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Abstract
In this article, we establish the existence of multiple unbounded positive solutions to the boundary value
problem of the nonlinear singular fractional differential equation
Dgru(®) + f(tu(t)) =0, t € (0,1),1 <a <2,
[geu]’|_ =0,
u(1) = 0.

Our analysis relies on the well known fixed point theorems in the cones in Banach spaces. Here f is singular
at t =0 and t = 1. ©2012. All rights reserved.
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1. Introduction

Fractional differential equations have many applications in modeling of physical and chemical processes
and in engineering and have been of great interest recently. In its turn, mathematical aspects of studies on
fractional differential equations were discussed by many authors, see the text books [1,2] and papers [3-10]
and the references therein.
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The use of cone theoretic techniques in the study of solutions to boundary value problems has a rich and
diverse history. In [3], the authors studied the existence of positive solutions (continuous and nonnegative
on [0,1]) of the following boundary value problem for fractional differential equation

{ D& x(t) + f(t,z(t)) =0, t € (0,1),1 < <2,
z(0) =x(1) =0,

where f : [0,1] x [0,00) — [0,00) is a continuous function, Dg, (D for short) is the Riemann-Liouville
fractional derivative of order a.
One notes that the problem
u"(t)+1=0, v (0)=u(1)=0

has bounded solution, however, the generalized boundary value problem for fractional differential equation
Dgut )—1—1—0 tE(O,l),1<a<2,
[ eu)]'|
u(1) =0,

L et
u(t)—/o Fag et /O Fd

has solution

which is unbounded.

In papers [6,7,9,10], the existence of positive solutions (continuous and nonnegative on [0, 1]) of boundary
value problems for fractional differential equations were studied, but there exists no paper concerned with the
existence of unbounded positive solutions of boundary value problems for fractional differential equations.

Motivated by this reason, in this paper, we discuss the existence of multiple unbounded positive solutions
to the boundary value problem of the nonlinear fractional differential equation of the form

D5 ult) + f(t,u(t) =0, t€ (0,1),1<a <2,
(13 ult )} =0 (1.1)
u(l) =0,

where D, (D for short) is the Riemann-Liouville fractional derivative of order a, and f : (0,1) x [0, 00) —

[0, 00) such that f(t,t“2x) is continuous on (0,1) x [0,00). f is singular at ¢ =0 and ¢ = 1.

We obtain the existence results for two and three positive solutions of BVP(1.1) by using the fixed point
theorems in the cones in Banach spaces.

2. Preliminary results

For the convenience of the reader, we present here the necessary definitions from fixed point theory and
fractional calculus theory. These definitions and results can be found in the literatures [11].
Definition 2.1. Let X be a real Banach space. The nonempty convex closed subset P of X is called a
cone in X ifar € Pforallz € Pand a >0, 2 € X and —z € X imply z = 0.
Definition 2.2. A map ¢ : P — [0,+00) is a nonnegative continuous concave or convex functional map
provided % is nonnegative, continuous and satisfies

Yte + (1 —t)y) > t(x) + (1 — )Y (y),

or
Ptz + (1= 1)y) < th(z) + (1 = 1)(y),
for all ,y € P and t € [0, 1].
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Definition 2.3. An operator T : X — X is completely continuous if it is continuous and maps bounded
sets into pre-compact sets.
Let ¥ be a nonnegative functional on a cone P of a real Banach space X. Define the sets by

P.={yeP: |yl <r},

P(ia,b) ={y € P: a<(y), |yl <b},
P(y,d) :={z € P:¢(x) <d}.

Lemma 2.1. Let T : P. — P. be a completely continuous operator and let 1 be a nonnegative continuous
concave functional on P such that v (y) < ||y|| for all y € P.. Suppose that there exist 0 <a <b<d < ¢
such that

(E1) {y € P(¥;b,d)[¢(y) > b} # 0 and (Ty) > b for y € P(; b, d);

(B2) [ITyl| < a for |ly]l < a;

(E3) ¢(Ty) > b for y € P(¢;b,c) with ||Ty|| > d.

Then T has at least three fixed points y1, y2 and y3 such that ||y1|| < a, b < ¥(y2) and ||ys|| > a with
¥(ys) <b.
Lemma 2.2. Suppose P is a cone in a real Banach space X, o,y : P — Iy be two continuous increasing
functionals, 8 : P — I be a continuous functional and there exist positive numbers M, c > 0 such that

(i) T: P(v,c) — P is a completely continuous operator;

(ii) 6(0) =0 and y(z) < 8(x) < a(z), ||z|| < My(z) for all z € P(v,c);

(iii) there exist constants 0 < a < b < ¢ such that 8(Ax) < A\(z) for all A € [0,1] and = € OP(0,b);

(iv) v(Tx) > c for all z € OP(v,¢); (Tx) < b for all z € IP(0,b); P(a,a) # 0 and a(Tz) > a for all
x € 0P(a,a);

then T has two fixed points z1,x2 in P(7,c) such that

a(zy) > a, 0(z1) < b < 8(x2), y(z2<c.

Lemma 2.3. Suppose P is a cone in a real Banach space X, a,~v : P — Iy be two continuous increasing
functionals, 0 : P — Iy be a continuous functional and there exist positive numbers M, ¢ > 0 such that (i),
(ii) and (iii) in Lemma 2.4 hold and

(iv) v(Tz) < cfor all z € OP(v,c); (Tz) > b for all x € OP(0,b); P(a,a) # 0 and a(Tz) < a for all
z € OP(a,a);

then T has two fixed points x1,x2 in P(7,c) such that

a(zy) > a, 0(z1) < b < 8(x2), y(z2 <c.

Definition 2.4. The Riemann-Liouville fractional integral of order o > 0 of a function f : (0,00) — R is
given by

1 t
I8 f(t) = = [ (t—35)*"1f(s)d
50 = fos [ (=9 s
provided that the right-hand side exists.

Definition 2.5. The Riemann-Liouville fractional derivative of order o« > 0 of a continuous function
f:(0,00) — R is given by

1 dn+1 t
Dngf(t) = T A (t _fsgi)_n+1 d37

(n — «) ditntl

where n — 1 < a < n, provided that the right-hand side is point-wise defined on (0, 00).
Lemma 2.4. Letn—1<a<n,ueC%0,1)L*0,1). Then

I8, Dg u(t) = u(t) + Crt* !t + Oot* 2 4o + Cpt™™™,

where C; € R, i =1,2,...n.
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Lemma 2.5. The relations

Igﬂrf(icp = S“I’Bso, D8+I(?+ =¥

are valid in following case

Ref >0, Re(a+p) >0, ¢€ L1(0,1).
Lemma 2.6. Suppose that h: (0,1) — R satisfying that there exist constants M > 0, k < 1 and o € (0, @)
such that

MO < g5 M e

1—t)’

Then u is a solution of
D%u(t) +h(t) =0,0 <t <1,

(12 u(t)]) =0 (2.1)
u(l)=0
if and only if
t 1
u(t) = 1“(104) [/0 (t* 21— 8)* ' — (t —8)* ) h(s)ds + ta2/t (1—5)*"'h(s)ds| . (2.2)

Proof. We may apply Lemma 2.4 to reduce BVP(2.1) to an equivalent integral equation

u(t) = — /Ot Wh(s)ds + et 4 et

for some ¢; € R,i = 1,2. By the assumption imposed on h, we know that

t (t _ S)a—l \ds t (t _ S)a—l . )
|, gyt ‘S/o oy Mol

bt —s)at M L1 =)ot 1
. / Ma) sa-_sr =M / o) sf(1 57"
- M 1 —sa_g_ls_ks—£ a—o,1—
— F(a)/o (1—s) s = gy Blo— 01— k)

So u(t) is well defined and is continuous on (0, 1]. Then We get

)cx—l

t(t—s
t2—a t) = _t2_a ( _
u(t) /0 -

h(s)ds +cit+co
(a)

and
2 u(t)] = — /0 h(s)ds + eiT().

Then [Ig_o‘u(t)], = 0 implies ¢; = 0. u(1) = 0 implies that

t=0

Therefore, the unique solution of BVP(2.1) is

t — g a—1 a—2 1
u(t) = — /0 (tr)h(s)der ;(a) /0 (1— ) h(s)ds.

(@)
Then (2.2) holds. Reciprocally, let u satisfy (2.2). Then
_ /
(13 u(t)] =0 u(1) =0,

furthermore, we have D*u(t) = —h(t). The proof is complete. O
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Lemma 2.7. Suppose that 5 € (0,1) and h : (0,1) — [0, 00) satisfying that there exist constants M > 0,
k <1 and o € (0,a) such that

h(t) < M

= m, te(0,1).

If w is the solution of BVP(2.1), then

inf #27%u(t) > (1 — B* ) sup t* “u(t). (2.3)
t€(0,4] t€(0,1]

Proof. One sees from Lemma 2.6 that u satisfies (2.2). Let

1 a721_ a—1 _ _ a—1 < <t<1
G(t,s) = {t (1—s) (t—s)"", 0<s<t<1,t#0,

D(a) | t*72(1—s)*7 1, 0<t<s<l.
It is easy to see that

[(a)t* *G(t,s) < (1 — ) ! for all t,5 € (0,1]. (2.4)
On the other hand, we have

T(a)t2°G(t,s) > (1 — B2 ) (1 —s)*1, te(0,8],s € (0,1]. (2.5)

It follows from (2.2) that u(t) = fol G(t,s)h(s)ds > 0. Hence

1
min 27 %u(t) = min t27G(t, s)h(s)ds
t€(0,4] Q 0 t€(0,8] (£, s)he)

S

! 22—« (1_
> /0 (1= 5o S hls)ds

1
> (1—520‘)/ t27G(t, s)h(s)ds.
0
Hence
min t27%u(t) > (1 — B2 sup 2 “u(t).
t€(0,8] te(0,1]
Then (2.3) holds. The proof is completed. O

For our construction, we let

X ={z € C(0,1] : there exists the limit PH(I) 27 (t)}
ﬁ

with the norm ||ul| = sup t>=u(t)| for v € X. Then X is a Banach space. We seek solutions of
te(0,1]

BVP(1.1) that lie in the cone

P = {u € X :u(t) >0,t e (0,1], . i(%fﬂ] t27%u(t) > (1 — Bz_o‘)HuH} :
(0,

Define the operator T on P by

1
(Tu)(t) = /0 G(t, 5)f (s, u(s))ds.

Lemma 2.8. Suppose that z — f(¢,t*2x) is continuous on (0,1) x [0,00) and satisfies that
e for each r > 0 there exist constants M, > 0, k < 1 and o € (0,1) such that

M,
f(t,toz—zx) S m for all ¢ S (0, 1), ’.’I)‘ S r.

Then T : P — P is well defined and is completely continuous.
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Proof. We divide the proof into four steps.
Step 1. We prove that T': P — P is well defined.
For u € P, we find u(t) > 0 for all ¢ € (0, 1] and there exits r > 0 such that

||lu|| = sup \t270‘u(t)| <.
te(0,1]

Then there exist constants M, > 0, k < 1 and o € (0, ) such that

0 < ft,x(t)) = f(t,t* 2> (1)) < 7 M

i (2.6)

for all ¢ € (0,1). Since f is nonnegative, by (2.2), we know that (Tu)(¢) > 0 for all ¢t € (0,1]. By Lemma
2.6, we know that Twu € C°(0,1].
On the other hand, the definition of 7', (2.4) and (2.6) imply that

7| (Tu)(1)] =

1 7(1 —s) —5)7 f(s,5*72s* u(s))ds
</ (1= 5)°f (s, ())d

I(a)
1 (1 _ S)ozflfa S—k .
< ), e
< I{\({;B(a —o,1—k)
By (2.2), we know that
2« —tzia (e — )L (t— )Y f(s,u(s))ds 1 1 — ) (s, u(s))ds
Bout) = g [ (70 =9 = (=97 Flsue)ds + s [0 )i

It is easy to show that limg o2~ %(Tu)(t) = ﬁ fol(l — 5)* 1 f(s,u(s))ds. By the method used in Lemma
2.7 (replace h by f), we get

inf #27%(Tw)(t) > (1 — 527%) sup t27*(Tw)(t).
t€(0,8] te(0,1]

SoTu € P. SoT : P— P is well defined.
Step 2. T is continuous.
Let {y,} be a sequence such that y, — y in P. Let

maX{ sup 1* |y, (t)], sup t2_“|y(t)l} <r.
te(0,1] te(0,1]

Then there exist constants M, > 0, k < 1 and o € (0, ) such that f(t,2(t)) = f(t,t* 227 %(t)) < ﬁ
for all t € (0,1). Then for ¢ € (0,1], we have

1 1
279\ (Tya)(t) — (Ty)(1)] = /ﬁ“mmﬁw%@m—/ﬁammV@mmw

0 0

IN

1
| #7681 s.(5)) = Fls.pl)lds

0
1 M,

1
- _Saflis
S2N®A“') F1 5"

M
< T — — k).
< 2F(a)B(a o,1—k)
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Since
Ft, 1 2)

is continuous in x, we have
[ Tyn — Tyl| — 0O

as n — 0o.
Step 3. T maps bounded sets into bounded sets in P.
It suffices to show that for each [ > 0, there exists a positive number L > 0 such that for each

reM={yeP:|y|<l}

, we have
1 Tyl| < L.

For y € M, we have
sup 27 y(t)] < 1.
t€(0,1]
Then there exist constants M, > 0, k < 1 and o € (0,«) such that f(¢,y(t)) = f(t,t* 227 %(t)) < tkd\/ﬁt)g
for all £ € (0,1).
By the definition of T, we get

1
EUTO] = [ PTG fs(s)ds

0

1 ! a—1
< Fag L =9 (s
I a1 M
< ), O
_ Mo
= [ayBla-o1-h).

It follows that

|| Ty|| < F]Eﬁ)B(a —o0,1—k) foreachy e {ye P:|ly|| <I}.
So T' maps bounded sets into bounded sets in P.
Step 4. T maps bounded sets into pre-compact sets.
Let M = {y € P : |ly|| <1} be a bounded set in X. We prove that {t>~“Tu(t) : u € M} is equi-
continuous on compact sub interval of (0,1] and is equi-convergent at t = 0.
Firstly, let t1,t2 € [a,b] C (0,1] with 0 < a <b <1, t; <t9 and

yeM={yeP:|lyl<l}

defined in Step 3. For y € M, we have
sup £27°ly(1)| < 1.
te(0,1]

Then there exist constants M, > 0, k < 1 and o € (0, ) such that

(0 = F. 72y (0) < e

for all t € (0,1). By the definition of 7", we have

a—2

t —s a—1 1
10 = [ i aeNds + s [0 9 s
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We have
L(a)[t]*(Ty)(t1) — t3*(Ty)(t2)]
to t1
= | [ s = i [ =97 ()
to
< BB = el
to
27 [t 9 502 ) ds
t1
t1
+t2a/ [((ta = 5)*7" = (tr — ) )| f (5, s 2> “y(s))|ds
S t2 « t2 a|/ a 1 Ml e
k(1 —s)e
+ 1—s 17618
/tl G s a =y
t1 M
R e e R P
to
< -2 MB(a — 0,1 — k) + Ml/ (1—s)* 7 1s7Fds
t1
t1 1 1
M, ty —t1)*  ———d
M=t s
to
< -2 MB(a — 0,1 — k) + Ml/ (1—5)2 7 1s7ds
t1
t1 1
+Ml(t2 — tl)ail ——ds

o sF(t1—s)°

to
= [t~ MB(a—o0,1—k)+ Ml/ (1—5)2 7 1s7Fds

t1
1
+Ml(t2 — t1>a1t1_0_k/ (1 — w)*"w*kdw
0

1)
< 20— 2 MB(a— 0,1 k) + Ml/ (1— 5)e=7=15kgs
t1

FMy(ts — 1) max{ 1—o—k bl_("_k} B(l—o0,1— k).

As t; — to, the right-hand side of the above inequality tends to zero uniformly. So {t2~%Tu(t) : u € M} is
equi-continuous on [a, b].
Secondly, we have

2-a b 1 —8)* (s, y(s))ds
TG0 ~ g [ (1= 9" eyl

< /0 W’f(sas 5% y(s))|ds
oo [P=s)t M, o Bla—o1-k)
< SRt

The right-hand side of the above inequality tends to zero uniformly as t — 0. Then {t>~“Tu(t) : u € M} is
equi-convergent at ¢t = 0.
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Therefore, T'M is compact. From above discussion, T" is completely continuous. The proof is complete.

O
3. Main Results
In this section, we prove the main results. Let M = W, w=1 F’?i - fo (1 —s)* o 1s7Fgs,
Theorem 3.1. Suppose that f:(0,1) x [0,00) — [0, 00) is continuous, f(¢,0) Z 0 on (0,1) and satisfies
e there exist constants k < 1, o € (0,1), e, e2 and ¢ such that
0<€1<62<1_€%<C, We > Mes,
and
(D1) f(t, 1 %u) < & W for t € (0,1), u € [0, cJ;
(D2) f(t, 19 %u) < f\}[m for t € (0,1) and u € [0, e1];
(D3) f(t, 1% 2u) > WW for t € (0,0] and u € [62, %2}
Then BVP(1.1) has at least three unbounded positive solutions =1, xo and x3 satisfying
sup 2% (t) < ey, inf t27%xo(t) > eo (3.1)
te(0,1] t€(0,6]
and
sup t27%3(t) > ey, inf t27%3(t) < es. (3.2)
te(0,1] te(0,4]

— lIlf tQ a:}? t f()l E P.

It is easy to see that 1 is a nonnegative convex continuous functional on the cone P. 9(y) < ||y|| for all

y € P. For x € P, it follows from Lemma 2.8 that TP C P and T : P — P is completely continuous.
Corresponding to Lemma 2.1, choose

€2

d= 1— 52—11’

Then 0 < a < b < d < c. We divide the remainder of the proof into five steps.
Step 1. Prove that T'(P.) C P..

For x € P., one has ||z|| < c¢. Then
0<t*%x(t) <c te(0,1].

b=e2, a=ej.

It follows from (D1) that

a—2,2—« c 1
= < ——F— ——,t 1).
F(t2(t) = [ 2E20(0) € {ripr st € OL1)
Then T'x € P implies that
|ITx|| = sup £*(Tx)(t)
te(0,1]
1
= sup / t27OG(t, 8) f(s,x(s))ds
te(0,1] JO
1 c 1
< sup / 27G(t, 8)— ——ds
te(0,1] Jo ( )Msk(l—s)g
1 ¢ (! 1
< —_— 1—s)*t—— 4
S Tt f, VT Fa e ®
1 ¢

= FgBle-o-Li-k=c



Y. Liu, H. Shi, J. Nonlinear Sci. Appl. 5 (2012), 281293 290

Then Tz € P., Hence T(P.). This completes the proof of Step 1.
Step 2. Prove that

e Pusb v >0 = {ye P (e =% ) - v > eaf £0

and Y(Ty) >b=ey fory € P <1/1,eg, - 62 a) .
It is easy to see that {z € P (1/1; e, Hﬁﬁ) ,h(z) > e} #0. Forx € P (zp;eg, l_gﬁ), then ¥ (x) > eg

and |[z]| < === Then
inf t27%x(t) > ey, sup > %x(t) < 67227.
t€(0,6] t€(0,1] 1—pee
Hence ey
2—a
ez <t w@)ﬁma t € (0,5
Hence (D3) implies that
€2 1
t,x(t)) > t 0
Ft(0) 2 2t € 0]

Since Ty € P. We get

Y(Tx) = tei(r(l)fm /01 t27OG(t, 8) f(s,x(s))ds

B
> inf 272G (t, s) f(s, z(s))ds
nt [ G (5.0()

Vv

g _ p2—a (1_S)a_1 2(s))ds
| = S rato)

o [PA=s) e 1
= 0= | ( mf) W=

= e€92.

This completes the proof of Step 2.
Step 3. Prove that ||Ty|| < a = e; for y € P with ||y|| < a.
For z € P.,, we have

sup 27 %x(t) < e; = a.
t€(0,1]

It follows from (D2) and Tz € P that

el 1

ft,z(t)) < Mm, t € (0,1].

The proof is similar to that of Step 1. Then ||Ty|| < e; for ||y|| < e;. This completes that proof of Step 3.
Step 4. Prove that ¥(Ty) > b for y € P(1;b,c) with || Ty|| > d.
For x € P(¢;b,¢) = P(¢,ez,¢) and ||Tx|| > d = 52 =, then

inf t27%x(t) > ey, sup t27Y(Tx)(t) > and [|z]| = sup t27%%(t) < c.
t€(0,] t€(0,1] - e t€(0,1]
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Hence we have from Tz € P that

v(Tx) = inf £

= (1827 sup (Tz)(1)
te(0,1]

> (1- 52_a)1_6#

= b

This completes the proof of Step 4.
From above steps, (E1), (E2) and (E3) of Lemma 2.1 are satisfied. Then, by Lemma 2.1, T" has three

fixed points z1, xo and x3 € P, such that

z1]|] < a, P1(22) > b, ||z3]| > a, ¥1(z3) <D,

i.e., 1, x2 and z3 satisfy (3.1) and (3.2).
Finally, we prove that x;(i = 1,2, 3) are unbounded. In fact, f(¢,0) # 0 on (0,1) implies that x;(t) # 0.
We have

inf 27 (t) > (1—8277) sup t27%z(t).
te(0,8] te(0,1]

So

zi(t) > t972(1 = B2 sup 2 Yay(t), t e (0,0].
te(0,1]

Then lim;_,¢ z;(t) = co. So x; is bounded. Hence BVP(1.1) has at least three unbounded positive solutions.
The proof is complete. O

Theorem 3.2. Suppose that f:(0,1) x [0,00) — [0,00) is continuous, f(¢,0) #Z 0 on (0, 1) and satisfies
e there exist positive numbers k£ < 1, o € (0,1), a < b < ¢ such that Wb > Ma, and
(E1) f(t,t%%u) > %W for t € (0,8], u € [c,c/(1 — B2Y)];
(E2) f(t,t*%u) < %W for t € (0,1) and u € [0,b];

(E3) f(t,t*2u) >

%m for t € [3,1) and u € [(1 — f*"¥)a,qa].
Then BVP(1.1) has at least two unbounded positive solutions 1 and x5 satisfying

sup t27 % (t) > a, sup t* %xy(t) <b, (3.3)
t€(0,1] te(0,1]

and
sup t27%o(t) > b, inf t27%xy(t) < c. (3.4)
t€(0,1] t(0,4]

Proof. Define the nonnegative, increasing and continuous functionals v,0,« : P — I by

= inf t*>7%2(t), z € P,
V() ot z(t), =
O(z) = sup t*“x(t), =€ P,
te(0,1]
alr) = sup t27%x(t), = € P.
t€(0,1]

It is easy to see that #(0) = 0 and
v(x) <(z) < alx), x€ P

and for x € P we have y(x) > (1 — 827%)||z||, (vz) < vf(z) for all v € [0,1] and z € P. From Lemma 2.8,
we have TP C P and T is completely continuous. Hence (i)-(iii) in Lemma 2.2 hold.
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To obtain two positive solutions of BVP(1.1), it suffices to show that the condition (iv) in Lemma 2.2
holds.
First, we verify that
v(Tx) > c for alll x € OP(v,c). (3.5)

Since z € OP(v,¢), we get infye(g g t*~*x(t) = ¢. Then |[z]| < 1_6%7(:10) < 75z==- Then

c S tZ—O‘x(t) S # for all ¢ (S (0, B]
Hence (E1) implies
c 1
>
F(0:2(0) > 5 i 1€ (0.5)

So we get from Tz € P that

. 2 !
ATt = it 27 [ Gl (s al)ds

B — s a—1
=g B e atsas

g ()

o [PA=s)t 1
> (-4 >/0 Tla) W (I =87
> c.

Secondly, we prove that
O(Tx) < b for all x € OP(0,Db). (3.6)

Since 6(z) = b, we get supy¢ (o] t2=%x(t) = b. Then
t27%z(t) < b for all t € (0,1].

Hence (E2) implies
b 1

e — .
(6:2(0) < St € (0.1
So the definition of T imply
0(Txz) = sup t2%(Tx)(t)
te(0,1]
1
< swp [ G s) fs.als)ds
te(0,1] JO
1 b ! .1
- l1log)ot -
F(a)M/O T
= b
Finally, we prove that
P(a,a) #0, o(Tz) > afor all x € IP(a, a). (3.7)

It is easy to see that P(a,a) # (. For z € P («,a), we have sup;¢ (g ] t2=%x(t) = a. Then
(1— % %a < t*x(t) < afor all t € (0,7].

Then (E3) implies
a 1
f(t,a(t) = Wmvt € (0,n).

Similarly to the first step, we can prove that a(Tz) > a. It follows from above discussion that all conditions
in Lemma 2.2 are satisfied. Then T has two fixed points x1, x2 in P. It is easy to show that x; is unbounded.
So BVP(1.1) has two positive solutions x; and x4 satisfying (3.3) and (3.4). The proof is complete. O
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Theorem 3.3. Suppose that f:(0,1) x [0,00) — [0,00) is continuous, f(¢,0) #Z 0 on (0, 1) and satisfies

e there exist positive numbers k < 1, o € (0,1), a < % < b < ¢ such that We > Mb, and

(B4) f(t.197%u) < &g for £ € (0,1), u € [0,¢/(1 — 57));

(E5) f(t,t**u) > g srgpe for t € (0,5] and u € [(1 — §*7*)b,b];

(E6) f(t,t2u) < %W for t € (0,1) and u € [0, al.

Then BVP(1.1) has at least two unbounded positive solutions x; and x2 satisfying (3.3) and (3.4).

Proof. Let the nonnegative, increasing and continuous functionals v, 6, a : P — I be defined in the proof of
Theorem 3.2. By using Lemma 2.3, the remainder of the proof is similar to that of the proof of Theorem

3.2 and is omitted. O
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