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Abstract

In this paper, we consider a general iterative scheme to approximate a common fixed point for a finite family
of asymptotically quasi-nonexpansive mappings. Several strong and weak convergence results are presented
in Banach spaces and an finite family of asymptotically quasi-nonexpansive mappings is constructed. Our
results generalize and extend many known results in the current literature.(©2012 NGA. All rights reserved.
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1. Introduction and Preliminaries

Let C be a nonempty subset of a real Banach space X and T a selfmapping of C'. Denote by F(T') the
set of fixed points of T'. Throughout this paper, we assume that F(T) # (). The mapping T is said to be
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(i) nonexpansive if | Tz — Ty| < ||z —y||, for all z,y € C;
(ii) quasi-nonexpansive if [Tz — p|| < ||z — p||, for all z € C and p € F(T);

(iii) asymptotically nonexpansive if there exists a sequence {r,} in [0, 0c0) with lim,_,~ 7, = 0 and ||T"z —
Tyl < (1 + )|z —yl|, for all z,y € C and n =1,2,3,.. ;

(iv) asymptotically quasi-nonexpansive if there exists a sequence {r,} in [0, 00) with lim, . 7, = 0 and
|77z —p|| < (1+ry)||lx —p|, forallz € C, pe F(T) and n=1,2,3,..;

(v) uniformly L-Lipschitzian if there exists constant L > 0 such that ||T"z — T"y|| < L|lz — y||, for all
z,ye Candn=1,2,3,...;

(vi) (L —+y) uniform Lipschitz if there are constants L > 0 and v > 0 such that || 7"z —T"y|| < L|jz —y||”,
forall z,y € Cand n=1,2,3,...;

(vii) semi-compact if for a sequence {x,} in C' with lim, o ||z, — Tz, || = 0, there exists a subsequence
{zp,} of {z,} such that z,,, - p € C.

From the definitions, it is easy to see that,

(i) a nonexpansive mapping must be quasi-nonexpansive and asymptotically nonexpansive;

(ii) an asymptotically nonexpansive mapping is an asymptotically quasi-nonexpansive and uniformly L-
Lipschitzian;

(iii) a uniformly L-Lipschitzian mapping is (L — 1) uniform Lipschitz.

Condition (A). Let C be a subset of a normed space X. A family of self-mappings {T; : i = 1,2,...,k}
of C is said to have Condition (A) if there exists a nondecreasing function f : [0,00) — [0, 00) with f(0) =0
and f(r) > 0 for all r € (0, 00) such that ||z — T;z|| > f(d(z, F')) for some 1 < ¢ < k and for all z € C, where
da, F) = inf {2 = p|l :p € F =V, F(T) }.

The map T : C' — X is said to be demiclosed at 0 if for each sequence {x,} in C' converging weakly to
x € C and Tz, converging strongly to 0, we get Tz = 0.

A Banach space X is said to have Opial’s property if for each sequence {x, } converging weakly to x € C
and x # y, we have the condition

liminf ||z, — z| < liminf ||z, —y||.

Goebel and Kirk [I] introduced the notion of asymptotically nonexpansive and proved that every asymp-
totically nonexpansive self-mapping of a nonempty closed bounded and convex subset of a uniformly convex
Banach space has a fixed point. Bose [2] studied an iterative scheme for fixed points of asymptotically non-
expansive mappings. Khan and Takahashi [3] used the modified Ishikawa process to approximate common
fixed points of two asymptotically nonexpansive mappings.

The problem of finding common fixed points of nonlinear mapping is of practical importance. The well-
known convex feasibility problem reduces to finding a point in the intersection of the fixed point sets of a
family of nonexpansive mappings. Many researchers [4-7] are interested in studying approximation method
for finding common fixed points of nonlinear mapping.

Sun [7] studied an implicit iterative scheme initiated by Xu and Ori [8] for a finite family of asymptotically
quasi-nonexpansive mappings. Shahzad and Udomene [9] proved some convergence theorems for the modified
Ishikawa iterative process of two asymptotically quasi-nonexpansive mappings to a common fixed point.
Fukhar-ud-din and Khan [10] studied a iterative process with errors to approximate the common fixed
points of two asymptotically quasi-nonexpansive mappings.
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Recently, Khan et al. [I1] introduced an iterative process for a finite family of mappings as follows: Let
C be a convex subset of a Banach space X and {T; : i = 1,2,...,k} be a family of self-mappings of C.
Suppose that a;, € [0,1] for all n = 1,2,3,... and i = 1,2,..., k. For z; € C, let {x,} be the sequence
generated by

Tn+1 = (1 —apn)wn + aknT]?y(k—l)na

Yr-1)n = (1= a@_1)n)Tn + -1y} 1Yk—-2)n;

Yr-2n = (1= a@g—2n)Tn + ak-2)nT{ 2Y(k—3)n; 1)
Yon = (1 - a2n)$n + a2nT2ny1n>

Yin = (1= awm)zn + a1nT{Yon,

where yo, = x, for all n. The iterative process is the generalized form of the modified Mann (one-step)
iterative process by Schu [12], the modified Ishikawa (two-step) iterative process by Tan and Xu [I3], and
the three-step iterative process by Xu and Noor [14].

Very recently, Kettapun et al. [15] introduced an iterative process for a finite family of mappings as
follows: for z1 € C, let {z,,} be the sequence generated by

Tnt1 = (1= aen)Y—1)n + UnTRYk—1)n

Yr-1yn = (= ag—1n)¥r-2)n + sk—1n T 1Y (k—2)n>
)

Yk—2n — (1 — Q(k—2 n)y(k—B)n + a(k—?)nTl?ny(k—?:)na (1 2)
Y2n = (1= a2.)y1n + a2.15'y1n,
Yin = (1 - aln)yOn + alnTlnyOTw

where o, = x,, for all n.

Motivated by Khan et al. [11] and Kettapun et al. [15], we introduce a new iterative scheme for finding a
common fixed point of a finite family of asymptotically quasi-nonexpansive mappings as follow: for z; € C,
let {x,} be the sequence generated by

Tnt1 = gnn + OknYk—1)n T kn Ly Yk—1)n

Yh-1n = Ak-1)n%n +Ox—1)nYk—2)n + Ch—1)nTh_1Y(k—2)n>

Yk-2n = Ak-2)n%n + Ok—2)nYk—3)m + Ch—2)n T 2Y(k—3)n> (1.3)
Yon = apTp + b2ny1n + CQnT2ny1n7

Yin = Q1pTn + blny(]n + ClnTlnyOnv

where yon = Tn, (A3, O(iyns Cyn) € I x I x I, I =10,1] and agy, + by, + ¢y, = 1, for all n = 1,2,3, ...
andi=1,2,...,k.

The aim of this paper is to obtain some strong and weak convergence results for the iterative process
of a finite family of asymptotically quasi-nonexpansive mappings in Banach spaces.

We need the following useful known lemmas for the development of our convergence results.

Lemma 1.1. (Cf. [7, Lemma 2.2]). Let the sequences {a,} and {0,} of real numbers satisfy:
ant1 < (14 0n)an, where an > 0,0, > 0foralln=1,2,3,...,
and Y > 0, < oo. Then
(1) limy, o0 ay, exists;
(i1) if liminf,, o an = 0, then lim, o a, = 0.

Lemma 1.2. (See [18 Lemma 1.3]). Let X be a uniformly convex Banach space. Assume that 0 < b
t, <c <1, n=123,.... Let the sequences {x,} and {y,} in X be such that limsup,,_, ||zn| <
limsup,,_, [|ynl| < a and lim, o0 ||ty + (1 — ty)ynl| = a, where a > 0. Then limy, o || — yn|| = 0.

<
a?
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2. Convergence in Banach spaces

The aim of this section is to establish the strong convergence of the iterative scheme (|1.3)) to converge to
a common fixed point of a finite family of asymptotically quasi-nonexpansive mappings in a Banach space
under some appropriate conditions.

Lemma 2.1. Let C be a nonempty closed convex subset of a real Banach space X, and {T; :i=1,2,...,k}
be a family of asymtotically quasi-nonexpansive self-mappings of C, i.e., || Tz — pil| < (1 + rin)llz — pill,
forallx € C and p; € F(Ti), i = 1,2,..., k. Let (a@)n,biyn: cayn) € I x I x I, where I = [0,1] and
a@iyn + b + Ciyn = 1, foralln =1,2,3,... and i = 1,2,..., k. Suppose that ' = ﬂle F(T;))#0, z1 € C,
and the iterative sequence {x,} is defined by . Then for p € F, we get

(i) | T7y-1yn — Pl < L+ 1) [y—1)n — pII, for all i =1,2,... k;
(i) yin — Pl < (1 +70) |20 —pll, fori=1,2,....k =1
(i1) [|xn+1 — pll < (14 6p)l|zn — pll;
(iv) if Y00 rn < 00, limy oo ||xn — p|| exists,
where r, = max;<j<g{rin} and &, = Zle(kz)rfl

PROOF. Let p € F.
(i) For i = 1,2,...,k, we have

1T y(i—1yn — Pl < (L4 70)[lY(i—1)n — PI-
(ii) Set yxn = Tp+1. Using part (i), we obtain
HalnIn + binxn + ClnT{LJUn - p”
atnl|lzn = pll + binllzn — pll + c1nl| 1120 — pl|

(1 = c1n)l|zn — pll + c1n(1 + ) |20 — pl|
(L +w)llzn —pl|-

Assume that |y;n, — p|| < (14 ¥,)?||zn — p|| holds for some 1 < j < k — 1. We have

lyin — Dl

ININ TN

Ha’ (j+1)nTn + b(j+1)nyjn + Ci+1)n ]n-}-lyjn pH
a(]-i-l)onn pll + bG+1nllyin — pll + cj+0)nllT T Yin — pll
rmlon =2l + b nnllggn = ol + cgron 7 r)lum —pl )
a(;+1)nHwn pll 4+ (1 = ag11)n) (L +r)llysn —pll '
agirrm (L +70) THlzn —pll + (1 = aggayn) (1 + ) 2, = pl]
(14 70)7 |, — pll.

1Y¢j+1)n — 2l

A VA VA VAN VAN |
e

Thus, by induction, we have
lyin — pll < (A4 710)Y2zn —pl|, fori=1,2,... k.
(iii) By part part (ii), we get

[Znt1 —pl = lygen —pll < (1 +70)F[|lzn — p
(2.2)
= (1+du)llzn —pll-

(iv) By (iii), we have [|zn1 — pl| < (1 + 0n)[|2n — pl|. From 3°7° 17n < 00, W also have 32 7% < oo,
for i =1,2,...,k. It follows that S2°% &, = S2°° [SF (ki)ri] = 2% [(ki) 32°°, 7] < co. By Lemma 1,

n=1
we get limy, o0 ||, — pl| exists.
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Theorem 2.2. Let C be a nonempty closed convex subset of a real Banach space X, and {T; : i =1,2,...,k}
be a family of asymtotically quasi-nonexpansive self-mappings of C, i.e., || T'x—p;|| < (14rip) ||z —p;ill, for all
xeCandp; € F(T;), i=1,2,...,k. Suppose that F = ﬂle F(T;) # 0, x1 € C, and the iterative sequence
{zn} is defined by . Let (a(iyn; biyn, Ciyn) € I X I x I, where I =10,1] and a), + by, + ciyn = 1, for
alln =1,2,3,... and i = 1,2,..., k. Assume that Y .7 1, < 00, where 1, = maxi<;<p{rin}. Then {z,}
converges strongly to a common fized point of the family of mappings if and only if liminf,, o d(z,, F)) = 0,
where d(x, F) = infpep ||z — pl|.

PROOF. Since the necessity is obvious, we will only prove the sufficiency. Take the infimum over F in (2.2)),
we have

d(zni1, F) < (14 8,)d(wn, F).

By > 0%, 0p < 00, liminf,, o d(zy,, F) = 0, and Lemma 1, we get that lim, o d(z,, F') = 0.
Next, we show that {z,} is a Cauchy sequence in C. Let p € F. By Lemma 3(iv), lim,_, ||zn — D||
exists and hence {|z,, — p||} is bounded. Set M = sup,,>1{||zn — p[|}. From Lemma 3(iii), we get

[#n41 = pl| < llzn — pl| + Mép. (2.3)
Thus, for positive integers m and n, we have

|Zntm =Pl < |Zngm—1 — Pl + Méntm—1
S ||-73n+m72 _pH + M((Snerfl + 6n+m72)

n+m—1

Hxn_pH"i_M Z d;.

i=n

IN

Therefore, for any p € F, we have

[Tnsm — anl < lensm — pll + llzn — pll
n+m—1

2llzn —pll + M Z 0;-

i=n

IN

Hence,

n+m—1
|Tntm — Tnl| < 2d(zp, F) + M Z Ji.
1=n

By limy oo d(2pn, F) = 0 and Y 2,8, < 00, we get that {z,} is a Cauchy sequence in X. Since X is
complete, z,, — ¢ € X. Actually, ¢ € C because {z,} C C and C is a closed subset of X. Next we
show that ¢ € F. Since F(T;) is a closed subset in C for all i = 1,2,...,k, sois F' = ﬂ,’f:l F(T;). From
the continuity of d(x, F') with d(x,,F) — 0 and =, — ¢q as n — oo, we get d(q, F) = 0 and then ¢ € F.
Therefore, the proof is complete.

Since any asymptotically nonexpansive mapping is asymptotically quasi-nonexpansive, the next corollary
is obtained immediately from Theorem 4.

Corollary 2.3. Let C be a nonempty closed convex subset of a real Banach space X, and {T; :i=1,2,...,k}
be a family of asymptotically nonexpansive self-mappings of C, i.e., || T7'x — T y|| < (14 rimn)||z —yl|, for all
v,y € C,i=1,2,....k. Let (a(in, biyns Ciyn) € I X I x I, where I =1[0,1] and ay, + beyn + ciyn = 1, for
alln=1,2,3,... andi=1,2,...,k. Suppose that F' = ﬂle F(T;) #0, 21 € C, and the iterative sequence
{zn} is defined by (1.3). Then {x,} converges strongly to a common fized point of the family of mappings
if and only if liminf, o d(xy, F') =0, where d(z, F) = inf,cp ||z — p||.
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3. Results in uniformly convex Banach spaces

In this section, we establish some weak and strong convergence results for the iterative scheme by
removing the condition lim inf,,_,~ d(xy,, F') = 0 from the results obtained in Section 3. Instead, we consider
the class of (L — ) uniform Lipschitz and asymptotically quasi-nonexpansive mappings on a uniformly
convex Banach space.

Lemma 3.1. Let C be a nonempty closed convex subset of an uniformly convex real Banach space X, and
{T; : i =1,2,...,k} be a family of (L — ~;) uniform Lipschitz and asymtotically quasi-nonexpansive self-
mappings of C, i.e., |[T)'x — T]'y|| < L||lx — pi||", and || Tz — pi|| < (1 + rin)llz — pill, for all x,y € C and
pi € F(T;), i =1,2,...,k. Suppose that F' = ﬂle F(T;) # 0, 1 € C, and the iterative sequence {xy} is
defined by . Forn=1,2,3,... andi=1,2,...,k, let (agyn; by, Ciyn) € I X I X I, where I = [0,1] and
a(iyn + O(iyn + Ciyn = 1, ain € [6,1 — 8] for some § € (0, %), and bin € [a,b] for some 0 < a <b < 1. Assume
that >0 | rp < 00, where 1, = maxi<ij<p{rin}. Then,

(i) limp, o0 |70 — T7*Y(i—1)nll = 0, for all i =1,2,... k;

(i) limp oo ||z — Tizn|| =0, for alli=1,2,...,k.

PROOF. (i) Let p € F. By Lemma 3(iv), we obtain that lim,_,~ ||z, — p|| exists and we then suppose that

Jim |z, —pl| = c. (3.1)
By (3.1) and Lemma 3(ii), we have
limsup ||yin —p|| <¢, fori=1,2,....k—1. (3.2)
n—o0o
We also notice that
”xn+1 - pH = Hakn'rn + bkny(k—l)n + CknT]?y(k—l)n - p”
< agnl|zn = Pl + bknllYk—1)n — Pl + crn (1 + o) [[Yr—1)n — Pl
< agnllzn = pll 4+ (1 = arn) (1 + o) 1Y -1y — Pl
< (1= (1= apn) (1 = agenyn) - (1= aggnyn)) (L+72)" " |lzn — p
+(1 = agn) (1 = a_1yn) -+ (1= agignyn) (1 +70)" " |[gin — pll;
which implies
|z — pll
Tn —pl| <
o =Pl = ) 0= agenm)- (1= e
[#n+1 — |l
(1 ) (1~ ageny) (1~ ) (L4 s 1 =
220 = plI(L +70)" = [z — p| ,
< — + llvin — 1.
(L= apn) (1 = agg—1yn) -+ (1 = agir1)n) (1 + 1)
Therefore,

|20 = plI(L +70)" = [J2ns1 — 2|
5]672(1 _}_,,an)kf’i

|2n — pl < + |lyin — pl|

and hence
¢ <liminf ||y;, —p|, fori=1,2,...,k—1. (3.3)
n—oo
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Combining (3.2)) and (| ., we have
lim ||y, —p||=¢, fori=1,2,...,k—1.
n—oo

Let ygn = Znt1, then we have limy, oo ||Ygn — pl| = limy 00 ||Znt1 — pl| = ¢. So, we get, for i =1,2,. ..

nlgn |@in(zn — p) +bin(y(i—1)n p) + cin (T Yi-1)n sl
) bin Cin
=t ain(n = 9) 4 (1= i) | 2 (i = 2+ e (T =) |
. . ) n,, . . s Qin _ bzn ) _
= i eI )+ (1 i) | T2 = ) T2 i 9] |
= c
Also, from Lemma 3(i) and ({ , we obtain
limsup |7 yi—1yn —pll <¢, fori=1,2,... k.
n—oo
Thus, we can get, for i =1,2,...,k,
lim sup,,_, ||&ﬁ(?/(i—1) -p)+ 1Ci;m( "Y(i—1yn — D)
< limsup, o0 |12 96 1n — 2l + 15 TPy 1 — P
< ¢
and
lim sup,, o0 || 722 (20 — p) + 122~ (y(i—1)n — D)l
<SP, o [ 122 [ — pll + 222y — pl]
< c

By Lemma 2, we obtain, for ¢ =1,2,...,k,

. 1
lim
n—oo 1 — a;p

(1 = ain)n — (binYi—1)n + cin L} Yi-1)n)ll = 0,

and
nh—>nolo — Cin I(X = cin) T Y(i—1)n = (@inn + biny(i—1)n) | = 0-
So, we have, for i =1,2,...,k,
hmn—>oo Hxn - yan
= limp e Hxn - (bzny( n + ainxy + CmT Yi-1) )H
= (1- aln) ||(1 — Qip )Ty — (bmy(z—l) + CmT Y(i— 1)n)||
and

limy, 00 HT‘zny(zfl)n - yan
= limp,e0 H,—Tzny(zfl)n - (ain$n + biny(ifl)n + ciniriny(ifl)n)n
= (1= cin) e 11 = cin) Y1) = (@in@n + biny(i-1yn) |
= 0.

Combining (3.6)-(3.7)), we can get

nh_{IOlonn _T:iny(i—l)nH = 07 for i = 172a"'7k'

7k7

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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(ii) From part (i), for i = 1, we have
lim |17z, — z,] = 0. (3.9)
n—oo

For:=2,3,...,k, we get
lim (T2, — 2ol < [T %0 — T'ny(ifl)nH + ”Tiny(ifl)n — Ty |
n—o0

)

< Lllzn =yl + 117y =10 — 2nll-

By part (i) and (3.6, we conclude that

lim ||T}'zy, — x| =0, fori=1,2,... k. (3.10)

n—oo

From (|1.3), we have
[Tnt1 — @n|| < bany(k—l)n — Ty + CanTl?y(k—l)n — Ty |-

From and ,

lim ||zp41 — x| = 0. (3.11)
n—oo
For:=1,2,...,k, we have

[ — Tiznll < lzn = ngall + lonsr — TinJrlxnleH + ||Tin+1$n+l - En+1$n’|
T 2y — Tian||

20 = @net |+ a1 — T @]l + Llznss — ool
LT — .

Using (3.10) and (3.11)), we obtain

lim ||z, — Tix,| =0, fori=12,... k.
n—o0

IN

Theorem 3.2. Under the hypotheses of Lemma 6, suppose that {T; : i = 1,2,...,k} satisfies Condition
(A). Then {x,} converges strongly to a common fized point of the family of mappings.

PRrROOF. By using Condition (A), there exists a nondecreasing function f : [0,00) — [0,00) with f(0) =0
and f(r) > 0 for all r € (0,00) such that

[0 = Tjanll = f(d(zn, F))
for some 1 < j < k. From Lemma 6(ii), we have

lim ||z, — Tiz,|| =0, fori=1,2,... k.

n—o0

So, we get lim,, o f(d(xy, F')) = 0 which implies

lim d(z,, F) =0.

n—oo
By Theorem 4, we conclude that {x,} converges strongly to a point p € F'.
Theorem 3.3. Under the hypotheses of Lemma 6, assume that 1" is semi-compact for some positive

integers m and 1 < j < k. Then {x,} converges strongly to a common fized point of the family {T; : i =
1,2,...,k}.
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PROOF. Suppose that T7" is semi-compact for some positive integers m and 1 < j < k. We have

HT]mmn — 1zl < HTmen - ij_lan + ||ij_1xn - ij_anH +oF Hfon — Tjan|
+|Tjzn — xnl|
< (m = DL Tjzn =zl + (| Tjzn — @n|.

Then, by Lemma 6(ii), we get || T]"2;, — 2| — 0 as n — oo. Since {z,} is bounded and 77" is semi-compact,
there exists a subsequence {zy,} of {z,} such that x,, = ¢ € C as | — oo.
By continuity of T; and Lemma 6(ii), we obtain

l¢ — Tiql| = lim ||z, — Tjzy,|| =0, forallj=1,2,... k.
l—o00

Therefore, ¢ € F, and liminf,,_,o d(z,, F') = 0 and then Theorem 4 implies that {z,} converges strongly to
a common fixed point ¢ of the family {7; :i=1,2,... k}.

Theorem 8 is very useful in the case that one of T; : 1 = 1,2,... k, is semi-compact.

Theorem 3.4. Let C' be a nonempty closed convexr subset of an uniformly convex real Banach space X
satisfying the Opial property, and {T; : i = 1,2,...,k} be a family of (L — ~;) uniform Lipschitz and
asymtotically quasi-nonexpansive self-mappings of C, i.e., |I7'x — T'y|| < L||lz — p;i||"¢, and || Tz — ps| <
(1 + rin)llx — pil|, for all x,y € C and p; € F(T;), i = 1,2,...,k. Suppose that F = ﬂle F(T;) # 0,
x1 € C, and the iterative sequence {x,} is defined by . Forn = 1,2,3,... and i = 1,2,...,k, let
(a(iyns biiyns Ciyn) € I X I x I, where I = [0,1] and agy, + by, + ciyn = 1, in € [6,1 6] for some ¢ € (0, %),
and by, € [a,b] for some 0 < a <b < 1. Assume that > > | ry < 00, where 1, = maxi<j<p{rin}t. If I —T;,
i =1,2,...,k, is demiclosed at 0, then {x,} converges weakly to a common fixed point of the family of
mappings.

PROOF. Let p € F. By Lemma 3(iv), we get lim,,_,o ||, — p|| exists. Then we follow the proof of Theorem
3.2 by Khan et al. [I1] until we can conclude that {z,} converges weakly to a common fixed point p € F.

Remark 3.5. It is clear that Theorems 4, 7, 8 and 9 can be used for any asymptotically nonexpansive
mapping.

4. An example

In this section, we will construct an finite family of quasi-nonexpansive mappings satisfying the conditions
of Thoerem 7.
Let X = [2 with the norm || - || defined by

and C = {z = (71,22,...,%p,...)|1 <0, z; € R', i =2,3,...}. Then it is obvious that C is a nonempty
closed convex subset of X.

Now, for any © = (x1,x2,...,%p,...) € C, define an finite family of mappings T; : C — C, i =1,2,...,k
as follows:

Ti(z) = (0,421,0,...,0),
Ty(z) = (0,0,4a1, . ..,0),
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Ti(z) = (0, ...,0,4z1,. .. ,0),
——

%

Ti(x) = (0,...,0, 4x1,...,0).
k+1
It is easy to see that T; is an asymptotically quasi-nonexpansive mapping. In fact, for any z = (1, x2,...,2n,...) €
C, letting T;(x) = z, i.e.
(0,...,0,421,...,0) = (z1,22, .., Tpy-..),
~~
7

we get F'(T;) = {0} and

Tr(z) = (0,0,0,...,0,...), Yn=2,3,..., i=12... k.
Fori=1,2,...,k,Vn > 1, take r;, € [0,00) with r;; = 3 and lim,,_,~ 74, = 0, and Vp € F(T;), we have
1Ti(z) —pll = X+ ra)llz —pl| = [1(0,...,0,4z1,...,0)[| = (L + 3)[[(z1, 22, ..., Tn, -+ )|

and, for all n = 2,3, ...,
1T (x) = pll = (1 +rin)llz = pll = 0= (1 +rip)[lz]| 0.
SoT;, i =1,2,...,k, is an asymptotically quasi-nonexpansive mapping.
Next we prove the following results :
(i) T;, i =1,...,k, is a Lipschitzian mapping.
For Vx,y € C, we have

ITiz — Tyl < |(0,...,0,4z1,...,0) — (0,...,0,4y1,...,0)]
~—— S——

i 7
= 4\1’1 - yl‘

IN

where i = 1,2, ..., k. This indicates that T;, ¢ = 1,2, ..., k, is a Lipschitzian mapping.
(ii) T;, i = 1,..., k, satisfies

T3z = Tyl < Lllz —y||", Vn =1, (4.1)

where L =4 and v = 1.

For n > 2, Vx,y € C, we have

T3 — Tyl = 0—0]
< Az —yll.

Combining the result (i), we obtain (4.1]).

(iii) T3, i = 1,2, ..., k, is a semi-compact mapping.

Set a sequence {x, = (zL,22,...,2™ ...)}°, then we have, for i = 1,2,...,k,

@ — Tiall = \/(@L)? + ..+ (@ — b .o+ ()2 + .

It is easy to see that if ||z, — Tjz,| — 0, then we have 2] — 0, m = 1,2,..., which yields |z,| — 0.
Therefore we get the desired result.
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