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Abstract

In this paper we have proved two theorems in which we have established the existence of coupled fixed
point results in partially ordered complete metric spaces for generalised coupled Banach and Kannan type
mappings. The generalisation has been accomplished by following the line of argument given by Geraghty
[Proc. Amer. Math. Soc., 40 (1973), 604-608] . Here the mapping are assumed to satisfy certain contractive
type inequalities. We have illustrated our result with two examples. First example is presented to show that
our result is a proper generalizations of the corresponding results of Bhaskar et al [Nonlinear Anal. TMA,
65 (7) (2006), 1379-1393]. ©2012. All rights reserved.
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1. Introduction and Preliminaries

Fixed point theory in recent has developed rapidly in partially ordered metric spaces; that is, metric
spaces endowed with a partial ordering. References [1], [13], [25], [26], [27] are some examples of these works.
Fixed point problems have also been considered in generalisation of metric spaces endowed with partial
orderings as for example in partially order cone metric spaces [23], in partially ordered G-metric spaces [4]
and in partially ordered probabilistic metric spaces [12]. In their paper Bhaskar and Lakshmikantham [16]
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established a coupled contraction mapping principle in partially ordered metric spaces for mappings having
mixed monotone property. An application of their result to differential equations has also been given in
the same work. After the publication of this work, several coupled fixed point results have appeared in the
literature. The work of Bhaskar et. al; was further generalized to coupled coincidence point theorems in [7]
and [24] under two separate sets of sufficient conditions. Several other coupled fixed and coincidence point
results were proved in works like those noted in references [3], [6], [11], [I7], [29].

Geraghty [15] introduced an extension of the Banach contraction mapping principle in which the con-
traction constant was replaced by a function having some specified properties. The method applied by
Geraghty was utilized to obtain further new fixed point results works like [2] and [10].

Definition 1.1. [I5] Let S is the class of functions 8 : RT — [0,1) with
(i) R = {t € R/t > 0},

(#4) B(tn) — 1 implies ¢, — 0. (1.1)

With the help of the above class of functions Geraghty [15] had established a generalisation of the Banach
contraction principle.

Theorem 1.2. [15] Let (X,d) be a complete metric space and let T : X — X be a mapping satisfying
d(Tz,Ty) < B(d(x,y)).d(z,y), for z,y € X,
where 8 € S. Then T has a unique fized point z € X and {T"(x)} converges to z for each xz € X.

A. Amini-Harandi and H. Emami, [2] has shown that the result which Geraghty had been proved in [15]
is also valid in complete partially ordered metric spaces. The following is the result of A. Amini-Harandi
and H. Emami.

Theorem 1.3. [2] Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such
that (X, d) is a complete metric space. Let T : X — X be a nondecreasing mapping such that d(Tz,Ty) <
Bd(z,y)).d(z,y), for x,y € X with z <y,
where B € S. Assume that either T is continuous or X satisfies the following condition:

if {xn} is a non decreasing sequence in X such that x, — x, then x,, <x ¥n € N.

Besides, suppose that for each x,y € Xthere exists z € X which is comparable to x and y. If there exists
xg € X with zg < T'zg, then T has a unique fixed point.
The essential feature of this line of generalisation is that the contraction constant has been replaced by a
function belonging to the class S. A further extension of the above result has been done in [10].

Kannan type mappings are a class of contractive mappings which are different from Banach contraction.
Like Banach contraction they have unique fixed points in complete metric spaces. However, unlike the
Banach condition, there exist discontinuous functions satisfying the definition of Kannan type mappings.
Following their appearance in [20], [21], many persons created contractive conditions not requiring conti-
nuity of the mappings and established fixed points results of such mappings. Today , this line of research
has a vast literature . Another reason for the importance of Kannan type mappings is that it characterizes
completeness which the Banach contraction principle does not. It has been shown in [30], [32] that the
necessary existence of fixed points for Kannan type mappings implies that the corresponding metric space is
complete. The same is not true with the Banach contractions. There is an example of an incomplete metric
space where every Banach contraction has a fixed point [I4]. Kannan type mappings, its generalizations
and extensions in various spaces have been considered in a large number of works some of which appear in
51, 8], [, 18], 19, [22], [28], [31].
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Definition 1.4. [20, 2I] A mapping T : X — X, where (X, d) is a metric space, is called a Kannan type
mapping if there exists 0 < A < 1 such that, for all z,y € X, the following inequality holds:

d(Tz,Ty) < %[d(x,Tx) +d(y, Ty)]. (1.2)

Let (X, <) be a partially ordered set and F' : X — X. The mapping F is said to be non-decreasing if for
all z1, x9 € X | x; < x9 implies F'(z1) < F(x2) and non-increasing if for all z; < x9 implies F'(z1) = F(x2).

Definition 1.5. [16] Let (X, <) be a partially ordered set and F': X x X — X. The mapping F' is said to
have the mixed monotone property if F' is monotone non-decreasing in its first argument and is monotone
non-increasing in its second argument; that is, for any x, y € X,

1, T2 € X, 11 210 = F(x1, y) X F(x2, y)
and

v, Y2 € X, y1 Jyp = F(z, y1) = F(z, y2).

Definition 1.6. [16] An element (z, y) € X x X, is called a coupled fixed point of the mapping F' :
XxX —Xif F(z, y) =z and F(y, z) =y.

The following coupled contraction mapping theorem was established by Bhaskar et al [16].

Theorem 1.7. [16] Let (X, <) be a partially ordered set and suppose there is a metric d on X such that
(X, d) is a complete metric space. Assume that X has the following property:

1. if a non-decreasing sequence {x,} — x, then x,, < x, for all n,

2. if a non-increasing sequence {yn} — y, then y = yy, for all n.

Let F: X x X — X be a mapping having the mized monotone property on X. Assume that there exists a
k€10, 1) such that for x, y,u,v € X with x = u, y < v the following inequality holds

d(F(z, y), Fu, v)) < Jld(z, v) +d(y, v)]. (1.3)

o |

If there exists xo, yo € X such that xg = F(xo, yo) and yo = F(xo, yo), then there exist x, y € X such that
z="F(z, y) andy = F(y, ).

In the present work, following the idea of Geraghty [15], we established two coupled coincidence point
theorems to generalize Banach and Kannan type contractions in partially ordered metric spaces. Two
illustrative examples are given. One of our theorems extends the work of Bhaskar et. al [16].

2. Main Results

Theorem 2.1. Let (X, =X) be a partially ordered set and suppose there is a metric d on X such that (X, d)
is a complete metric space. Let F' : X x X — X be a mapping such that F has the mized monotone property
and satisfies

d(x,u) + d(y,v
AP (.), Plu,v) < p( A0 LA
for all x,y,u,v € X withx <u and y = v and B € S. Also suppose that
(a) F' is continuous or

(b) X has the following properties:

d(xz,u) + d(y,v)
2

), (2.1)

i) if a non-decreasing sequence {x,} — x, then x, <z, for alln >0, (2.2)

i1) if a non-increasing sequence {y,} — y, then y, =y, for alln > 0. (2.3)

If there are xo, yo € X such that xo < F(xo, yo) and yo = F(yo, x0), then there exist x, y € X such that
x = F(x, y) and y = F(y, x), that is, F has a coupled fized point in X.
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Proof. By the condition of the theorem there exist xg,y9 € X such that o =< F(zg,yo) and yo = F(yo, x0)-
We define z1,y1 € X as 1 = F(zo,%) and y1 = F(yo,x0). Then z; = x9 and y; < yp. I n the same
way, using the mixed monotone property of F we define xo = F(x1,y1) and y2 = F(y1,21). Then zo =
F(z1,y1) = F(zo,y1) = F(20,y0) = 1 and y2 = F(y1,21) = F(y1,20) 2 F(yo,70) = y1. Continuing the
above procedure we have two sequences {z,} and {y,} in X such that

Tnt1 = F(xn,yn) and ypt1 = F(yn, zy) for all n > 0. (2.4)
Due to the mixed monotone property of F, we have,
ro = F(20,%0) =21 X F(z1,y1) =22 X . 220 = F(Zn-1,Yn-1) =X Tny1 = F(Tn,yn) < ... (2.5)

and
yo = F(yo,z0) =y1 = F(y1,21) = y2... = Yn = F(Yn—1,Tn-1) = Ynt1 = F(Yn,Tn) = ... . (2.6)

From (2.1)), (2.4), (2.5) and (2.6|), for all n > 1, it follows that
d(Zn, Tny1) = Ad(F(2n—1,Yn-1), F(Tn, Yn))

< B( d($n717 xn) ;r d(ynfla yn) )(d(fbn,l, xn) ‘; d(ynfla yn) )

and
d(yn+1,yn) = d(F(yn,l,xn,l),F(yn,:En»

d(yn—lv yn) + d(xn—h xn) )(d(yn—la yn) + d(.an_l, xn) )
2 2 '

< B(

Let, for all n > 0,

an = d(xn, an—i-l), b = d(ym yn—l-l) and Op41 = d(xm Tni1) + d(Yn, yn—i-l)- (2'7)

Then from the above two inequalities, for all n > 1,

(ynfla yn) + d(xnfla xn) )(

9 d(ynflv yn) + d(.Tn,l, SUn))

d
6n+1 = d(CUnJrl,xn) + d(ynJrlvyn) < B(

d(ynfla yn) + d(xnfla LEn)
2

IN

A

< Op.

) O (2.8)

Therefore the sequence {d,} is a monotone decreasing sequence of non-negative real numbers. Hence there
exists 6 > 0 such that lim ¢, = 9.
n—oo

Assume 6 > 0. (2.9)

Then from (2.8)) we have
)

r(;Jrl < ﬂ(d(ynflayn) ; d(.Tn,CCn,l)

Letting n — oo in the above inequality, and using (2.9)), we get

) < L.

n—o0 2

By virtue of (1.1)), this implies that

)= 1.

lim {d(mn—lu xn) + d(yn—lu yn)} = 11_)111 0p =0

n—oo
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which is a contraction with (2.9). Hence

lim a, = lim d(z,—1,2,) =0 and lim b, = hm d(yn 1,Yn) = 0. (2.10)

n—oo n—oo n—oo

Next we show that {z,} and {y,} are Cauchy sequences. If possible, let at least one of {z,} and {y,} be
not a Cauchy sequence. Then there exists € > 0 and sequences of natural numbers {m(k)} and {l(k)} for
which

m(k) > (k) =k,
and such that for all & > 1, either d(zyp), Tmk)) = € or d(Yi(k), Ym(k)) = € Then for all k > 1,

d. = d(@ykys Tm)) + AYi(k) Ym(r)) = € (2.11)

Now corresponding to I(k) we can choose m(k) to be the smallest positive integer for which (2.11]) holds.
Then, for all £ > 1,

d(Z1(k)s Trm(k)—1) + AYik)> Ym(k)—1) < €. (2.12)

Further from (2.7)), (2.11]) and (2.12), for all £ > 1, we have
e < dp = d@yk), Tmky) T AWy Ymk))
<A@y Ty —1) + AT =15 Tm)) + Y1k Ymk)—1) + A Ym(k)—15 Ym(k))
= d(@ih)s Tmk)—1) T A Yk, Ymk)—1) + Cm(k)—1 + bmk)—1 < € + Q)1 + bim(r)—1
Taking the limit as k — oo, and using (2.10) we have

lim d =e. (2.13)

k—o0
From , , , and (2.6, for all £ > 1, we obtain
A1) 1> Tk +1) = AE @iy Vi) s F(Tnr)s Ym(r)))

A(Z1(k)s Tra(k)) + AYik)s Ym(k))
2

< 6(d($l(k) s Ty (k)) ;r A(Yi(k)> Ym(k)) Y

Also from ([2.1)), (2.4), (2.5)), and (2.6), for all & > 0, we have

AYi(k)+1> Ymk)+1) = AE Gk Tik))s F Yy Tmr))

). (2.14)

AWk Ym(k)) + A(Ti()s m(k)))<d(yl(k)aym(k)) + d(ch)’wm(k)))

< 2.1
5 : : (2.15)
Again, for all £ > 1, we have
di. = d(@ir), Tmk)) T AYik)s Ymk)) < ATik) Tiry+1) + AT1k)+1 Ty +1) + AT ) +15 Tmr))

+d (Wi Yik)+1) + AYi)+15 Ym)+1) T A Yme)+15 Ymi))
ATyk)41> Ty +1) + QW) +1 Ym)+1) + A @ikys Tigy+1) + AT +15 Tm(k))
+d(Wi(k)s Yiky+1) T A Ymk)+15 Ym(k))

IN

and

ATy)+1> Ty +1) + AWk +1 Ymy+1) < AT+ Tiky) + ATk Trme)) + AT ks Ty +1)
FA(Yir)+15 Yik)) T AWy Ymk)) + A Ymk)s Ymk)+1)

di, + d( i) 115 Tiy) + AT +15 Tm(k)) + AYie)+1> Yick))
+A(Ym(k) Ym(k)+1)-

IN
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Taking the limit as k — oo in the above two inequalities, using (2.10) and (2.13)), we have

klggo{d(ﬂfl(k)ﬂy Tn(k)+1) T d(yl(k)Jrh ym(k)+1)} =& (2.16)
Adding (2.14]), (2.15)), and using the notation of (2.11)), we have,

d
AT (k)15 Ty +1) T AYik)+1 Ym(k)+1) < 25( (o

) < dj (Since g € 9).

dy,

Letting & — oo in the above inequality, using (2.13) and (2.16) we obtain ¢ < limg_,o0 B(— 5 ).e < &

dg

which implies limg o B(—-) = 1. Since 8 € S, it follows that limg oo dp = limgoo{d(zih)s Trm)) +
d(Yi(k)> Ym(k))} = 0, which, by the virtue of (2.13), contradicts the fact that ¢ > 0. Therefore, {z,,} and {y,}

are Cauchy sequences in X and hence they are convergent in the complete metric space (X, d). Let
Ty, — T AS N — 00 (2.17)

and
Yn —> Y a8 M — 00. (2.18)

Next we prove that z = F(z,y) and y = F(y, z).
Let condition (a) of the theorem hold, that is, F is continuous. From (2.4), (2.17) and (2.18) we have
respectively

# = g pne = Ul O [0 9n) = F(@:9)

and
y = lim yp41 = F( lim y,, lim x,) = F(y,x).
n—00 n—00 n—00
Let condition (b) of the theorem [2.1| hold.

From (2.5), (2.6), (2.17) and (2.18) we have that {z,} is non-decreasing such that x, — = and {y,} is
non-increasing such that y, — y as n — oo. Then by (2.2]) and (2.3) we have, for all n > 0,

xn 3 and y, = y. (2.19)
Then by (2.1), and using (2.19)), for all n > 0, we have
d(F(J;, 2/), .’L'n+1) = d(F($7 y)? F($n, yn))

< (e n) —de(%yn))(d(x,xn) —2% Ay m) ) (A 2n) ;F AW 9n)y (Since g € 9).

Taking n — oo in the above inequality, and using (2.17)), we have d(F(z,y),z) =0, that is, =z = F(z,y).
Similarly, we have y = F(y,x).
Thus we have proved that F has a coupled fixed point in X. This completes the proof of the theorem. [

Our next theorem is a Kannan type coupled fixed point result.

Theorem 2.2. Let (X, =X) be a partially ordered set and suppose there is a metric d on X such that (X, d)
1s a complete metric space. Let F': X x X — X be a mapping such that F' has the mized monotone property
and satisfies

d(F(z,y), F(u,v)) < B(M(z,y,u,v)).(M(z,y,u,v)), (2.20)
d(z, F(z,y)) + d(y, F(y,z)) + d(u, F(u,v)) + d(v, F(v,u))

4

for all x,y,u,v € X withx <wu andy > v and B € S,. Also suppose that
(a) F is continuous or
(b) X has the properties noted in (W and (2.5 (-)
If there exist xo, yo € X such that zo < F(xg, yo) and yo = F(yo, xo), then there exist z, y € X such that
x = F(x, y) and y = F(y, x), that is, F has a coupled fized point in X.

where, M(x,y,u,v) =
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Proof. Following the proof of the theorem (2.1)) we have two sequences {z,} and {y,} given by (2.4) and
satisfying (2.5 and (2.6). Then {z,} is an increasing sequence and {y,} is a decreasing sequence in X. Now

by (2.1), (2.4), (2.5) and (2.6)) and the fact that 8 € S, we have for all n > 1,
d(xn-‘rlu xn) - d(F(lea yn)a F(xn—la yn—l))

< /B(M(xna Yn, Tn—1, yn—l))(M(xna Yn, Tn—1, yn—l))
and
d(ynJrlayn) = d(F(ynyxn)vF(ynflafEnfln

< ﬁ(M(yTMIna Yn—1, mnfl))(M(ynyxna Yn—1, $n,1))
Let, for all n > 1,

an = d(l‘n+1, xn), bp, = d(ynJrl’ yn) and 5n+1 = d($n+1, xn) + d(ynJrla yn) (221)
Then adding the above two inequalities and using (2.21)), for all n > 1, we have

5n+1 = d($n+17 xn) + d(yn+17 yn) < Q/B(M(xna Yn, Tn—1, yn—l))(M(xna Yn, Tn—1, yn—l))

d($n, xn—i—l) + d(yn7 yn+1) + d($n—1u xn) + d(yn—lu yn)

where, M (xpn, Yn, Tn—1,Yn—1) =

4
op + 6
= = (y @20).
Therefore, for all n > 1, it follows that
op + 6
bnst < BM (0, g, 1, yn1)) (g ) (2.22)
< %, since 3 € S,

that is, dpt1 < Iy

Therefore the sequence {d,} is a monotone decreasing sequence of non-negative real numbers. Hence there
exists & > 0 such that lim ¢, = J.
n—oo

Assume 0 > 0. (2.23)
. Then by (2.22)) we have
6n+1
— <
(ot Oy = B(M (@n, g, Tn-1,4n-1)) < 1.
2
Letting n — oo in the above inequality, and using (2.23)), we get
lim B(M(xmym-xnfl,ynfl)) =1, (2.24)
n—oo

Due to (|1.1)) the above limit in (2.24]) implies that
lim {d(zpn, Zn+1) + d(Yns Ynt1) + d(@n—1,2n) + d(Yn—1,Yn)} = lm {dp11 + 65} = 0.
But this contradicts (2.23]). Hence

nli_{rgoan = nli_g)lod(xnﬂ, xn) =0 and nli_)rgobn = nli_)nolod(ynﬂ, yn) = 0. (2.25)
Next we show that {z,} and {y,} are Cauchy sequences. If possible, let at least one of {z,} and {y,} be
not a Cauchy sequence. Then there exists € > 0 and sequences of natural numbers {m(k)} and {l(k)} for
which

m(k) > (k) > k,
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and such that for all k > 1, either d(zy), Tmx)) =€ or d(Yik)s Ym(k)) = €. Then for all k& > 1,

di, = d(Tyky, Tm(k)) + AYi(k)s Ym(r)) = €- (2.26)

Now corresponding to [(k) we can choose m(k) to be the smallest positive integer for which (2.26) holds.
Then,

A(T1(ys Tin(k)—1) + AYi(k)s Ymk)—1) < €- (2.27)
Further from , and , for all k£ > 0, we have
e < di = d@y, Tmk)) + AYigk)s Ym(k))
A(Z1(kys Tn(k)—1) + ATy 1> Tmk)) + AYik)s Ymk)—1) + A WUmk)—15 Ym(r))
= ATy Trm(k)—1) + AYik)> Ymk)—1) T Cm(r)—1 + bmky—1 < € + Am(i)—1 + Oim(r)—1-
Taking the limit as £k — oo, and using we have

IA

lim di =e. (2.28)

k—o0
From (2.4), (2.5)), (2.6) and (2.20)), for all £ > 0, we obtain
ATy, Trm(k)) = AF (@) =15 Vi) =1) F (@)1 Ym(k)—1))

< BIM ()= 15 Yik)—15 Tn (k) =15 Ym(k)—1)) (M (T ()= 15 Yi(k) =15 T (k) =15 Ym(k)—1))- (2.29)
Also by , (2.5), (2.6) and (2.20)), for all £ > 0, we have

AWk Ym(k)) = AE Wiy —15> Tre)—1)s FYm()—15 Tmk)—1))

< /B(M(yZ(k)Aa Li(k)—1s Ym(k)—1> xm(k)fl))(M(yl(k)fla Ti(k)—1s Ym(k)—1> xm(k)fl))' (2.30)
Adding (2.29)) and (2.30), we have,

dr = d(Tyry, Tmk)) + AYik)s Ymr))
< 2.8(M (i) =15 Yigk) =15 Trna(k)—15 Ym(k)—1)) (M (Zi(k) =15 Yigk) =15 Trm(k)—1> Ym(k)—1))- (2.31)
Further, by (2.25)),

lim M
Jim M (@)1 Yig)—15 Tm(k) 15 Ym(k)-1)

~ lim d(@i(k)—1: Tir)) + AYigky—15 Vi) T ATy 1 Tm(r)) + AYm)—15 Ym(k))
koo 4
Taking k& — oo in (2.31)), and using (2.28) and (2.32]), we obtain ¢ = 0, which is a contradiction. Therefore,

{zn} and {y,} are Cauchy sequences in X and hence they are convergent in the complete metric space
(X,d). Let

= 0. (2.32)

Ty — T SN — 00 (2.33)

and
Yn —> Y &S N — 00. (2.34)

Next we prove that © = F(x,y) and y = F(y, z).
Let condition (a) of the theorem [2.2|hold, that is, F is continuous. From (2.4), (2.30)) and (2.31]) we have
respectively
z= lim = F(lm 2, lim y,) = F(z,y),
and
y = lim yo1 = F(lim y,, lim z,) = Fy, z).
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Let condltlon b of the theorem 2.2} - hold.

Using (2.5), (2.6), (2.33) and (2.34) we have that {,} is non-decreasing such that z, — x and {y,} is
non-increasing such that Yn — y as n — oo. Then by (2.2) and (2.3]) we have, for all n > 0,

Tnp 2 x and y, = y. (2.35)

By the virtue of (2.35]), and since 5 € S, from ([2.20)), for all n > 0, we have

d(F(I7y)aIn+1) = d(F(x’y)7F(xnayn))
d(z, F(z,y)) + d(y, F(y, z)) + d(@, Tny1) + d(Y; Yn+1)

< B : 1 )
(d((L', F(x7 y)) + d(y7 (yv IB)) + d(x7 xTH-l) + d(y7 y?’H—l))
4
(d($, F(Z‘, y)) + d(y¢ (yv .1,‘)4) + d(l‘, $n+1) + d(y¢ yn+1) ) (236)
Similarly, due to and the fact that g € S, from ([2.20} , for all n > 0, we have
d(F(wa)a yn—f—l) = d(F(yax)7 F(ynvxn))
d(z, F(x,y)) + d(y, Fy, =) + d(2, tni1) + d(y, Yns1)
< B 1 )
(d(.%', F(l‘, y)) + d(yv F(yv x)) + d(iL’, :Un—i-l) + d(ya yn+1))
4
(d($, F(LE, y)) + d(ya F(yv le) + d(x, anrl) + d(y, yn+1) ) (237)

Adding ([2.36]) and (2.37)), for all n > 0, we obtain

d(F(ZE, y),$n+1) + d(F(y,ﬂ:), ynJrl) < 2(d<$7 F(.%', y)) + d(y?F(yvx)él) + d(.%', xn—‘rl) + d(y7yn+1))

Taking n — oo , and using and (2.34] , we have

d(F(z,y),z) + d(F(y,),y)
2

);

d(F(z,y),z) +d(F(y,z),y) < (

which implies that d(F(z,y),x) + d(F(y,x),y) = 0, that is, * = F(z,y) and y = F(y, x).
Thus (x,y) is a coupled fixed point of F in X. This completes the proof of the theorem O

Remark 2.3. Since inequality (2.20) bears the same idea of Kannan’s inquality described in (|1.2]), we recog-
nised ([2.20]) as a coupled Kannan type inequality.

3. Example

In this section we have two examples which illustrated the results of theorems [2.1] and [2.2] respectively.

Example 3.1. Let X = [0, 1]. Then (X, <) is a partially ordered set with z < y whenever x > y. Let
d(z,y) = |z —y| for z,y € [0, 1].
Then (X,d) is a complete metric space.
Let FF': X x X — X be defined as

F<x>y) = é[(l'—y) o %(:L’—y)ZL if z,y€ [0, 1], x>y,

if x<uy.
Let 8 :[0,00) — [0,1) be defined as
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ﬁ(t)_{l—t, if t<1,

a<l1, if t>1.

For the two points, o = 0 and yo = ¢ > 0 in X we have zg = 0 = F'(20,y0) and yo = ¢ > §[1 - §] =
F(yo,ﬂ?o).

Let z = w and y < v (equivalently v > x and y > v ). The inequality (2.1)) is trivially satisfied except
in the following two cases.

Case-1 z>y andu>v (xr =<y and u = wv).
Then d(F(z,y), F(u,v)) = d(zl(x —y) — 3(z —9)*], 3[(u = v) = 3(u —v)?])

= Lu—v) ~ hu—0) — Y —y) + Ho —y)?

=l —2) + (5~ )] — 2 —v) + (&~ ) }{(u—v) — (x — )}
< M=)+ @y~ v)] ~ ${uw—v) — (@ )}

= Hlw—2)+(y— )] - {(u—2) + (s - )},

Therefore,

d(F(z,y), F(u,v))) < 3[(u— )+ (y — v)] = §[(u—2) + (y — v)]?
(u—x)+(y—v)}_ (w—2)+(y—v)]?
2

([ oz

d(x,u) +d (y, ))(d(ﬂf7u)+d(?/’v))_
2

Case-2 z<y andu>v (y<z and u=<v).
We have, d(F(x,y), F(u,v)) = d(0, 1(u—v) — L(u—v)2) = L(u—v) = L(u - v)?
:%(u—v—i—:c—ac)—%(u—v—l—ac—ac)2

<tu-z—-v+y)—i(u—v+y—=z)® (sincey>x)
= 3[(u—2) + (y —v)] = 3l(u—2) + (y — V)]
Then,
d(F(z,y), F(u,v)) < 3[(u—2) + (y —v)] R illw =)+ (y —v)
(u—x)+(y—v) (u—2)+(y—v) (u—z)+(y—v)|\[(w=2)+(y—v)
SR W N R

Thus in both of the above two cases inequality (2.1]) is satisfied. Also the functions F' and § satisfy all
the conditions required by them in theorem Then, by an application of theorem2.1| F has a coupled
fixed point. Here (0,0) is a coupled fixed point of F in X.

Example 3.2. Let X = [0,1]. Then X with the usual order ”<” be a partially ordered set. Let d be the
usual metric on X. Then (X, d) is a complete metric space.
We define F': X x X — X as ) .
_J 1 if >35andy<sg,
F(z,y) { 0, otherwise.
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l .
Let IB(t): 1—§, lftél,
a<l1, it t> 1.

Then all the properties required by F and S in the theorem are satisfied.
The inequality is trivially satisfied except in the following two cases.
Case-1: z € [1,1], y €[0,3) . and u,v € [3,1]

d(F(z,y), F(u,v)) = 15
Now 4 P, y)) +dly, F(y,2) +d(uw, F(u,0) + d(v, Fo,u) _ 2= g5 +y+u+
4 4
T—Etytutv, (- +ytutv)?

4 )~ 32 '

Since % <z4+yt+u+tv< %, the right hand side of the above inequality is bounded below by 0.35, Hence

(2.20) is satisfied.

Case-2: z € [$,1], y € [0, 3) and u,v € [0, 3]

Then the inequality (2.20]) becomes 1—16 <(

) (z— 15 +y+u+v)?
4 32 ’
Since % <z +y+u+wv <2, therefore the value of the right hand side is greater than 1—16, which shows

27
that (2.20)) is satisfied.
This shows that theorem is applicable to this example Here (0,0) is a coupled fixed point of F' in X.

LS(

Therefore, 15

Remark: If, in particular, we consider the function 5(t) = k, 0 < k < 1, then the inequality
reduces to inequality , thus the result of Bhaskar et al; is a special case of theorem
Then result of T. Gnana Bhaskar and V. Lakshmikantham in [16] is not applicable to example Further
inequality is not satisfied for the choice of x = 0,y = 0,u = ¢ and v = 0. This shows that the result of
theorem is an actual improvement over the corresponding results of Bhaskar et. al [16].
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