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1. Introduction and Preliminaries

In 1975, Kasahara [I1), T2] introduced the notion of d-complete topological spaces as a generalization of
complete metric spaces.

Definition 1.1. [I1],12]. Let (X,7T) be a topological space. Suppose d : X x X — [0, 00) satisfies
(i) d(z,y) =0if and only if z =y ,

(ii) for any sequence {z,} in X, %0 d(xy, Tpt1) < oo implies {x,,} is convergent in (X, 7).

Then the triplet (X, 7, d) is called a d- complete topological space.

*Corresponding author
Email addresses: kprrao2004@yahoo.com (K. P. R. Rao), s.hima _bindu@yahoo.com (S. Hima Bindu),
alimustaq9@gmail.com (Md. Mustaq Ali)

Received 2011-6-13



K.P.R. Rao, S. Hima Bindu and Md. Mustaq Ali, J. Nonlinear Sci. Appl. 5 (2012), 186-194 187

For details on d-complete topological spaces, we refer to Iseki [10] and Kasahara [11], 12| 13]. Hicks [6]
and Hicks and Rhoades [7, [§] proved several fixed point theorems in d - complete topological spaces. Hicks
and Saliga [9] and Saliga [19] obtained fixed point theorems for non - self maps in d - complete topological
spaces.

In 2006, Bhaskar and Lakshmikantham [3] introduced the notion of a coupled fixed point in partially
ordered metric spaces, also discussed some problems of the uniqueness of a coupled fixed point and applied
their results to the problems of the existence and uniqueness of a solution for the periodic boundary value
problems.

Later several authors proved coupled fixed and common coupled fixed point theorems in partial ordered
metric spaces , partially ordered cone metric spaces and cone metric spaces for two maps(Refer to [I], 4, [5,
141, 15, 16 17, 18, 20} 21, 22 23] ).

In this paper ,we prove a common coupled fixed point theorem for four mappings in d - complete
topological spaces.

Definition 1.2. ([3]).Let X be a nonempty set. An element (z,y) € X x X is called a coupled fixed point
of the mapping F': X x X — X if x = F(z,y) and y = F(y, x).

Definition 1.3. ([I]).Let X be a nonempty set. An element (z,y) € X x X is called

(i) a coupled coincidence point of F': X x X — X and g: X — X if gz = F(x,y) and gy = F(y,x).

(ii)a common coupled fixed point of F': X x X - X andg: X — X if z = gx = F(x,y) and y = gy =
F(y, x).

Definition 1.4. ([1]).Let X be a nonempty set. The mappings F': X x X — X and ¢g: X — X are called
W-compatible if g(F(x,y)) = F(gx, gy) and g(F(y,x)) = F(gy, gz) whenever gr = F(z,y) and gy = F(y, )
for some (z,y) € X x X.

In this paper,we obtain two common coupled and common fixed point theorems for two and four mappings
satisfying a Berinde [2] type weak contraction conditions in Hausdorff d- complete topological spaces.

2. Main Results

Theorem 2.1. Let (X, 7,d) be a Hausdorff topological space.Let F,G : X x X — X and f,g: X — X be
mappings satisfying

(2.1.1) d(F(z,y),G(u,v)) < h max{ d(fx,gu),d(fy, gv), d(F(z,y), fz),d(G(u,v), gu)

. d(fx,gu),d(fy, gv),d(F(z,y), fx),
L m”{ d(G(u,v), gu), d(F(z, y), gu), d(G(u, v), fz) }

for all x,y,u,v € X, where 0 < h <1 and L >0,
(2.1.2) F(X x X) Cg(X),G(X x X) C f(X),
(2.1.3) one of f(X) and g(X) is d- complete,
(2.1.4) the pairs (F, f) and (G, g) are W-compatible,
(2.1.5) d(z,y) = d(y,z) for all z,y € X and
(2.1.6) for each y € X,d(xy,y) — d(z,y), whenever {x,} C X,z € X such that
Ty — T.
Then F, G, f and g have a unique common coupled fized point in X x X and also they have a unique common
fixed point in X.

Proof. Let xg and yg be in X.

Since F(X x X) C g(X), we can choose x1,y; € X such that gz; = F(xo,y0) and gy1 = F(yo, o). Since
G(X x X) C f(X), we can choose x2,y2 € X such that fxe = G(z1,y1) and fys = G(y1,21). Continuing
this process, we can construct the sequences {z,} , {yn} ,{zn} and {p,} in X such that
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9Ton41 = F(Ton, yon) = 2on, say ;

9Y2n+1 = F(Yon, Tan) = Pan, say ;

front2 = G(®2n41,Y2n+1) = Z2n+1, say ; and

fYon+2 = G(Y2n+1, Tan+1) = Dant1, say ; for n =0,1,2,.... Now

d(zon, 22n+1) = A(F(T2n, Y2n), G(T2n41, Y2n+1))
< h max {d(22n—1, 22n), d(D2n—1, P2n), d(22n; 22n—1), d(22n+1, 22n) }

d(ZQn—h 2271)7 d(pZn—17p2n)7 d(ZQny ZQn—1)7 }

+L min
{ d(22n+1, 22n), d(22n, 22n), d(22n+1, 22n—1)

= h max {d(z2n—1, 22n), A(P2n—1,P2n) } -

Also

d(pan, P2n+1) = A(F (Y2n, x2n), G(Yon+1, T2n+1))
< h max {d(pan—1,D2n), d(22n-1, 22n), d(P2n, P2n—1), d(P2n+1, P2n) }

d(pan—1,P2n), d(22n—1, 22n), A(P2n, P2n—1), }
d(p2n+1ap2n)a d(pzmpzn), d(p2n+1ap2n71)

= h maz {d(p2n—1, p2n), d(22n-1, 22n) } -

+L min {

Thus max{d(z2n, 22n+1), d(P2n, P2n+1)} < h maz{d(pan—1,p2n), d(22n—1, 22n) }.

d(zon—1, 22n) = d(G(x2n—1,Y2n—1), F(T2n, Y2n))
= d(F(‘Tz’VU y2n)7 G(‘TQTL—IJ an—l))
< h maz {d(z2n-1, 22n—2), d(P2n—1, P2n—2), d(22n, 22n—1), d(22n—1, 22n—2) }

d(z2n—1, 22n—2), d(P2n—1, Pan—2), d(22n, 22n—1), }

+ L min
{ d(z2n—1, 22n—2), d(22n, 22n—2), d(22n—1, 22n-1)

= h max {d(z2n—2, 22n—1), d(P2n—2, P2n—1)} -

d(p2n—1,p2n) = d(G(Y2n—1, T2n—1), F(Y2n, T2n)) = d(F (y2n, T2n), G(Y2n—1, T2n-1))
< h max {d(p2n—1, P2n—2), d(22n-1, 22n—2), d(P2n; P2n—1), d(P2n—1, P2n—2) }

. d(pan—1,P2n—2), d(22n—1, 22n—2), d(P2n, P2n—1): }
+L min
{ d(p2n—1,P2n-2), d(P2n, P2n—2), d(P2n—1,P2n—1)

= h max {d(pan—2, P2n—1), d(22n—2, 22n—1)} -
Thus max{d(z2n—1, 22n), d(P2n—1,DP2n) } < h maz{d(z2n—2, 22n—1), d(P2n—2, P2n—1)}. Hence

max {d<zm Zn—i—l)a d(pmpn+1)} < h max {d(zn_l’ Z”)’ d<pn_1’pn)}
< h? maz {d(z,—2, 2n-1),d(Pn—2,pn—1)}

< h" max {d(zo, 21),d(po,p1)} -

oo 00 oo
Since > h™is convergent, it follows that > d(zpn,2n+1) and > d(pn, pn+1) are convergent. Hence d(zp, zn+1) —
n=1 n=1 n=1
0,d(pn, pn+1) — 0 as n — oo.
Suppose f(X) is d-complete.Then {zont1} = {f22nt2} € f(X) and {pany1} = {fy2ns2} S f(X) converge

to some « and (3 in f(X) respectively.
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Hence there exist z and y in X such that @« = fz and 8 = fy. Also the subsequences {z2,}and {pa,}
converge to a and 3 respectively.

d(F(z,y), zant1) = d(F(x,y), G(T2n+1, Y2n+1))
< h maz {d(f.’E, Z2n), d(fyaPZn)a d(F(a:, y)a fl‘), d(z2n+17 2211)}
. d(f$,22n),d(fy,p2n),d(F(a:,y),fa:),
- min { d(zan 11, 220), d(F(2,9), 220), d(220 41, f) } '

Letting n — oo and using (2.1.5) and (2.1.6), we get
d(F(z,y), fx) < h d(F(z,y), fx) + L(0).
Hence F(z,y) = fzr = a.
d(F(y,2), p2n+1) = d(F(y, ), G(Y2n+1, T2nt1))
< h maz {d(fy,pzn),d(fw zon), d(F (yw),fy) (pzn+1,p2n)}
d(p2n+1ap2n) ( ( )7p2n)’ d(p2n+1a fy) .
Letting n — oo, we get d(F(y, z), fy) < h d(F(y,z), fy) + L(0).

Hence F(y,z) = fy = 5.
Since the pair (f,S) is W-compatible, we have F(«, ) = F(fz, fy) = f(F(z,y)) = fa and F(B,a) =

F(fy, fx) = f(F(y,x)) = fB.
Consider
d(F(Oé, B)v 22n+1) = d(F(aa ﬁ)a G(x2n+1> y2n+1))
S h max {d(fOé, ZQTL), d(fﬁaan)a d(F(Oé, B)v fOé), d(z2n+la ZQTL)}
. d(favan)ad(fﬁvp2n)ad(F(a7/8)vfa)v
tr mm{ d(2an+1, 22n), A(F (e, B), 220), d(22n 11, fo) } '

Letting n — oo, we get d(fa, ) < h maz{d(fa,a),d(fB,5)}. Also consider

d(F(B,a), pant1) = d(F(B, ), G(y2n+1, Tan+1))
< h max {d(f67p2n)7 d(fO[, ZQn)7 d(F(ﬁv a)7 f,B), d(P2n+1,P2n)}
. d(fﬁ,pgn),d(fa,Zgn),d(F(B,Oé),f,B)7 }
- Lomin { d(p2n+17p2n)v d(F(/Ba Oé),an), d(p2n+1> fﬂ) ‘

Letting n — oo, we get d(f3,3) < h max{d(fB,[5),d(fa,a)}.

Thus maz{d(fa,a),d(fB,5)} < h max{d(fa,a),d(fB,8)}. Hence fa = o and f5 = 5.

Thus a = fa = F(a, 8).....(I) and B = f8=F(5,a)...(1N)

Since F'(X x X) C gX, there exist v, € X such that gy = F(a, ) = fa =« and g6 = F(5,a) = ff = p.
Now

d(gv,G(7,6)) = d(F (e, B), G(7,0))
< h maz {0,0,0,d(G(v,0),97)}
+ L min{0,0,0,d(G(v,6),97),0,d(G(,6),97)}
=h d(G(v,9),97).
Hence G(v,0) = gy. Also
d(g0,G(0,7)) = d(F (B, @), G(6,7))
< h maz {0,0,0,d(G(4,7),99)}
+ L min{0,0,0,d(G(d,v),gd),0,d(G(d,7),gd0)}
= h d(G(4,7), g9).
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Hence G(9,7) = gd. Since the pair (G, g) is W-compatible, we have ga = g(gv) = 9(G(7,9) = G(gv, gd) =
G(a, B) and gB = g(gd) = g(G(6,7)) = G(gd,97) = G(B, ). Now consider

d(ZQna G(Oé, /8)) = d(F(iEQn, y2n)7 G(Oé, /8))
< h max {d(z2n-1, 9), d(p2n—1,98), d(22n, 22n-1),0}
- d(z2n-1,9q),d(p2n—1,908), d(22n, 22n-1),
- Lomin { 0, d(ZZna ga), d(G(a, B), 22n—1) } ’

Letting n — oo, we get d(«, ga) < h maz{d(a, ga),d(B,gF)}. Also consider

d(pZTLa G(B: Od)) = d(F(an, x?n)a G(B: Oé))
< h maz {d(p2nfla gﬁ)? d(z2n717 gOZ), d(p2n7p2n71)a 0}

. d(an—lagB)ad(ZQn—laga)>d(p2n7p2n—1)a }
i { 0,d(p2n: 98), d(G(8, @), pan-1) '

Letting n — oo, we get d(3, g8) < h max{d(8,gB),d(a, ga)}. Hence go = v and gf = 3.
Thus a = ga = G(«, B)......(11])

and 8 = g8 = G(B,)....(IV).
From (I),(II) (III) and (IV), we have

fa=ga=a=F(a,p)=G(a,f)...... (V)and fB=9gB8=08=F(B,a)=G(B,a)........ (VI)
Thus (a, 8) is a common coupled fixed point of F, G, f and g.
Suppose (a1, 1) € X x X is another common coupled fixed point of F, G, f and g.

d(aq, ) =d(F(a1, p1), Gla, B)) < h mazx {d(a1,a),d(B1,5),0,0}
+ L min {d(al,a),d(ﬁh5)7070761(041,04)@(%061)}
= h max {d(a1,a),d(b1,8)} .

Also

d(B1,B) = d(F(f1,01),G(B,a)) < h max {d(p1, ), d(a1,a),0,0}
+ L min {d(B1,B),d(a1,@),0,0,d(B1, B),d(B, 51)}
= h max {d(a1,a),d(B1,5)}.

Thus max{d(a1,a),d(f1, )} < hmax{d(ai,a),d(B1,5)}.

Hence a; = a and 1 = .

Thus (a, 8) is the unique common coupled fixed point of F, G, f and g.
Now, we will show that o = S.

d(a, 8) = d(F(a, B), G(B, a))
< h max {d(«, 8),d(a, 3),0,0} + L min {d(a, B),d(c, 5),0,0,d(c, 58),d(5,a)}
= hd(a,p).

Thus o = . Hence « is a common fixed point of F,G, f and g. Using (2.1.1), we can show that « is the
unique common fixed point of F, G, f and g. O

The following example illustrates Theorem 2.1.

Example 2.2. Let X = [0,1] and d(z,y) = |2% — y?|,Vz,y € X.
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Define F(x,y) = Sin(*—% 2+y ) =G(z,y) and fr =2z = gx,Yx € X . Then

2 2

X u2 U2
d(F(z, ), C(u, v)) = d(Sin( Iy)“%n( i

=)

2 2 2 2
TV g

= |Sin?(

= Sin(m +

i(’x2 _u2‘ + ’yQ —U2})

IN

%max{d(fx, gu),d(fy,gv)}

IN

IN

5 maw { d(fz,gu),d(fy,gv), d(F (@, p), [2), d(Glu, ), gu) }

’ d(fz, gu), d(fy, gv), d(F(z,y), fz),
L mm{ d(G(u,v), gu),d(F(z,y), gu),d(G(u,v), fr) } ’

where L = 0.
One can verify all the other conditions easily. (0,0) is the unique common fixed point of F, G, f and g.

Note: In Example 2.2, it is clear that (X,d) is a d-complete topological space and (X,d) is not a
complete metric space .
Now we give another theorem for a pair of Jungck type maps without using symmetry of d.

Theorem 2.3. Let (X, 7,d) be a Hausdorff topological space.Let F : X x X — X and f : X — X be
mappings satisfying

(231) d(F(x7 y)’F(u7 ,U)) S h maw{ d(f$7fu)7d(fy7 fv)7d(fx7F(x’y>7d(fu77F(u’ U) }

| d(fz, fu), d(fy, fo),d(fz. F(z.y)),
h ”“”{d(fu,F(u,v»,d(fx,F(u,v)) d(F(z.y), f >}’

for all x,y,u,v € X, where 0 < h <1 and L >0,

(2.3.2) F(X x X) C f(X),

(2.3.3) f(X) is d- complete,

(2.3.4) the pair (F, f) is W-compatible,

(2.3.5) for each y € X,d(xn,y) — d(z,y),whenever {z,} C X,z € X such that z, — x.

Then the mappings F and f have a unique common coupled fized point in X x X and also they have a
unique common fized point in X.

Proof. Let xy and yo be in X. Since F'(X x X) C f(X), we can choose z1,y; € X such that fz1 = F(x0,y0)

and fy, = F(yo, o).
Continuing this process, we can construct the sequences {z,}, {yn}, {zn} and {p,} in X such that fx,1; =

F(xn,Yn) = 2zn, say and fyp+1 = F(Yn, Tn) = pn, say for n =0,1,2, .....
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Consider
d(zn; 2nv1) = Ad(F(2n, yn), F(Tny1, Yni1))
< h max {d(znfla Zn)a d(pnflapn)v d(znfla Zn)a d(zna Zn+1)}
. d(znflaZn)ad(pnflapn)ad(znszn)a
- Lomin { d(Z’m Zn+1)7 d(zn—la Zn+1)a d(z’m Zn)
= h max {d(zn—1,2n), d(Pn—1,Pn)} -
d(pmpn—H) = d(F(ymxn)v F(yn—I—la mn—&—l))
S h max {d(pn—17pn)7 d(Zn_l, Zn)7 d(pn—hpn)a d(pn,pn-}—l)}
. d(pn_l,pn),d(zn_l,zn),d(pn_l,pn),}
+ L min
{ d(pmpn+1)v d(pnflvanrl)a d(pna pn)
= h maz {d(pn—1,pn), d(zn-1,2n)} -
Thus

max {d(znv Zn—i—l)v d(pn7 pn—i—l)} < h max {d(pn—lypn)7 d(zn—h Zn)}
< h?* maz {d(pn—2,Pn—1), d(2n—2, 2n-1)}

< h" mazx {d(p07p1)7 d(an Zl)} :

o0 [e.°] [e.°]
Since > h™is convergent, it follows that > d(zpn,2n+1) and > d(pp, pn+1) are convergent. Hence d(zp, zn+1) —

n=1 n= n=
0, and d(pn,pn+1) — 0 as n — oo. Suppose f(X) is d-complete. Then there exist o and 5 in f(X) such that
{zn} and {p,} coverge to o and [ respectively. Hence there exist x,y € X such that a« = fx and 5 = fy.

d(zn, F(x,y)) = d(F (20, yn), F(z,9))

d(zn— ,fﬂ?),d(pn_ 7fy)7
=h max{ d(zn—lla Zn),d(f.%',;(l',y)) }

. d(Zn—17f$)7d(pn—17fy>7d(zn—1,2n)y
L mln{ d(ffE,F(ﬂ?,y)),d(Zn_l,F(ﬂf,y)),d(zn,faj) } '

Letting n — oo, we get

d(fz,F(x,y)) < h mazx{0,0,0,d(fz, F(x,y))}
+ L min{0,0,0,d(fz, F(z,y)),d(fz, F(x,y)),0}
= hd(fx, F(z,y)).

Hence F(z,y) = fx = a.

d(me(y,:I})) = d(F(ymxn),F(y,J})))

d(pn_1,fy),d(zn_1,fx),
Sh’”‘”{d@n L pn) d( fy, F(y, >>}
. (Pn 1, y) (Zn 1,f='70) (pnflapn)a
*me{ d(fy, F(y,)), d(pn1, F(y, >>,d<pn,fy>}

Letting n — oo, we get d(fy, F(y,z)) < h d(fy, F(y,)),
so that F(y,z) = fy = (.
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Since (F, f) is W-compatible pair, we have
fa=ffx=[f(F(zy))=F(fz, fy) = F(a,B) and
fB="Fffy=Ff(F(y,z))=F(fy, fz) =F(B, o).

d(zna fa) - d(F(xna yn), F(Oé, B))
< h max {d(zn—h fOé), d(pn—b f/B)a d(zn—lv Zn)a O}
. d(zn—lafa)ﬁd(pn—lyfﬁ)ad(zn—lazn)
+L mm{ 0,d(zn—1, fa),d(zp, far) } '

Letting n — oo, we get d(«, fa) < h maz{d(«, fa),d(8, f5)}.

d(pmf/B) = d(F(ymxn)aF(ﬁ7 a))
S h maz {d(pn—la f/B)v d(zn—la fa)7 d(pn—lypn)7 O}
. d(pn—hfﬂ),d(Zn—lva‘)ad(Pn—lapn)
- hmin { 0,d(pa-1, fB), d(pns £8) } '

Letting n — oo, we get d(8, f8) < h maz{d(8, f8), d(a, fa)}.

Thus maz{d(a, fa),d(B, fB} < h maz{d(a, fa),d(B, fB)}

so that fa =« and f8 = 3.

Thus a = fa = F(«a,8)——(1) and 8 = f8 = F(5,a)—(1I).

Using (2.3.1) we can show that («, 3) is the unique pair in X x X satisfying (I) and (II) .
Now we will show that a = f.

d(a, B) = d(F(a, B), F(B,a))
< h maz {d(a, 8),d(8,«),0,0} + L(0)
= h maz {d(a, 5),d(B,a)} .

d(B,a) = d(F(B,a), F(a, B))
< h max{d(B,«),d(a,B)}.

Hence, maz{d(a,),d(B,a)} < h max{d(c, 3),d(S,a)}. Thus a = 3. Hence « is a common fixed point of

F and f. Using (2.3.1), we can show that « is the unique common fixed point of F' and f.

The following example illustrates Therorem 2.3.

O

Example 2.4. Let X = {0,1} and d(z,y) = |2?> — y|,Vo,y € X. Define F(z,y) = 1,Vo,y € X and

fl=1,f0=0.
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