively. For more details on those functions we refer the reader to
[4, 5 6l [7, 8, O] and the references therein. Very recently, J. Blot et al [10] have introduced the concept
of weighted pseudo almost automorphic, which generalizes the concept of weighted pseudo almost periodic
11, 12, 13, 14]. In [I0], the authors have proved some useful properties of the space of weighted pseudo
almost automorphic functions and established a general existence and uniqueness theorem for weighted
pseudo almost automorphic mild solutions to some semi-linear differential equations. The existence of
almost automorphic, pseudo almost automorphic and weighted pseudo almost automorphic solutions are
among the most attractive topics in qualitative theory of differential equations due to their significance
and applications in physics, mechanics and mathematical biology [15]. In recent years, the existence of
almost automorphic and pseudo almost automorphic solutions on different kinds of differential equations
have been considered in many publications such as [6, [16] [17, 18, 19, 20, 21, 22, 23, 24] and references
therein. Especially, authors in [23] have proved the existence of almost automorphic and weighted pseudo
almost automorphic solutions to a semi-linear evolution equation in a Banach space X such as

2'(t) = A@)x(t) + f(t,2(1),t €R,

where the family {A(t),t € R} of operators in X generates an exponentially stable evolution family
{U(t,s),t > s} and f : Rx X — X an almost automorphic function(resp. a weighted pseudo almost
automorphic function).

And in [24], authors have investigated the existence of almost automorphic and pseudo-almost automor-
phic mild solutions to the following equation

du (t)
dt

where A : D(A) C X — X is the infinitesimal generator of a Cyp-semigroup {7'(¢),¢ > 0} on a Banach space
X.

Motivated by the above mentioned works [10, 23| 24], the main purpose of this paper is to deal with
the existence and uniqueness of pseudo almost automorphic and weighted pseudo almost automorphic mild
solutions to the problem . We obtain the new results by using fractional powers of linear operators and
the Banach contraction mapping principle.

The rest of this paper is organized as follows: In section 2 we recall some basic definitions, lemmas and

preliminary facts which will be need in the sequel. Our main results and their proofs are arranged in Section
3.

= Au(t) + %Fl(t, U(hl(t))) + FQ(t7u(h2<t)))7

2. Preliminaries

This section is concerned with some notations, definitions, lemmas and preliminary facts which are used
in what follows.

Throughout the paper, let (X, |-|) be a Banach space and C (R, X) stand for the collection of continuous
functions from R into X. We denote by BC(R, X) the Banach space of all bounded continuous functions
from R into X endowed with the supremum norm defined by [|z||po(r,x) := supieg {|z(t)|}. Furthermore,
BC(R x X, X) is the space of all bounded continuous functions F : R x X — X.
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Let U denote the set of all functions (weights) p : R — (0,00), which are locally integrable over R such
that p > 0 almost everywhere. For a given r > 0 and for each p € U, we set

m(r,p) = / p(z)dz.

We denote by Uy, the set of all p € U with lim,_,o, m(r, p) = oo and Uy the set of all p € Uy, such that p is
bounded and infgeg p(z) > 0.

It is clear that U, C Uy, C U, with strict inclusions.

Let 0 € p(A), then it is possible to define the fractional power (—A)“, for 0 < o < 1, as a closed linear
operator on its domain D((—A)®). Furthermore, the subspace D((—A)%) is dense in X and the expression

|zla = [(=A)%x], z € D((=A)%),
defines a norm on D((—A)®). Hereafter we denote by X, the Banach space D((—A)%) with norm |z|,.
The following properties hold by [25, Lemma 2.1] and [26].

Lemma 2.1. Let 0 < v < pu < 1. Then the following properties hold:

(i) X, is a Banach space and X, — X, is continuous.

(i) The function s — (—A)*T(s) is continuous in the uniform operator topology on (0,00) and there
exists M, > 0 such that ||(— AT (t)|| < M,e= %" for each t > 0.

(i1i) For each v € D((—A)*) and t > 0, (—A)*T(t)x =T(t)(—A) z.

(iv) (—A)™* is a bounded linear operator in X with D((—A)*) = Im((—A)™*).
Definition 2.2. A continuous function F : R — X is said to be almost automorphic if for every sequence
of real numbers (s, )nen, there exists a subsequence (s,,)nen such that

g(t) = Jim. F(t+ sn)
is well defined for each t € R and
nll_)rgo G(t—sn) = F(t)
for each ¢ € R. The collection of such functions will be denote by AA(X).

We recall that every almost periodic function is almost automorphic, but the class of almost automorphic
functions is larger than the class of almost periodic solutions. For example

1
t) = cos ,teR
Uy <2+sin\/§t+sint)

is almost automorphic but not almost periodic.

Definition 2.3. A continuous function F : R x X — X is said to be almost automorphic if F (¢, z) is almost
automorphic for each ¢t € R uniformly for all x € A, where £ is any bounded subset of X. The collection
of such functions will be denote by AA(R x X, X).

Lemma 2.4. ([7]) (AA(X), |- llaacx)) is a Banach space endowed with the supremum norm given by
| Fll aa(x) = sup | F(t)].
teR
The notation PAAy(X) stands for for the spaces of functions

PAAY(X) = {f € BCO(R, X) : lim 1/T P ()| dt = 0}.

r—o0 21 J_,.
Similarly, the notation PAA(R x X, X) stands for for the spaces of functions

F € BCR x X, X) : limy o0 o= [7 |F(t,2)|dt =0, }

PAAR x X, X) = { uniformly in z in any bounded subset of X
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Definition 2.5. A continuous function F : R — X (resp. R x X — X)) is called pseudo almost automorphic
if it can be decomposed as F = ¥ + ¢, where ¥4 € AA(X)(resp. AAR x X, X)) and ¢ € PAAG(X)(resp.
PAA)(R x X, X)). The class of all such functions will be denote by PAA(X)(resp. PAA(R x X, X)).

Lemma 2.6. ([27, Theorem 2.2]) (PAA(X), II - ||PAA(X)) is a Banach space endowed with the supremum
norm given by

| Fll paacx) = sup | F(t)].
teR

Lemma 2.7. ([27, Lemma 2.4]) Assume F =9 +¢ € PAARx X, X), where 9(t,x) € AARx X, X) and
o(t,x) € PAA)(R x X, X), and suppose that F(t,x) is uniformly continuous in any bounded subset & C X
uniformly fort € R. If x(t) € PAA(R, X), then F (-,z(-)) € PAA(R, X).

Now for p € Uy, we define

PAAy(R, p) = {.7: € BC(R,X): lim /T |F(t)|p(t)dt = 0};

o m(ryp) ),

i 1T _
PAAY(R x X, p) = { Fe€BCRx X, X): lim,_, ) J7 | F(t,z)|p(t)dt = 0 }

uniformly in z € X

Definition 2.8. ([I0]) A bounded continuous function F : R — X (resp. R x X — X)) is called weighted
pseudo almost automorphic if it can be decomposed as F = ¢ + ¢, where 4 € AA(X)(resp. AA(R x
X,X)) and ¢ € PAA(R, p)(resp. PAAs(R x X,p)). The class of all such functions will be denote by
WPAA(R, p)(resp. WPAAR x X, p)).

Remark 2.9. ([10, Remark 2.2.]) When p = 1, we obtain the standard spaces PAA(R, X) and PAA(R x
X, X).

Lemma 2.10. [5, Theorem 3.4] Let p € Usy. Suppose that PAAy(R, p) is translation invariant. Then the
decomposition of weighted pseudo almost automorphic functions is unique.

Lemma 2.11. [28, Theorem 2.15] Let p € Uso. If PAAo(R, p) is translation invariant,
then (WPAA(]R, o)l - HWPAA(R,,D)) is a Banach space endowed with the supremum norm given by

I Fllwpaa,p) = sup |F(t)].
teR

Lemma 2.12. ([0}, Corollary 2.11.]) Let F =G +¢ € WPAA(Rx X, p) where p € Uy, ¥ € AARX X, X)
and ¢ € PAA)(R x X,p). Assume both F and & are Lipschitzian in x € X wuniformly in t € R. If
z(t) € WPAA(R, p) then the function F(-,z(-)) € WPAA(R, p).

Lemma 2.13. ([0, Lemma 3.1.]) Let F = 94 + ¢ € WPAA(R, p) where p € Uy and {T'(t)}1>0 is an
exponentially stable semigroup. Then F(t) := ffoo T(t —s)F(s)ds € WPAA(R, p).

The next result is a straightforward consequence of Lemma when p = 1.

Lemma 2.14. Let F =9+ ¢ € PAA(X) and {T(t) }+>0 is an exponentially stable semigroup. If F: R — X
be the function defined by

F(t):/t T(t—s)F(s)ds, t>s€eR,

—0o0

then F(-) € PAA(X).
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Definition 2.15. A function v € BC(R, X) is called a pseudo almost automorphic mild solution of Eq.
(1.1)) on R if w € PAA(X) and the function s — AT (t — s)f (s,u(hi1(s))) is integrable on (—oo,t) for each
t € R, and u(t) satisfies

u(t) = T —a)lula)+ f(a,ulhi(a)] = f (& u(h(t))) / AT(t = 5)f (s,u(hi(s))) ds

t
+ [ 2= 9)g s.ulials)) ds
for all ¢t > a and all a € R.

Definition 2.16. A function u € BC(R, X) is called a weighted pseudo almost automorphic mild solution
of Eq. (1.1) on R if u € WPAA(R, p) and the function s — AT (t—s)f (s,u(hi(s))) is integrable on (—oo, t)
for each ¢ € R, and u(t) satisfies

u(t) = T —a)lula)+ f(a,ulhi(a)] = f (& u(ha(t))) —/ AT(t = 5)f (s,u(hi(s))) ds

t
+ [ 2= 9)g s.ulials)) ds
for all t > a and all a € R.

Now we list the following basic assumptions of this paper:
(H1) (I) There exists a positive number o € (0, 1) such that f: R x X — X, is continuous and (—A)*f €
PAAR x X, X). Let LS}) > 0 be such that for each (¢,x),(t,y) e R x X

(A f(t,w) — (—A)f(t,y)] < L]z —y).

(IT) There exists a positive number « € (0,1) such that f: R x X — X, is continuous and (—A)*f =
p1+11 € WPAA(RX X, p), and there exist positive numbers LSCQ), L, such that for each (t,z), (t,y) € RxX

(A f(t2) = (At 9)] < LYz ), Jea(t.2) = @alt.y)] < Ly |z — o],
(H2) (I) g € PAA(R x X, X) and there exists a positive number Lgl) such that for each (¢,z), (t,y) € Rx X
lg(t, ) = g(t.y)| < LP |z —yl.

1I g = Y2 + ¢2 € WPAA(R x X,p ) and there exist positive numbers L(Q), L such that for each
g P2
(t,i’), (t7y) ceRxX

lg(t,z) — g(t,y)| < LP|z — yl, lpalt, z) — 02(t,y)| < Lgy|z — yl.

(H3) ([24]) The functions h; : R — R, h;(R) = R are continuously differentiable on R, and for u(-) €
AA(X), u(hi(-)) € AA(X), h;(t) > 0, i = 1,2, are nondecreasing with

sy (LY o

r—>00 rh;(—r)

(H4) The functions h; : R — R, h;(R) = R are continuously differentiable on R, and for u(-) € AA(X), u(h;(:)) €
AA(X), hy(t) >0, i = 1,2, are nondecreasing with

. m(r}, p) pt)
lim sup (Z,> < 00, and 0 < sup ————— < 00,
r—00 m(r, P)hz(—r) teR P (hz (t))

where 7} = |hi(—r)| + |hi(r)| for i = 1,2.
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3. Main results

In this section, we present and prove our main results. In order to establish our main results, we need
the following auxiliary results.

Lemma 3.1. Let o € (0,1] and (—A)*v € WPAAR, p). If u(:) : R — X be the function defined by
/ AT(t — s)v(s)ds, t > s,

then u(-) € WPAA(R, p).

Proof. . First we observe that u(-) is well defined. Since (—A)%v € WPAA(R, p), then (—A)%v is bounded,
we assume that there exists My > 0, such that [|[(—=A)*v|lwppamr,p) < M1. So

()| < /_ AT (t — s)o(s)|ds

A

IN

/ I(=A)' =T (t = 9)[[[(=A)*v(s)|ds

IN

t
Ml/ Ml_ae_‘s(t_s)(t — s)o‘_lds

IN

+o0
MlMl—a/ O'Oé_le_éadO'
0

IN

Mllea(S_aF(Oé),

where I'(:) is the gamma function. Thus s — AT(t — s)v(s) is integrable on (—oo,t) for each ¢t € R
and so that wu(t) is a bounded continuous functions. Now we prove that u(-) € WPAA(R,p). We let
(—A)*v(t) = m(t) + n(t), where m(-) € AA(X) and n(-) € PAA(R, p).

Then
) = [ AT A e
_ /_ too(—A)l_aT(t—s)m(s)ds— /_ ;<_ AT syn(s)ds.
Let 8(t) = — [*_(—A)'"OT(t—s)m(s)ds, H(t) = — [*__(—A)'=*T(t—s)n(s)ds. Clearly, u(t) = &(t)+9(t).

Now we show that &(t) € AA(X). Let (sn )neN be an arbitrary sequence of real numbers. Since
m(t) € AA(X), there exists a subsequence (s,)nen Of (81 )nen such that ¢(t) := lim, o m(t + s,) is well
defined for each ¢t € R, and m(t) = lim, o ¢(t — sp,) for each t € R.

Now, we consider

t+sn
&t +sp) = —/ (—A)T(t + s, — s)m(s)ds

—00

= — /t (—A)'T(t — s)m(s + s,)ds

—00

- / (—A)OT (¢ — s)m(s)ds,

—00
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where m,(s) = m(s+ s,), n =1,2,---. Also, we have

[6(t +s0)| < t/ (AT (t — s)ma(s)|ds

< / My ae ) (t — 5)% iy (s)|ds
< Mi_o67 T () |Imllaax
for n =1,2,---. By the property (ii) of Lemma 2.1 it follows that

(fA)l_O‘T(t — s)mp(s) — (fA)l_O‘T(t —3)p(s), as n — oo,

for each s € R fixed and any t > s, and we get

lim &(t+ sy,) = —/ (—A)'T(t — 5)p(s)ds,

n—00 —oo

by the Lebesgue’s dominated convergence theorem. Analogously to the above proof, it can be shown that

lim {— / AT — 5y s)«p(s)ds} — B(1).

n—00 oo

This shows that &(t) € AA(X).
Next we prove that $(t) € PAAy(R, p), that is we need to prove that

lim / 195(8)|p(t)dt = 0.

r=oom(r,p) J-;

We have
s a0 < m [ ey )i
< Jim oo / K / ATt — s)n(s)]p(s)ds
tim [t [T onts) )
— LD, o
" B tim e [ [ YT = ()i
and

b= lim /_f“ / AT (t — s)n(s) p(s)ds
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We get

ho= o [ / AT — sns) ps)ds

1
< lim —1 / dt [ My_oe=59) (1 = $)0Yn(s)lp(s)ds
r—o0 m(r, p) o

n r —r
< lim HHBﬂ p(t)dt My _ge 00 S)(t—s)aflds
r—oo  m(r, p) —r —o0
M+ n T —+00
< lim 1-all ”BC(R’X)/ p(t)dt/ o e o
=00 m(r, p) —r tr
M+_ln T +0o0
< qm M all ”BC(]R,X)/ p(t)dt/ 5 1o=00 5
r—00 m("ﬁﬂ) —r 2r
+oo
< Jim Mialnllsoex [ @rele s
r—00 2

Mi_olln| o x)
(27:)1—0462(57‘5 ’

where converges to zero as r — 00.
I, = lim / / ATt — s)n(s)|p(s)ds
r—oo m(r, p) J_, _r
M
lim 1 = / dt/ 0t=5) (¢ — ) |n(s)|p(s)ds
—r —r

T—00 m 7" p
M t+r
lim — \ (t)|p(t)d o e o
r—roo m<T7 p) -r 0
M _ T +o00
< lim Miza / In()|p(t)dt / 0109 4y
-r 0

r—»00 7n(7'7 p)

IN

IN

< Jim Mo r(@) s [t

m(r, p
Since n(-) € PAAo(R, p), then lim,_,~ m(}n D) J7 In(®)|p(t)dt = 0. Therefore lim, o I = 0. In view of the
above it is clear that u € WPAA(R, p). The proof is achieved. O

The next result is a straightforward consequence of Lemma when p = 1, and so we omit its proof.

Lemma 3.2. Let o € (0,1] and (—A)*v € PAA(X). Ifu(:) : R — X be the function defined by
/ AT (t — s)v(s)ds, t > s,

then u(-) € PAA(X).

Lemma 3.3. ([24, Lemma 4.1]) Assume that both hi(-) and ho(-) satisfy (H3). If w € PAA(X), then
u(hi(-)) € PAA(X) fori=1,2.

The proof of the following lemma is similar to that of Lemma 3.2 in [29]. For the completeness, we give
the detailed proof here.

Lemma 3.4. Assume that both hi(-) and ho(-) satisfy (H4). If w € WPAA(R,p), then u(hi()) €
WPAAR, p) fori=1,2.
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Proof. . Let u(-) = v(-) + w(-), where v(-) € AA(X) and w(-) € PAAy(R, p). By condition (H4) and the
definition of almost automorphic functions, we can easily conclude that v (h;(t)) € AA(X).
On the other hand, we need to prove that w (h;(t)) € PAA(R, p). We have

0 < o [ i

m(r,p) J_,
S IR oy o
= i p)lh;<—r> ek (Z(fé» [ ) o it ey
G p)lh;(—r) ek p([f)z(f()t)) / I::)r” [w(®)lp(t)dt
hi(=r)|+hi(r
G p)lh;<—r) ek P (%(f&)) / ||h;(_:)||_|h;(:)l| ()| p(t)ds
m(:ali)?f;;())_r) ek p (/;z(f()t)) m(:;? ) /_ [w(t)|p(t)dt,

where r} = |hi(—7)|+|hi(r)|,i = 1,2. Since (H4) and w(-) € PAAy(R, p), then the last inequality converges
to zero as r — oo. Thus w (h(t)) € PAA)(R, p). As a consequence of the above proof, we can see that
u(hi(t)) € WPAA(R, p) for i = 1,2. The proof is finished. O

Remark 3.5. Let p =1, then the condition (H4) is reduced to the condition (H3). It is consistent with the
fact that the space WPAA(R x X, p) is turned into the space PAA(R x X, X) when p = 1.

Now, we state and prove our main results.

Theorem 3.6. Assume the conditions (H1)(1), (H2)(I) and (H3) hold, then the problem has a unique

pseudo almost automorphic mild solution on R provide that

Ay + Myad T +

1
Pt LM <1, (3.1)

where T'(+) is the gamma function.

Proof. Let A : PAA(X) — C(R, X) be the operator defined by
t

Au(t) = —(—A)_O‘(—A)“f(t,U(hl(t)))+/ (—A)' 7Tt — 5)(=A) f (s, u(Pa(s))) ds

—00

[ T s)g (s uthas)) ds

= f (tulh (1) - / AT(t - 5)f (5, u(ha(5))) ds

— 00
t
—i—/ T(t—s)g (s,u(ha(s)))ds,t € R.
—0o0
First we prove that Au(t) is well defined. From the continuity of s — AT(t — s) and s — T'(t — s) in the
uniform operator topology on (—oo,t) for each t € R and the estimate

[AT(t = 5)f (s,u(ha(s) | = [(=A)' 7Tt = 5)(=A)*f (s,u(ha(s))) |
< Moo = 5) (= A)* (5, u(ha(9)) [l Boxx,x):

it follows that s — AT(t — s)f (s,u(h1(s))) and s — T(t — s)g (s,u(ha(s))) are integrable on (—oo,t) for
every t € R and so that Au is well defined and continuous. Moreover, from Lemmas [3.3] 2.7] [3:2] and [2.14]
we infer that Au(t) € PAA(X), that is, A maps PAA(X) into itself.
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Next, we show that A is a contraction on PAA(X). Indeed, for each t € R, u,v € PAA(X), we have
[Au(t) — Aot
< (G uha(t) = £ (¢ v(ha(t))) |

+/ [AT(t = 5)f (s, u(h1(s))) = AT(t = 5)f (s,v(h1(s))) |ds

n / Tt — ) (s u(ha(s))) — T(t — $)g (5, v(ha(s))) |ds
1A 21— A) F (¢ ulha(£)) — (—A) f (£, 0(ha (1)) |
4 [ AT = -4 (s, ulha(5)) — (—A)F (5000 (5)) |ds

IN

+/ Me g (s,u(ha(s))) — g (s, v(ha(s))) |ds
(=)L (ha (1) = v (i ()|
+Lf /_ Mi_oe™ ) (¢ — )2 Y (hy(s)) — v (hy(s)) |ds

IN

o /t Me =) |y (ha(s)) — v (ha(s)) |ds

o 1 —
[(=A)~ HL HU—UHPAA x) + L})Ml—a(s L(a)llu —vl[paacx)

IN

yM
+LM ~ llu=vllpaacx)
—ay (1 —a y M
= AL + Mi—ad™T(@) L + LM~ vl paacx).
Thus

—Q -« M
|Aw = Avllpaaco) < 1AL + Miad™T(@)L + = LP)lu = vl paacx).

which implies that A is a contraction by (3.1). By the contraction principle, we conclude that there exists
a unique fixed point u(-) for A in PAA(X), such that Au = u, that is

u(t) = —f (t,u(hi(t) / AT (t — s)f (s,u(hi(s)))ds —i—/ T(t— s)g (s,u(ha(s)))ds,

forallt € R. If welet u(a) = —f (a,u(h1(a)))— [ AT (a—s)f (s,u(hi(s))) ds+ [ T(a—s)g (s,u(ha(s)))ds,
then

T(t—aula) = ~T(t-a)f (@ulla@) — [ AT 9)f (s.ulbn(5)) ds
+/a T(t—s)g (s,u(ha(s)))ds.



Y. -K. Chang, Z. -H. Zhao, J. J. Nieto, Z. -W. Liu, J. Nonlinear Sci. Appl. 5 (2012), 14-26 24

But for t > a,

[ 7= 99 (5. utha(s))ds

= [ T 9gatue)ds— [ Tl sg(sulha(s) ds

- Mﬂ+fﬁ&@ﬂm%+/AT@—$f@w%ﬂ$D%
“T(t — a)u(a) + f (a ulha (a)))]
_/_ ATt — $)f (5, u(ha(s))) ds

= u(t)+ f(t,u(hi(t))) +/ AT (t — s)f (s,u(hi(s)))ds
—T'(t — a)[u(a) + f (a,u(h1(a)))].

In conclusion,
u(t) = T(t—a)lula)+ f(a,ulhr(a)] = f (£ u(hi(t)))
- /t AT(t —s)f (s,u(h1(s))) ds + /t T(t—s)g (s,u(ha(s)))ds
is a mild solution of equation and u € PAA(X). This finishes the proof. O
Theorem 3.7. Assume the conditions (H1)(II), (H2)(II) and (H4) are satisfied, then the problem has

a unique weighted pseudo almost automorphic mild solution on R provide that
(=422 + My_asoT(@)L? + L 12 <1 (3.2)
f 11— f 5 9 ) .

where T'(+) is the gamma function.

Proof. We define the operator A : WPAA(R, p) - C(R, X) as
t

Au(t) = (A)_“(A)af(tw(hl(t))H/ (A TOT(t = 5)(=A)* f (s, ulha(s))) ds

—00

+/ T(t — 5)g (5, ulha(s))) ds

—0o0

- —f@nmhao»——/‘ AT(t — )f (s, u(hn ())) ds

+/ T(t — 5)g (5, ulha(s))) ds,t € R.

—0o0
The same arguments used in the proof of Theorem 3.6} we can prove that Au(t) is well defined and continuous.
Moreover, from Lemmas and we infer that Au(t) € WPAA(R,p), that is, A maps
WPAA(R, p) into itself.
Now we prove that A is a contraction on WPAA(R, p). Indeed, for each t € R, u,v € WPAA(R, p), we
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have
[Au(t) — Av(t))|
|f (&, u(ha () — f (tv(Ra(2))) |

+/ [AT(t = 5)f (s, u(hn(s))) = AT(t = 5)f (s,v(h1(s))) |ds

IN

n / Tt — ) (s u(ha(s))) — T(t — $)g (5, v(ha(s))) |ds

—0o0

I(=A) " M=) f (£, u(ha(t)) = (=A)*F (£ 0(ha(2))) |
+/ I(=A)' =T (t = $)[[[(=A)*f (5, u(ha(5))) = (=A)*f (s,v(h1(s))) |ds

—00

IN

+ / Me*0=9)g (s, u(ha(s))) — g (s, v(ha(s))) |ds
1(=A) "N L (ha () — v (ha(t)) |
+Lf /_ Mi_oe™ ) (¢ — )2 Y (hy(s)) — v (hy(s)) |ds

IN

IN

1(=A) LD u — vllwpaag,p) + LF Mi—ad ™ T(e) |l — vliwpai.p)
M
+L§2)7 |u = vllwpaam,p)
—a —« M
= [I=A™LY + Mi_o0™°T (@) LY + = LP|u — v]lwpaace,p)-

1)
Thus

« —Q M
|Au = Aol pangp < (A ILE + Miad =T (@)L + LI~ vllwpaaep)-

It follows that A is a contraction from (3.2]). By the contraction principle, we draw a conclusion that there
exists a unique fixed point u(-) for A in WPAA(R, p), such that Au = u. Moreover, usmg the same proof

as in Theorem we can see that u(t) = T(t — a) [u(a) + f (a,u(h1(a)))] — f(t u(h(t) f AT (t —
s)f (s,u(hi(s)))ds + f(f T(t—s)g(s,u(ha(s)))ds is a mild solution of equation (|1.1)) and u € WPAA(]R, ).
This completes the proof. O
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