Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 5 (2012), 294-306

Research Article

Journal of Nonlinear Science and Applications

Print: ISSN 2008-1898 Onlin=: ISSN 2008-1901

JNSA

Application of fixed point theorems to best
simultaneous approximation in ordered semi-convex
structure

N. Hussain®* H. K. Pathak®, S. Tiwaric

?King Abdul Aziz University, P. O. Box 80203, Jeddah 21589, Saudi Arabia
bSchool of Studies in Mathematics, Pt. Ravishankar Shukla University, Raipur, (C.G), 492010, India
€Shri Shankaracharya Institute of Professional Management and Technology, Raipur, (C.G), 492010, India

This paper is dedicated to Professor Ljubomir Cirié

Communicated by Professor V. Berinde

Abstract

In this paper, we establish some common fixed point results for uniformly Cj-commuting asymptotically
S-nonexpansive maps in a Banach space with semi-convex structure. We also extend the main results of
Ciri¢ [Lj. B. Ciri¢, Publ. Inst. Math., 49 (1991), 174-178] and [Lj. B. Ciri¢, Arch. Math. (BRNO),
29 (1993), 145-152] to semi-convex structure and obtain common fixed point results for Banach operator
pair. The existence of invariant best simultaneous approximation in ordered semi-convex structure is also

established. (©2012. All rights reserved.
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1. Introduction

In best approximation theory, it is pertinent, viable, meaningful and potentially productive to know
whether some useful properties of the function being approximated is inherited by the approximating func-
tion. In this perspective, Meinardus [28] observed the general principle that could be applied, while doing
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so the author has employed a fixed point theorem as a tool to establish it. The result of Meinardus was
further generalized by Habiniak [15], Smoluk [38] and Subrahmanyam [39].

On the other hand, Al-Thagafi [2], Singh [36, 37], Hussain et al. [17, 19, 20], Hussain and Rhoades
[18], Jungck and Hussain [23], O’Regan and Hussain [30], Pathak et al. [31] and many others have used
fixed point theorems in approximation theory, to prove existence of best approximation. Various types of
applications of fixed point theorems may be seen in Klee [27], Meinardus [28] and Pathak and Hussain [32].
Some applications of the fixed point theorems to best simultaneous approximation are given by Sahney and
Singh [35]. For the detail survey of the subject we refer the reader to Cheney [6].

The class of asymptotically nonexpansive mappings was introduced by Goeble and Kirk [13] and further
studied by various authors (see [3, 26] and references therein). Recently, Beg et al. [3], have proved common
fixed point results for uniformly R-subweakly commuting pair {S,7'}. In this paper, we introduce a more
general class of uniformly Cj-commuting selfmaps and study common fixed point results for uniformly C,-
commuting asymptotically S-nonexpansive maps in a Banach space with semi-convex structure. We also
extend the main results of Cirié [8, 9] to semi-convex structure. Recently, Chen and Li [5] introduced the
class of Banach operator pairs, as a new class of noncommuting maps and it has been further studied by
Hussain [16] and Pathak and Hussain [32]. We also obtain common fixed point and approximation results
for Banach operator pair (7', 5) satisfying Ciri¢ type contractive condition.

2. Preliminaries and Definitions

Let X, || -|| be a normed space, M a subset of of X. We shall use N to denote the set of positive integers,

cl(M) to denote the closure of a set M and wcl(M) to denote the weak closure of a set M. Let I : M — M
be a mapping. A mapping T : M — M is called an [-contraction if there exists 0 < k£ < 1 such that
|Tx — Ty|| < k||lz — Iy|| for any x,y € M. If k =1, then T is called I-nonexpansive. The map T is called
asymptotically I-nonexpansive if there exists a sequence {k,} of real numbers with &k, > 1 and lim,k, = 1
such that |77z — T™y|| < ky|Ix — Iy|| for all z,y € M and n =1,2,3,.... The map T is called uniformly
asymptotically regular on M [3, 12], if for each > 0, there exists N(n) = N such that || Tz — T" x| <
for all n > N and all x € M. The set of fixed points of T'( resp. I) is denoted by F(T")(resp. F(I)). A point
x € M is a coincidence point ( common fixed point) of I and T if [z = Tx (z = Ix = T'z). The set of coinci-
dence points of I and T is denoted by C(I,T'). The pair {I,T} is called (1) commuting if T/z = ITz for all
x € M, (2) R-weakly commuting if for all z € M, there exists R > 0 such that || [Tz —TIz| < R||[z —Tx|.
If R =1, then the maps are called weakly commuting; (3) compatible if lim,, | Tz, — ITz,| = 0 whenever
{z,} is a sequence such that lim, Tz, = lim, [z, = t for some t in M; (4) weakly compatible if they
commute at their coincidence points, i.e.,if ITx = TIx whenever Iz = Tx. The set M is called g-starshaped
with ¢ € M, if the segment [q,z] = {(1 — k)qg + kx : 0 < k < 1} joining ¢ to x is contained in M for all
x € M. Suppose that M is g-starshaped with ¢ € F(I) and is both 7- and I-invariant. Then T and I are
called (5) Cyq-commuting [? 18] if [Tz =TIz for all x € Cy(1,T), where Cy(I,T) = U{C(I,T}) : 0 < k < 1}
where T, = (1 — k)q + kT; (6) R-subweakly commuting on M if for all 2 € M, there exists a real number
R > 0 such that | [Tz — TIz| < Rdist(Ix,[q,Tz]); (7) uniformly R-subweakly commuting on M \ {q} (see
[3]) if there exists a real number R > 0 such that | [Tz — T" x| < Rdist(Iz,[q,T"x]), for all x € M \ {¢}
and n € N.
The ordered pair (T, I) of two self maps of a metric space (X, d) is called a Banach operator pair, if the set
F(I) is T-invariant, namely T'(F'(I)) C F(I). Obviously commuting pair (7,1) is a Banach operator pair
but not conversely in general, see [5]. If (7, 1) is a Banach operator pair then (/,T") need not be a Banach
operator pair (cf. Example 1 [5]).

Now we give the notion of convex structure introduced by Gudder [14](see also, Petrusel [33]). Let X
be a set and F : [0,1] x X x X — X a mapping. Then the pair (X, F') forms a convex prestructure. Let
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(X, F) be a convex prestructure. If F satisfies the following conditions:

(i) FO\vz, F(uy,2) = FOO+ (1 =Ny, FOA+ (1 =N~ 2, y),2) for every A\,u € (0,1) with
A+ (1—=XNp#0and z,y,z € X.
(1) F(\,xz,x) =z for any x € X and X € (0,1),

then (X, F) forms a semi-convex structure. If (X, F') is a semi-convex structure, then
(SC1) F(l,z,y) =z for any =,y € X.
A semi-convex structure is said to be reqular if
(8C2) A< p= F(\z,y) < F(p,z,y) where A\, p € (0,1).
A semi-convex structure (X, F') is said to form a convex structure if F' also satisfies the conditions

(131) F(A\z,y)=F( —\y,x) for every A € (0,1) and z,y € X.
(i) if F(\,z,y) = F(\, z,z) for some A # 1,z € X then y = z.

Let (X, F') be a convex structure. A subset Y of X is called (a) F-starshaped if there exist p € Y so that
forany x € Y and A € (0,1), F(\,z,p) € Y. (b) F-convez if for any x, y in Y and XA € (0,1), F(\,z,y) € Y.
For F(\,z,y) = Az + (1 — \)y, we obtain the known notion of starshaped convexity from linear spaces.
Petrusel [33] noted with an example that a set can be a F-semi convex structure without being a convex
structure. Let (X, F') be a semi-convex structure. A subset Y of X is called F' semi-starshaped if there
exists p € Y so that for any x € Y and A € (0,1), F(\,xz,p) € Y. A Banach space X with semi-convex
structure F is said to satisfy condition (P;) at p € K (where K is semi-starshaped and p is star centre) if
F is continuous relative to the following argument : for any z,y € X, \ € (0,1)

| (F(\z,p) —F\y,p) [SAz—y] -

3. Common Fixed Point Results

We begin with the definition of uniformly Cj-commuting mappings.

Definition 1. Let M be a g-starshaped subset of a normed space X. Let I,T : M — M be maps with
q€ F(I). Then I and T are said to be uniformly Cq-commuting on M if IT"x = T"Ix for all x € Cy(I,T™)
and n € N.

It is clear from Definition 1 that uniformly Cj-commuting maps on M are C,-commuting but not con-
versely in general as the following example shows.

Example 1. Let X = R with usual norm and M = [1,00). Let Tz = 2x—1 and Iz = 2%, for all z € M. Let
q = 1. Then M is g-starshaped with Iq = q, Cy(I,T) = {1} and C,(I,T?) = [1,3]. Note that I and T are
C,~commuting maps but not uniformly Cj-commuting because IT%z # T?Ix for all x € (1,3] C C,(I1,T?).

Uniformly R-subweakly commuting maps are uniformly C,-commuting but the converse does not hold
in general, to see this we consider the following example.
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Example 2. Let X = R with usual norm and M = [0,00). Let Jz = §if0<2z <land Iz =z ifz > 1,

and Tz = 3 if 0 <2 <1 and Ta = 2? if 2 > 1. Then M is 1-starshaped with I1 =1 and Cy(I,T) = [1, 0]
and Cy(I,T™) C [1,00] for each n > 1. Clearly, I and T are uniformly C,-commuting but not R-weakly
commuting for all R > 0. Thus I and T are neither R-subweakly commuting nor uniformly R-subweakly
commuting maps.

We can extend these concepts on F-starshaped set in the convex structure (X, F')(see [17, 18]).

Definition 2. Let (X, F, <) be a ordered semi-convex structure and, T be a self-map on a nonempty subset
M of X. We define, Yanx ={F(\,T"z,p): 0 < A< 1}.

The following result improves and extends Lemma 3.3 [3].

Lemma 3. Let (X, F, <) be a ordered semi-convex structure and S and T be self-maps on a nonempty subset
M of X. Suppose that M is F-starshaped with respect to an element p in F(S), S satisfies F(\, Sx,p) =
S(F(X z,p)) and S(M) = M. Assume thatT and S are uniformly Cp-commuting and satisfy for each n > 1

(1)

. n g . T
1Tz — T™y|| Sknmam{ HS:E—SyH,dlst(S:r,%T ), dist(Sy,Y, ), }

dist(Sz,Y, Y),dist(Sy,Y,l"*)}

for all x,y € M, where {k,} is a sequence of real numbers with k, > 1 and limpk, = 1. For each n > 1,
define a mapping T, on M by
Thr = F(MnaTnx,p)

where i, = 2—" and { A\, } is a sequence of numbers in (0,1) such that limpA, = 1. Then for each n > 1, T,

n

and S have exactly one common fized point x, in M such that
Sl‘n = Tn = F(Mn,TnJ,’n,p)

provided one of the following conditions hold;
(i) M is closed and for each n, clT, (M) is complete,
(i) M is weakly closed and for each n, wclT, (M) is complete.

Proof. By definition,
Tox = F(un, T"z,p).
As S and T are uniformly Cp-commuting and F(A, Sz,p) = S(F(A, z,p)) with Sp = p, then for each
x e C(S,T,) C Cp(S,TT)
T,Sx = F(un,T"Sxz,p)
= F(upn,ST"x,p)
= S(F(pn, T"x,p))
= ST,zx.

Hence S and T,, are weakly compatible for all n. Also by (1),
1Tz = Toyll = pnll T2 = T"y||
< A\ max{||Sx — Sy||, dist(Sz, Y;)Tnx), dist(Sy, Yany),
dist(Sx, Yany), dist(Sy, Yanz)}
Anmax{|[Sz = Sy, |5z = Toz| . [|Sy = Tuyl|,
15z = Toyll, [|Sy — Tuzl},

IN
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for each z,y € M.

(i) As M is closed, therefore, for each n, clT,,(M) C M = S(M). By Theorem 2.1[23], for each n > 1, there
exists x, € M such that z,, = Sz, = T,,x,. Thus for each n > 1, M N F(T,) N F(I) # 0.

(ii) As welT,, (M) C M = S(M), for each n, by Theorem 2.1[23], the conclusion follows.

The following result extends the recent results due to Hussain and Rhoades [18] and Theorem 3.4 of
Beg et al. [3] to uniformly Cj-commuting asymptotically S-nonexpansive maps defined on nonstarshaped
domain.

Theorem 4. Let (X, F, <) be a ordered semi-convez structure with F reqular and, S and T be self-maps on
a nonempty subset M of X. Suppose that M is F-starshaped with respect to an element p in F(S), S satisfies
F(\ Sz,p) = S(F(\,z,p)) and S(M) = M. Assume that T and S are uniformly Cp-commuting maps, T is
uniformly asymptotically reqular and asymptotically S-nonexpansive map. Then F(T)N F(S) # 0, provided
one of the following conditions holds;

(i) M is closed, T is continuous and clT'(M) is compact,

(i) X is complete, M is weakly closed, S is weakly continuous, wclT (M) is weakly compact and I — T is
demiclosed at 0.

Proof. (i) Notice that compactness of c/T'(M) implies that clT,, (M) is compact and hence complete. From
Lemma 3, for each n > 1, there exists z,, € M such that =, = Sz, = Tha, = F(tn,T"xy,p). Hence
xn € Cp(S,TT).

Therefore

Toxn — T e,

F(Mna Tnmnap) - Tn+1wn

P L

< F(limsup pin, T2, p) — T,
n—oo

< F(1,T"z,,p)—T" 'z,

< Tz, — Tz,

Applying the same argument as above, we also have
Ty — T x, <0.

Since T is uniformly asymptotically regular on M it follows that
Trz, — Tz, = 0as n — oo.

Therefore z, — T" 'z, — 0 as n — oo.

Now

< @ =T g ||+ (| Ty — T ||
< @y =T || 4Ry || S(T" ) — Sz || for some ki >1
I 2n =T 2 | +hy || T 20 — 2 |

| 2 — Ty ||

Since S commutes with 7" on C,(S,T") and z,, € Cp(S,T"), &y, = Sxy, therefore z, — Tz, — 0 as n — oo
Since clT'(M) is compact, there exists a subsequence {T'z,,} of {Tz,} such that T'z,, — z¢ as m — co. By
the continuity of T', we have T'(xg) = xo. Since T'(M) C S(M), it follows that zo = T'(xg) = Sy, for some
y € M. Taking the limit as m — oo, we get Txg = Ty. Thus, Txzg = Sy = Ty = x¢. Since S and T are
uniformly Cy— commuting on M and y € C(S,T), therefore

| T — Sao |=|| TSy — STy ||=0.

Hence we have y € F(T) N F(S). Thus F(T) N F(S) # 0.
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(ii) The weak compactness of wclT (M) implies that wclT,, (M) is weakly compact and hence complete
due to completeness of X (see [23]). From Lemma 3, for each n > 1, there exists =, € M such that
Ty = Sz = F(fn, T"xy,p). The analysis in (i), implies that ||z, — Tz,|| — 0 as n — oo. The weak
compactness of welT (M) implies that there is a subsequence {z,,} of {z,} converging weakly to y € M as
m — o0o. As S is weakly continuous, so Sy = y. Also we have, Sx,,, — Tz, = xp, — T, — 0 as m — oo. If
S — T is demiclosed at 0, then Sy = Ty. Thus F(T) N F(S) # (. This completes the proof.

Remark 1. Notice that the conditions of the continuity and linearity of S are not needed in Theorem 3.4
of Beg et al. [3]. The result is also true for affine mapping S.

Now we introduce the concept of upper semi-convex structure in a Banach space as follows:

Definition 5. (i) Let (X,|| - ||) be a Banach space with semi-convex structure F. A continuous map
F: [%, 1] x X x X — X is said to be an upper semi-convex structure on X if for all z,y in X, X in
[3:1].

2
lu = EA 2, FA g, 9)I| < Mlu =2l + (1= A)flu =y

for all u in X.

(ii) Let (X, || . ||) be a Banach space with upper semi-convex structure F. Then the triplet (X, F,| - ||) is
called an upper semi-conver Banach space (or, in brief, USCBS).

(iii) Let (X, F,| -||) be an upper semi-conver Banach space, K a subset of X and let * <’ be an order
relation defined on X by
z <y iff y—zreK.

Then the triplet (X, F, | - ||) is said to be an ordered USCBS induced by (K, <).

The following result extends main theorems in [8, 9, 11, 22].

Theorem 6. Let M be a nonempty, subset of an ordered USCBS (X, F,| - ) induced by (M,<) , and
T,5: M — M be weakly compatible pair satisfying the following condition:

| Te =Ty P< all Sz =Sy [|” +(1 = a) maz{|| Tz — Sz ||, || Ty — Sy |} (2)

for all x,y € M, where 0 < a < 1/2P~Y and p > 1. If cl(T(M)) UF([%, 1, T(M) x T(M)) C S(M), where
F is a upper semi-convex structure on M and cl(T'(M)) is complete, then T and S have a unique common
fized point in M ; i.e., M N F(T)N F(S) is singleton.

Proof. Let = be an arbitrary point of M. Choose points x1, 3, x3 in M and some A € [%, 1] such that
Sxy =Tz, Svy =Tz, Sy = F(\,Txy, Txo).

This choice is possible because Tz, Tz, Txo, F(X\, Tx1,Txy) are in S(M).
By (2), we have
|Sz1 — Sxo||P = ||Tx — Tz
a| Sz — Sz1||P + (1 — a) max{||Sz — Tx|]?, ||Sz1 — Tz1||"}
al|Sx — Sac1||2 + (1 — a) maz{||Sx — Sx1|]2, |Sxy — Sx2||2}.

IN

Hence we have
||Sx1 — Sxa|| < ||Sx — Sz (3)

Form (2) and (3),

stg — T:rng = HTl'l — Tx2||p
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< a| Sz — SxallP + (1 — a) maz{||Sx1 — Tx1||?, ||Sxe — Txo||P}
<a|Sz— Szi1|P + (1 — a) max{||Sx — Sz1|?, ||Sz2 — Tz2||P}

which implies

S22 = Taol| < [|Sz — S (4)
As f(x) = P is increasing for > 0, we have from (2),
|Sx1 — Txo||P = ||[Tx— Txo|?
< a|Sx— Sz’ + (1 — a) max{||Sx — Tx|?, ||Szy — Tzo|P}
< al||Sx — Sx1|| + |Sz1 — Sx2||]P + (1 — a) max{||Sx — Sz1]||P, ||Sx2 — Tz2||"}.

Hence, using (3) and (4), we have
|Sz1 — Tz2||P < (2Pa+ 1 —a) ||Sx — Sz |P. (5)
Now using Definition (5) and convexity of f(z) = zP(p > 1), we have
|Sx1 — Szs||P = ||Sz1 — F(\, Tz, Tx2)||P
ISx1 — F(\,Tx1, F(\, Txo, Tx2))||”

MISz1 — Ty + (1= A) || Szy — Taa|[]?
A[Sz1 — Sza|lP + (1= A) || Szy — Tas .

<
<

Hence, from (1) and (3), we obtain
||Sz1 — Sxs||P < [14 (1 —X)2Pa{l —27P}]||Sx — Sxq|P. (6)
Further,

HSazg — S.Tg”p = HSJZQ — F(/\,Tl’l,TIL’Q)Hp
= HS.’L‘Q —F(/\,T:cl,F()\,Txg,Txg))Hp
[AISze = Szaf| + (1 = A) [|Sza — T[]

A

hence by (2) we get
|Sza — Sxs|| < (1 —N) || Sz — Sz1]|. (7)

Now we choose x4 € M such that Sxqy = T'z3. Then from (2), (3) and (4) we have

HSJ?g — Sl‘4Hp HT&?g — F()\,Tajl,Tm'Q)Hp

[Tx3 — F(\, Ta1, F(X, Txa, Tx2))||

< MT2y = Tagl| + (1= A) [T — Tas][]
< Aal[l|Sz1 — Szs||P + (1 — a) max{||Sz1 — Sx2|]?, ||Sxs — Sz4|/P}]

+(1 =N [a[||Sx2 — Sxs3||P + (1 — a) max{||Sxe — Txs||P, ||Sxs — Sx4||P}]
< a[\||Sz1— Sx3||P + (1 — N) ||Sze — Szs3||P] + (1 — a)

mazx{||Sx — Sz1|, || Szs — Sz4|P}.
Hence, using (6) and (7), we have

1S3 — Swal|” < pPmaz{|| Sz — Sw ||, [|Szs — Sxal},

-1
where uP = (a)\[l (1= A)2Paf{l =277} + (1A +(1— a)). Since p>1,0 < a < (%)p and A € [1,1],

we obtain puP < 1. To see this, we observe that

P = (a)\[l (1= N2Pa{l— 2P+ (1= NP+ (1— a))
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1 —1
< (a)\[l +2(1-N{1—-2"P}+ (1= N)P]+ (1 — a)), as a < (*)p
2
< (a-2_1[1+2- 2_1{1—2_p}+2_p]+(1—a)) =1, as1- A< %
Therefore,
1S5 — Saal| < p||Se — Sal| (0<k<1). (8)

Now we shall consider the sequence {Sxz,}°°, which possess the properties (3), (4), (7) and (8); i.e., the
sequence {Sz,}7°  is defined as follows:

Sasp+1 = Txae; Swspte = Trap41; ST3ky1) = F(N T2gpr1, Tosp42), k=0,1,2---
By induction it can easily be shown that from (8), (3) and (7) we have
1S@g — Saapill < pllSwap—1) — Stagp1y41ll < -+ < pF||Sz — Saq,
1S@3p 41 — Swapyall < |Szar — Swappr|l < g || Sz — Swi ),

1S3k 42 — Szagernl < (1= A) [|Swar — Swapral < (1= 1) p* || Sz — Sz, (9)

Hence for m > n > N, we have
oo
8@ — Szl < D7 1Sz = Szigal < (3= Va1 = @) Sz = S,
i=N

where [N/3] means the greatest integer not exceeding N/3. Take xy = z, then it follows from the above

inequality that the sequence {Sxz,}5°, is a Cauchy sequence in M, hence convergent. So, let lim Sz, = u.
n— o0

As Tagy, = Swgky1, Txsp+1 = Swskye, from (4) and (9) we have
|Tz3k12 — Sxapy2l < |Swar — Szgpia| < pf|[ Sz — Sz

Therefore,
lim Sz, =lim Tz, =u € cl(T(M)) C S(M),

which implies that there exists some y € M such that u = Sy. For each n > 1,
lu=Tyl| < |lu—Tanl + [Tz — Tyl
1 1
[lu = Tanll + a?|[Szn — Syl + (1 — a)? max{||Txn — Sz, [Ty — Syl[}].

IN

Taking the limit as n — oo yields
1
lu—=Tyll < (1 —a)r|lu—Ty|,
which implies that Sy = u = T'y. Since S and T are weakly compatible, T?y = T'Sy = STy. Using (2),

|TTy — Tyl < a|lSTy — Sy||P + (1 — a) max{||TTy — STy|", (| Ty — Sy},

which implies that TTy = Ty. Since TTy = STy, Ty = u is a common fixed point of T" and S. Condition
(2) ensures that w is the unique common fixed point of T" and S; i.e., M N F(T) N F(S) is singleton.

Theorem 7. Let (X, F,| -||) be an ordered USCBS induced by (M,<), where F is a upper semi-convex
structure on M and let T, S : M — M be Cp-commuting mappings. Let M be F'-starshaped with respect to
an element p € F(S) and S satisfies F(\, Sx,p) = S(F(\, z,p)) for each x € M. If M = S(M), and for all
x,y € M, and all k € (0,1),

1-k%
| T =Ty ||| S — Sy || +—maz{dist(Sz, Y,7*), dist(Sy, Y;T")}, (10)
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then M N F(S)NF(T) # 0, provided one of the following conditions holds;

(i) T is continuous and cl(T(M)) is compact;
(i) S is weakly continuous, wel(T'(M)) is weakly compact and either S —T is demiclosed at 0 or X satisfies
Opial’s condition.

Proof. Define T,, : M — M by
Thx = F(ky,Tz,p)
for some p € F(S) and all z € M and a fixed sequence of real numbers &, (0 < k,, < 1) converging to 1. As
S and T' are Cp-commuting and F'(A, Sz,p) = S(F(X, z,p)) with Sp = p, then for each x € C,(S,T)
T,St = F(ky,,TSz,p)

= F(ky,STx,p)

= S(F(kn,Tz,p))

= ST,=x.
Thus ST,z = T,,Sz for each x € C(S,T,) C Cp(S,T). Hence S and T, are weakly compatible for all n.
Also

[ Thr =Toy | = kol Tz =Ty ||
11—k,

< ka{ll Sz =Sy || + max{|| Sz —Tox |, [| Sy — Tuy |11}

n

= kn [l Sz =Sy | +(1 = kn)maz{|| Sz — Tox ||, | Sy — Tay |1}

for each z,y € M and 0 < k, < 1.
(i) By Theorem 6, for each n > 1, there exist an x,, € M such that z,, = Sx,, = T),z,,. The compactness of
cl(T(M)) implies that there exists a subsequence Tz, such that Tz,, — z as m — oco. Also

lim x,, = lim Ty, (zy,) = Um F(kpy, T (2,),p) = F(1,2,p) = 2.
As z e c(T(M)) C S(M), z= Su for some u € M and hence Su = z = T'z. Further, for each m,

1-k
[T2m = Tull < |[Szm — Sull + = max{|| Sz — T, || Su — Trnull}}

km

maX{HSme - mem”a [Su — TmuH}}a

1—

= lem =2l +
m

which, on letting m — oo, implies that Su = z = Tz = Tu. Since S and T are also weakly compatible, we

have Sz = STu = T'Su = Tz = z. This shows that M N F(S) N F(T) # 0.

(ii) Proof is similar to the proof of Theorem 2.4 [19], here we use Theorem (6) instead of Theorem 2.1 [19]
Theorem (7) extends Theorem 2.2 in [2] and Theorems 2.3 and 2.4 in [19].

Lemma 8. Let M be a nonempty subset of an ordered USCBS (X, F, || - ||) induced by (M,<) , and T, S :
M — M be a pair of maps satisfying inequality (2), F(S) is nonempty and F is an upper semi-convez
structure on F(S). Suppose that cl(T'(M)) is complete and clT(F(S)) C F(S), then T and S have a unique
common fixed point in M.

Proof. By our assumptions, T(F(S)) € F(S) and F(S) is nonempty, and has an upper semi-convex
structure. The completeness of ¢l(T'(M)) implies that cI(T(F(S))) is complete. Further for all x, y € F(S),
we have by inequality 2,
[Tz =Tyl < alSz—=Sy|”+(1—a)max{[| Tz — Sz ||, | Ty - Sy ||’}
= allz—y P +(1 - o) max{|| To—z |7, | Ty —y |"}

By Theorem 6, T" has a unique fixed point y in F(S) and consequently M N F(T) N F(S) is singleton.
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Corollary 9. Let M be a nonempty subset of an ordered USCBS (X, F,| - ||) induced by (M,<) , and
T, S: M — M be a pair of maps satisfying inequality (2), F(S) is nonempty and closed and F' is an upper
semi-convez structure on F(S). Suppose that cl(T(M)) is complete, (T,S) is a Banach operator pair, then
T and S have a unique common fixed point in M.

The following result extends and improves Theorem 3.3 of [5] and Theorems 2.2 and 2.4 in [16].

Theorem 10. Let (X, F,| - ||) be an ordered USCBS induced by (M,<) and let T,S : M — M be pair of
self-mappings. Assume that F(S) is F-starshaped with respect to an element p € F(S), where F is an upper
semi-convez structure on F(S), cdlT(F(S)) C F(S) [resp. wclT(F(S)) C F(S)], cl(T(M)) is compact [resp.
wcl(T(M)) is weakly compact and either id — T is demiclosed at 0 or X satisfies Opial’s condition] and
(T, S) satisfies (10), for all z,y € M, and all k € (0,1), then M N F(S)NF(T) # 0.

Proof. Define T,, : FI(S) — F(S) as in Theorem 7. As F(S) is F-starshaped with respect to an element p
in F(S), for each x € F(S) T,,x = F(ky,Tz,p) € F(S), since Tx € F(S) and F(S) is F-starshaped with
respect to p € F(S). Thus clT,(F(S)) C F(S) for each n. Also

[ Thr =Toy | = kol Te =Ty ||
1—ky
< hadll 82— Sy Il +17

= kn [l Sz =Sy || +(1 = kn) max{[| Sz — Ty |, || Sy — Toy [|}

max{|| Sz — Toz |, || Sy — Tay [I}}

for each z,y € F(S) and 0 < k,, < 1.

If cl(T'(M)) is compact, for each n € N, ¢l(T,,(M)) is compact and hence complete. By Lemma 8, for each
n > 1, there exist an x,, € M such that z,, = Sx,, = T),z,,. The compactness of cl(T'(M)) implies that there
exist a subsequence Tz, such that Tx,, — z € cl(T(F(S))) C F(S) as i — oco. Since T is continuous, so

z=lmTz, =limT(T,,(zy,)) = UmT(F(kn,, T (zy,),p)) = T(F(1,2,p)) = T(2).

This shows that M N F(S) N F(T) # 0.
Similarly we obtain the proof of second part.

Corollary 11. Let (X, F,| - ||) be an ordered USCBS induced by (M,<) and let T,S : M — M be pair
of self-mappings. Assume that (T,S) is a Banach operator pair on M and F-starshaped with respect to
an element p € F(S), where F is an upper semi-convex structure on F(S). If , F(S) is closed [resp.
weakly closed], cl(T(M)) is compact [resp. wcl(T(M)) is weakly compact and either id — T is demiclosed
at 0 or X satisfies Opial’s condition] and (T, S) satisfies (9), for all xz,y € M, and all k € (0,1), then
MNFE(S)NF(T) #0.

We now furnish a non-trivial example to validate Theorem (6).

Example 3. Let X = R be equipped with usual norm ||-|| = |-|. Let F': [3,1] x X x X — X be defined by
F\z,y) = Xx+(1—N)y for all z,y in M and X in [%, 1]. Clearly, F' is an upper semi-convez structure on X.
Take M = [—1,1]. Let T, S : M — M be a pair of self-mappings on M such that Tz = %]:1:\ and Sz = —z.
Obviously, T" and S are weakly compatible pair of mappings. Also cl(T'(M)) U F([%, 1],T(M),T(M)> C
S(M) and g = 0 is the starcenter. For all z,y € M, p>1and 0 < a = 4 < 55-1, we have

3pr 9p—1)

1 1 1 1
— P _— _ p_— _ p _ gyl = | — p_ _ p
1T = Tyl” =Tz = Tyl” = el =yl " < gple —yl" = I - +yl" = 1Sz — Sy

1 1
< Sz =Syl + (1 = o7) max{||Tw — Sz, [Ty — Sy|I"}-

Thus, all the conditions of Theorem 6 are satisfied. Clearly, 0 is the unique fixed point of S and 7" in M
ie., M NF(T)N F(S) is singleton.
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4. Best Simultaneous Approximation Results

Let M be a subset of a Banach space (X, || . ||). The set Py(u) = {x € M :|| z — u ||= dist(u, M)} is
called the set of best approximants to u € X out of M, where dist(u, M) =inf{|| y—u|:y € M}. Suppose
A , G, are bounded subsets of X, then we write

rq(A) = infgeasupaca || a — g ||

centg(A) ={go € G : supaca || a — go ||= rc(4)}.

The number rg(A) is called the Chebyshev radius of A w.r.t G and an element yg € centg(A) is called a
best simultaneous approzimation of A w.r.t G. If A = {u}, then rq(A) = d(u,G) and centg(A) is the set of
all best approximations, Pg(u), of u out of G. We also refer the reader to Cheney [6], Klee [27] and Milman
[29] for further details.

Sahab et al. [34], Jungck and Sessa [24] and Al-Thagafi [2] generalized main result of Singh [37] to nonex-
pansive mapping 7" with respect to continuous mapping S in the context of best approximation in normed
linear space. In this section, as an application of our common fixed point results, we prove the corresponding
results in semi-convex structure in the context of best simultaneous approximation for more general pair of
mappings.

In the following result we extend corresponding results in [2, 3, 18, 24] to asymptotically S-nonexpansive
maps defined on F-starshaped domain.

Theorem 12. Let (X, F, <) be an ordered semi-convez structure with F' reqular and, G and A are nonempty
subsets of X such that centg(A), set of best simultaneous approximations of elements in A by G, is nonempty.
Let T and S are self mapping on centg(A). Suppose that cent(A) is F-starshaped with respect to an
element p in F(S), F(\ Sz,p) = S(F(\ z,p)) for all © € centg(A) and S(centg(A)) = centg(A). As-
sume that T and S are uniformly Cp—commuting, T is uniformly asymptotically reqular and asymptotically
S—nonexpansive. Then F(T) N F(S) N centg(A) # 0, provided one of the following conditions holds:

(i) centc(A) is closed and clT (centc(A)) is compact.

(1) X is complete, centg(A) is weakly closed, S is weakly continuous, welT (centg(A) is weakly compact and
I —T is demiclosed at 0.

Proof. In both of the cases (i) -(ii), Lemma 4 implies that, for each n > 1, there exists z,, € centz(A) such
that z, = Sz, = F(tpn, T"xn,p). The result now follows from Theorem 4.

Corollary 13. (/40], Theorem 2.3). Let K be a nonempty subset of a normed space X and y1,y2 € X.
Suppose that T and S are self-mappings of K such that T is asymptotically S—nonexpansive. Suppose that
the set F(S) is nonempty. Let the set D, of best simultaneous K-approzimates to y1 and ya, is nonempty
compact and starshaped with respect to an element p in F(S) and D is invariant under T. Assume further
that T and S are commuting, T is uniformly asymptotically regular on D, S is affine with S(D) = D. Then
D contains a T— and S—invariant points.

Another extension of Theorem 2.3 due to Vijayraju [40] is presented below;

Theorem 14. Let K be a nonempty subset of a normed space X and y1,y2 € X. Suppose that T and
S are self-mappings of K. Assume that the set D, of best simultaneous K-approzimants to y1 and yo, is
nonempty and invariant under T and S, (T, S) is a Banach operator pair on D, Dy := F(S) N D is closed
and F'-starshaped with respect to an element p € Dy, where F is an upper semi-convex structure on Dgy. If
c(T(Dy)) is compact and (T, S) satisfies (10), for all x,y € Dy, and all k € (0,1), then D contains a T—
and S—invariant point.

Proof. Proof is similar to that of Theorem 12 instead of applying Theorem 4 we apply Corollary 11 to
obtain the conclusion.
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Remark 2. As an application of Theorems 7 and corolary 9, best simultaneous approximation results similar
to Theorem 12 can be established which extend the recent results of Akbar and A. R. Khan [1], Al-Thagafi [2],
Chen and Li [5], Habiniak [15], Hussain, O’Regan and Agarwal [17], Hussain and Rhoades [18], Hussain,
Rhoades and Jungck [19], Jungck and Sessa [24], Khan et al. [25], Sahab, Khan and Sessa [34], Sahney
and Singh [35], Singh [36, 37], Smoluk [38], Subrahmanyam [39] and Vijayraju [40] to ordered semi-convex
structure (X, F, <).
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