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Abstract

In this paper, applying the geometrical knowledge of Hilbert spaces, we investigate and analyze a system
of multilevel split fixed point problems (MSFP). New split solution algorithms are introduced and strong
convergence theorems for (MSFP) are established. At the end of this paper, as an application of our results,
we investigate and analyze a system of multilevel split variational inclusion problems (MSVIP) and some
strong convergence solution for (MSVIP) are obtained. These results obtained by this paper improve and
develop some known ones in the literature. (©2016 All rights reserved.
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1. Introduction

In this paper, let H be a real Hilbert space with the inner product (-,-) and the norm || - ||, N and R
denote the sets of positive integers and real numbers, respectively. If without special note, in this paper, all
the spaces denote real Hilbert spaces. A point z is called a fixed point of a mapping 7' if Tx = z ( when T
is a single-valued mapping) or « € Tz (when T is a set-valued mapping).

Let T: HH D Q — Hy and S : Hy D K — Hy be two nonlinear mappings. A : Hy — Hs is a linear and
bounded operator. A split common fixed point problem((SCFP), for short) for 7" and S is to find,

p € @ such that Tp = p and SAp = Ap(when T, S are single-valued mappings )
or
p € Tp and Ap € SAp(when T, S are set-valued mappings).
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Generally, a nonlinear problem is solved by an iterative algorithm. Traditionally, many algorithms
can only solve a nonlinear problem or a common solution of some nonlinear problems. However, many
nonlinear problems don’t have common solutions generally. In this case, can we get approximation solutions
to different nonlinear problems by an algorithm? In recent years, around this important science problem,
many scholars began to study this class of problem. They obtained some interesting works. Especially,
applying the geometrical knowledge of Hilbert spaces, professor C. Byrne and professor Y. Censor converted
some nonlinear problems into fixed point problems of mappings and put forward the concept of split solution
problems and gave some ground-breaking works [2, [6]. Along this idea, professor A. Moudafi et al. boosted
vastly the development in this field [7], [8, 20} 2], 23]. All these works provided by them stimulated many
correlation researches. Scholars gave some iterative algorithms and obtained some approximation solutions
to (SCFP) [5, [13], 18, BT, B0, 32]. But, among these works, they only studied two nonlinear problems.
So, naturally, an important science problem is whether their researched results can be generalized to more
nonlinear problems or not. Based on this consideration and inspired by their works, in this paper, we study
and investigate the following multilevel problem:

(MLSCFP) Find u € Hy,v € Hy,w € Hs such that Thu = u, Tov = v, Taw = w
and t := Au = Bv = Cw, St = t,

where A: Hy — H, B: Hy — H and C' : H3 — H are three linear and bounded operators with their adjoint
operators A*, B* and C*, respectively. T; : H; — H; and S : H — H(i = 1,2, 3) are single-valued mappings.
We regard the problem as a multilevel split common fixed point problem((MLSCFP), for short).

The following examples are some special cases for (MLSCFP).
Example 1.1. If i = 1 in (MLSCFP), then (MLSCFP) reduces to (SCFP).
Example 1.2. If H; = Hy (or Hy = H3), then (MLSCFP) reduces to find

u,v € Hy,w € Ha( or u € Hy,v,w € Hy) such that Tyu = u, Tov = v, Tsw = w
and t := Au= Bv = Cw, St =t,

where A,B: HH — H, C : Hy - H(or A: H — H, B,C : Hy — H) are three linear and bounded
operators with their adjoint operators A*, B* and C*, respectively. T1,T> : Hy — Hy, T3 : Hy — Hs (or
T, : Hy — Hy, T5,T3: Hy — Hs) and S : H — H are single-valued mappings.

Example 1.3. If H; = Hy = Hj, then (MLSCFP) reduces to find
u,v,w € Hy such that Thu = u, Tov =v, Tsw = w and t := Au = Bv = Cw, St =t,

where A: Hi — H, B: Hi — H and C : H; — H are three linear and bounded operators with their adjoint
operators A*, B* and C*, respectively. 11,75, T3 : Hy — Hy, and S : H — H are single-valued mappings.

In essence, Example is still (SCFP), but it isn’t equal to (SCFP) completely.
Example 1.4. If H; = Hy = H3 = H, then (MLSCFP) reduces to find
u,v,w € Hy such that Tyu = u, Thv = v,T3w = w and ¢t := Au = Bv = Cw, St = t,
where A: H - H, B: H— H and C : H — H are three linear and bounded operators with their adjoint
operators A*, B* and C*, respectively. 11,715,713, S : H — H are single-valued mappings.

In essence, the case in Example is a multilevel split common fixed point problem under the same
space. But until now, we don’t find some researched results of this problem.

Example 1.5. If H} = Hy = H3 = H and A = B = C is an identity operator, then (MLSCFP) reduces
to find
p € H such that Tip = Top = T5p = Sp = p,

where T1,T5,T5,S : H— H are single-valued mappings.
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In essence, the case in Example belongs to a class of problems to find a common fixed point for some
single-valued nonlinear mappings. It has been investigated by [Il 10, [15], 26, 28].

Remark 1.6. Although Example and Example are the special cases of (MLSCFP), they are different
from (SCFP) obviously. So, these special cases are also new problems.

For convenience, in this paper, we regard an approximation solution as a weak convergence solution if
it is obtained by a weak convergence sequence. Conversely, an approximation solution is called a strong
convergence solution if it is obtained by a strong convergence sequence.

In this paper, we will establish strong convergence algorithms for (MLSCFP) which implies that some
strong convergence solutions of (MILSCFP) are obtained. Our results improve and generalize many ones
in the literature. At the end of this paper, we apply our results to a multilevel split variational inclusion
problem((MSVIP), for short). Some strong convergence theorems for (MSVIP) are established, which
implies that many results for variational inclusion problems are generalized.

2. Preliminaries

In this section, we recall some known concepts and conclusions.

Let @ is a closed convex subset of a real Hilbert space H. A mapping T : Q — H is called a nonexpansive
mapping if |Tx — Ty|| < ||z — y|| for all z,y € Q. A mapping T : Q — H is called a firmly nonexpansive
mapping if ||Tx — Ty||?> < (Tx — Ty,x — y) for all z,y € Q. A projection operator is a classical firmly
nonexpansive mapping. That is, if Py denotes the projection operator (or metric projection) from H onto
Q, then Py satisfies |[Pg(z) — Po(y)||*> < (Po(x) — Po(y),» —y), V z,y € H. Besides, the projection
operator has an important property that is

ly — Po(@)|> + 1z — Po(@)|> < lle — yl, for @ € H and y € Q. (2.1)

Remark 2.1. Obviously, a firmly nonexpansive mapping must be nonexpansive.

A set-valued mapping 7 : H — 2 is said to be monotone, if for all z,y € H, f € Tx, and g € Ty
imply that (f — g, —y) > 0. Let D(T) and G(T) denote the domain and the graph for T, respectively. A
monotone mapping 7' : H — H is said to be mazimal, if the graph G(T') of T is not properly contained in
the graph of any other monotone mapping. It is known that a monotone mapping T is maximal, if and only
if for (z,f) € Hx H, (f —g,x —y) > 0 for every (y,g) € G(T) implies that f € Tx.

Lemma 2.2 ([29]). For a given z € H, x € Q satisfies the inequality (x — z,y —x) > 0, Yy € Q if and only
if © = Pg(z), where Pg is a projection operator from H onto Q.

Lemma 2.3. The following results are well known. They can be found in [24] or [29].

(a) Az 4+ (1= Nyl* = Mlz[* + @ = Mllyl* = A1 = Nz = ylI*, 2,y € H and X € [0,1];

(b) 2(z,y) = [l=[|* + |ylI* = = =yl =,y € H;

(c) lax+ By +~z|I> = allz|* + Bllyll* +~[|2]1> — aBllz — yl* — avllz — 2I1* = Bylly — 2|, =,y,2 € H and
a, B,y €0,1],a+8+~v=1.

The following result is crucial in this paper.

Lemma 2.4 ([I1]). Let H be a real Hilbert space. Let T : H — 21 be a set-valued mazimal monotone
mapping, B > 0, and let Jg be a resolvent mapping of T' (that is Jg =(I+8T)1).

(i) For each 8 >0, JﬁT is a single-valued and firmly nonexpansive mapping;

(i1) D(Jg) = H and Fix(Jg) ={zx e D(T):0¢€ Tz},
(111) ||z — JgacH <z — J x| for all 0 < B <~ and for all x € H;



Z. He, J. Sun , J. Nonlinear Sci. Appl. 9 (2016), 906-919 909

(iv) (I — Jg) s a firmly nonexpansive mapping for each B > 0;

(v) Suppose that T~1(0) # 0, then ||x — JgazH + HJga: —Z||? < ||z — Z||? for each x € H, each € T~(0),
and each B > 0;

(vi) Suppose that T=1(0) # 0, then (x — JBT;E, ng —w) > 0 for each x € H and each w € T~1(0), each
6> 0.

Remark 2.5. By Lemma and Remark if T is a set-valued maximal monotone mapping and JﬂT
denotes a resolvent mapping of T', then Jg is a nonexpansive mapping.

In this paper, the symbols — and — are used to denote strong and weak convergence, respectively. F(T)
is used to denote a fixed point set of a mapping 7.

3. Strong convergence solutions for (MLSCFP)

In this section, we construct an iteration scheme for (MLSCFP) provided that mappings are single-
valued and nonexpansive.

Theorem 3.1. Let H,Hy, Hy, H3 be real Hilbert spaces. Let T; : H; — H;(i = 1,2,3) and T : H — H be
nonexpansive mappings. A: Hi — H, B: Ho — H and C : Hy3 — H are three linear and bounded operators
with their adjoint operators A*, B* and C*, respectively. Let C; = Hy, Q1 = Ho, K1 = H3, {z,,}, {yn} and
{zn} be sequences generated by the following algorithm:

((x1 € Hy, y1 € Hy, 21 € Hy chosen arbitrarily,

wy, = T(AntBntCony ¢ — Ty (2, — 7 A*(Azy — wn)),
U = To(yp, — TB*(Byn — wy)), vn = T3(zn — 7C*(Czp — wy,),

3.1
Crt1 X Qnit X Kpy1 = {(2,9,2) € Cn X Qn X Ky & ||ty — 2[* + [Jun — y|I> + llvn — 2|7 (31)
< lwn = 2)* + lyn — 9l + ll2n — 2117},
Ln+1 = PC'n+1( )a Yn+1 = PCn+1 (y1)7 Zn+1 = PCn+1( ) n €N,
| 1 1
where £ >0, T € <0’mm{HAH2’ B2 TOT2 }) are constants. If
Q={t=(p,q,r) € F(T1) x F(Ty) X F(T3) : Ap=Bq=Cr € F(T)} # 0,
then the following statements hold.
(a) {(@n,Yn,2n)} converges strongly to (z*,y*, z*);
(b) {wn} converges strongly to w*, where w* := Az* = By* = Cz*, (z*,y*, 2*) € Q.
Proof. Let t = (p,q,r) € Q and w := Ap = Bq = Cr. Then
171 (25 — TA Az — wp)) = pl|* < [lag — TA*(Azp — wn) — p|)?
= [Jzn —plI* + HTA*(A37R —wy)|]* = 27(zy, — p, A*(Azy, — wy))
= ||z — p||> + | TA*(Azy — wn) | — 27 (A, — Ap, Ay — wy,) 52)
= |lzn — plI® + |1TA*(Azn — wp)|* — 7] Azy — Ap||? — 7| Ay — wi|* + 7w, — Ap|® '
= |lzn = plI = 7(1 = 7| A*|?) | Azy — wal® — 7| Azn — Ap||® + 7|lwn — Ap|®
= [lon = plI* = 7(1 = 7 A*|*) | Azn — wn|? — 7| Azy — w[* + Tllwy — w]]?,
I T2(yn — TB*(Byn — wn)) = all* < llyn — 7B*(Byn — wa) — ql?
= llyn —all” + IITB*(Byn wn)||* = 27{yn — ¢, B*(Byn — wn))
= llyn — 4l + |7 B*(Byn — wp)||* — 27(Byy — Bp, By — wn) (3.3)
= llyn — all” + |7 B*(Byn — wn)||2 — 7| Byn — Bp||* — || Byn — wnl* + 7|lw, — Bq|]?

= llyn — all> = 7(1 = 7| B*|*) | Byn — wnll* = 7| Byn — Bq||* + 7|lwn — Bq]|*
= lyn — all” = 7(1 = 7| B*1*) | Byn — wall* = 7l Byn — w|* + 7{wn — w|?,
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|T5(2n — TC*(Czp, — wy)) — 7)|? < |20 — TC*(Czpy — wy) — 7||?
= |lzn — 7|]? + ||TC*(Czp — wp)||> — 27(2p — 7, C*(Czp, — wy))
= |lzn — 7|2+ ||7C*(Czp — wy)||? = 27(Czy — Cr,Czpy — wy,)

3.4
2 — 7l 4 [7CH(Con — wn) |2 = 7| Com — Cr[[% — 7| Czm — w2 + 7|l — Cr 2 (3-4)
= llzn = rlI> = 7(1 = 7[|C*|*)[|C2n — wi||* = T|C20 — C7| + T|lwy — Cr|]?
= llzn = rlI> = 7(1 = 7[|C*|*)|C2n — wi||* = T1C20 — w|* + TlJwr, — w]|?,
and 2 Axn+Byn+C 2 Azn+Byn+C 2
Ty n Zn Tn n Zn
i = wl* = [ T(AmtBRECE) — 2 < | AoatBiniCon _ 55)
< 3lAz, — w||? + 3| Byn — w||* + 3[|Czn — wl|®.
By (3.2)-(3.5)), we have the following results:
HTl(mn - TA*(Axn - wn)) - pH2
< e — pI? — 71— 7 A*[2) [ Az — w2 — | Az — w2+ e, — w]? 56
<zn —pll* =71 — 7| A*|*) | Az, — w||* — 7] Az — w]|?
+ 7301 Az — w||2 + 73| By — wl|* + 73 Czn — w2,
HTQ(yn - TB*(Byn - wn)) - QH2
<Nyn — ql* = 7(1 = 7| B* )| Byn — wn|? — 7| Byn — wl* + 7ljw, — w||? (3.7)
< lyn —all* = 7(1 = 7| B*|*)[| Byn — wn||* — 7(| Byn — wl|?
+ T%HACEH —w||?+ T%HByn —wl|? + T%HCZn —wl|?,
1T5(2n — TC*(Czp, — wy)) — 7|
<|lzn =7l = 7(1 = 7[|IC*P)|C2 — wnl?* = 7[|C2n — w||* + 7l|lwp — w|? (3.9)

< lzn = 7]I? = 7(1 = 7IIC* ) |C20 — wn||* = 7[|C 2 — w||?
+ T%‘|A$n —wl|? + T%HByn —wl||? + T%HCzn —wl|?.

By Eqgs. (3.6)-(3.8)), one can easily obtain

T2~ TA*(Axn_wn))_p||2+ | Toyn— T B(Byn—wn))— qH2+ | T2~ TCH(Czn—wn )~ THQ
<z = pl* =71 = 7| AP | A2y — wi|1? + lyn — ql* = 7(1 = 7| B*[[*)]| By — wn?
+ 2 =) = 7(1 = 7[|C*P)[|C2n — wy? (3.9)
= lzn = plI* + llyn — ql* + Iz = 7[> = 7(1 = 7[| A*|]?) | Az, — w,|?
—7(L =7 B*[)IByn — wall* = 7(1 = 7|C*[*)[|C2n — wa]?,

and
[t = lI* + llun — gl* + flvn —r|1?
= |Th(zn — TA* (A — wy)) = plI? + | T2(yn — 7B*(Byn — wn)) — q|?
+ |1 T5(2n — TC*(Czp, — wy)) — 7|? (3.10)
<lzn = pl? + llyn — all” + 20 = 7|I* = 7(1 = 7[| A*|*) | Az, — w0, |12
—7(1 =7 B*|I)) | Byn — wall? = 7(1 = 7| C*I) | C2n, — wa |-
That is

[tn = pII* + llun = gll® + llvn = 7lI* < llzn = plI* + llyn — all® + 120 — 7%, (3.11)

which implies that t = (p,q,7) € Cp, X Qn X Ky, Q C Cp, X Qp, X K, and Cy, X Q, X K, # 0 for all n € N.
Further, the following relationships are obvious:

Cn+1 C Cm Qn+1 - Qm Kn—i—l C Kna

3.12
Tpy1 = Po, . (21) € Cryyntr = P, (11) € Qu, 2ny1 = Pr, ., (21) € Ky, (3.12)

Hence, again from Eq. (3.1) we have

[Zn1 = 21l < oy = pll; |lynt1 = w1l < llyr = glls 21 = 21ll <z =]l (3.13)
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which yields that {z,}, {yn},{2zn} are all bounded. On the other hand, by Eq. (2.1)), we have

lZnr1 = 2> + 21 = 2al® = [l2nt1 = Pe, (21) 1 + |21 = Po, (@1)|* < [l#nn — 21,

ltn+1 = ynll® + ly1 — ynll® = llyn+1 — Po, o)lI? + llyr — Po, W)lI? < yns1 — w1l (3.14)
lznt1 — znll? + 21 — 2nl1* = 2041 — P, (21) I + 121 — P, (20)11* < llzn41 — 211

So,
21 = 2|l < flent = 2all [1y1 = yall < lynta — w1l 21 = 2nll < 21 — 21 ll;

which shows the limits of {|lz,, — x1||}, {||lyn — y1ll} and {||zn — 21||} exist. We can also obtain easily

lim ||z, —2p| = lim ||yp — ym| = lim ||z, — 2m|| = 0 for m > n, since it just needs to replace n + 1 with
n—oo n— 0

m for some m > n in Eqgs. (3.12) and (3.14). So, all {z,},{yn}, {zn} are Cauchy sequences.
Setting =, — z*, y, — y*, 2z, — 2%, we prove (z*,y* 2z*) € Q. Firstly, we say |z, — Tiz,|| — O,

[ — Tagall = 0, [|20 — Tazal| - 0. Thanks to Eqs. (B1) and (312,

[tn = Zns1ll® + llun — Yns1l® + llvn = 2o41l1* < 2 = 2pa I 4 [[yn = Yot |1 + 120 — 2ot |- (3.15)
Hence, lim ||tp, — zpt1|| = lim |lup — ynt1]| = Um [|vn, — 2pt1]| = 0. Further, we have
n—o00 n—o00 n—00
lim |t — z,|| = Um |Jup — ynl| = lim |, — 2,]] = 0. (3.16)
n— o0 n—oo n—o0

By Eq. (3.10), we have

L|| Az, — wnH2 + L||Byn, — w'n”2 + L|Cz, — wnH2
<|lzn = plI* + llyn — all” + 20 = 711> = ltn = plI*> = lun — gll* = llvn — 7| (3.17)
< Mljzn = tall + Ml|yn — un | + Ml|zn — vnl,

where . ) ) )
L =min{7(1 — 7[|A*||%), 7(1 — 7[|C*[|?), 7(1 — 7| B*|*)},

3.18
M = suppeni{lzn — pll + tn — Pl + v — all + lun — all + lzm — 7l + 0w —rf}. O3S
By Egs. (3.16) and (3.17)), we obtain
lim ||Az, —w,|| =0, lim ||By, —w,|| =0, lim ||Cz, —w,| =0. (3.19)
n—od n—oo n—oo

Further, because 11, T5 and T3 are all nonexpansive mappings, we have

|lzn — Tixn|| = |2n — th +tn — Tixg|| < [|zn — to| + ||tn — T124|]
= ||zp — toll + | T2 (2n — TA*(Azp — wy)) — Thzy||
< n — tall + |7 A*(Azy — wp))|l,

Hyn - T2ynH = ||yn — Up + Up — TQynH < Hyn - un” + ||un - TQynH
= ||yn — unll + [|T2(yn — 7B*(Byn — wy)) — Toynl| (3.20)
< lyn — unl| + |7B*(Byn — wn))|;

l2n — T3zl = |20 — vn 4 vn — T32n || < 120 — vall + |lvn — T324 ||
= |lzn — vall + [|T3(2n — TC* (Czpp — wy)) — T32y]|
S ||Zn - Un” + ||7'C'*(C’zn — wn)H

So, from Eqs. (3.16)), (3.19) and (3.20) we have

lim ||z, — Tizyl| =0, lm [jy, — Toyall = 0, |20 — T3zn|| = 0. (3.21)
n—oo n—oo

lim
n—oo

Noting =, = =*, y, — y*, 2z, — 2%, it follows from (3.21)) that

z* € F(Ty),y* € F(Ty),2* € F(T3). (3.22)
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Further, by virtue of Eq. (3.19) and Az, — Az*, By, — By*,Cz, — Cz*, we have
wy, = w* : Ax* = By* = Cz*. (3.23)

Finally, we prove w* € F(T). By Egs. (3.1) and (3.19)), the following inequality holds.

HT(Aocn-i-Bé/n—&-Czn) — Twy|| < ”Aa:n-i-Bgyn-i-Czn

fion = enll = i ~ ol (3.24)
< YAz, — wpl + 1| Byn — wall + 3102 — wal.
So,
g, lfwn = Teonll =0. (3.25)
n—oo
Thus w* € F(T). This completes the proof of Theorem . =

The following convergence theorems can be established by applying Theorem

If H; = Hy in Theorem then Theorem [3.2] holds.

Theorem 3.2. Let H, Hy, H3 be real Hilbert spaces. Let T; : Hi — Hy(i = 1,2), T3 : Hs3 — Hs and
T : H — H be nonexpansive mappings. A,B : Hi — H and C : H3 — H are three linear and bounded
operators with their adjoint operators A*, B* and C*, respectively. Let C1 = Q1 = Hi, K1 = Hs, {z,},
{yn} and {z,} be sequences generated by the algorithm . If

Q={t=(p,qr) € F(T1) x F(T3) x F(T5) : Ap= Bq = Cr € F(T')} # 0,
then the following statements hold.

(a) {(%n,Yn,2n)} converges strongly to (x*,y*, z*);
(b) {wyn} converges strongly to w*, where w* := Az* = By* = Cz*, (z*,y*, z*) € Q.

If Hy = Hy = H; in Theorem we have Theorem

Theorem 3.3. Let H,H; be real Hilbert spaces. Let T; : Hy — Hy(i = 1,2,3) and T : H — H be
nonexpansive mappings. A,B,C : Hi — H are three linear and bounded operators with their adjoint
operators A*, B* and C*, respectively. Let C1 = Q1 = K1 = Hi, {zn}, {yn} and {z,} be sequences
generated by the algorithm . If

Q={t=(p,q,r) € F(T1) x F(Ty) x F(T3) : Ap= Bq= Cr € F(T)} # 0,
then the following statements hold.

(a) {(zn, yn;2n)} converges strongly to (x*,y*, 2*);
(b) {wyn} converges strongly to w*, where w* := Ax* = By* = Cz*, (z*,y*,2*) € Q.

If H=H; = Hy and A = I in Theorem then Theorem holds.

Theorem 3.4. Let H, H3 be real Hilbert spaces. Let T, T; : H — H (i = 1,2), Ts : H3 — Hs be nonexpansive
mappings. B : H — H, C : Hy — H are two linear and bounded operators with their adjoint operators
B* and C*, respectively. Let C1 = Q1 = H, K1 = Hs, {z,}, {yn} and {z,} be sequences generated by the
following algorithm:
x1,y1 € H,2z1 € Hs chosen arbitrarily,
wy, = T(Et Bty 4 — Ty (2, — (20 — wh)),
U = To(yp, — TB*(Byn — wy)), vn = T3(zn — 7C*(Czp — wy,),
Cni1 X Qni1 X Kni1 = {(,y,2) € Cp x Qn x Ky @ ||ty — xHZ + [lun — y”2 + [lvn — ZHQ

< lzn — =l + llyn — yll* + llz0 — 201},
Tn1 = P, (21), Ynt1 = P,y (W1)s Znt1 = Po,yi(21), n €N,
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. 1 1
where £ > 0,7 € (0, min{1, B T

II?
Q= {t=(p.q,r) € F(T1) x F(Ty) x F(T3) : p = Bq = Cr € F(T)} #9),

}) are constants. If

then the following statements hold.

(a) {(n,Yn,2n)} converges strongly to (z*,y*, z*);
(b) {wyn} converges strongly to x*, where x* = By* = Cz*, (z*,y*,z*) € Q.

If H= H; = Hy and A = B = I in Theorem then Theorem holds.

Theorem 3.5. Let H, H3 be real Hilbert spaces. Let T,T; : H — H (i = 1,2), T5 : H3 — Hj be nonexpansive
mappings. C : Hy — H 1is linear and bounded operators with its adjoint operators C*. Let C1 = Q1 = H,
K1 = Hs, {zn}, {yn} and {z,} be sequences generated by the following algorithm:
(x1,y1 € H,21 € Hy chosen arbitrarily,
wy, = T(EtntCeony 4 — Ty (2, — 7(25 — wy)),
Up = To(Yn — T(Yn — wn)), vn = T3(zn — TC*(Czpp — wy,),
Crni1 X Qi1 X K1 = {(2,y,2) € Cn X Qn X Ky« ||ty — 2| + [[un — ylI> + [lon — 2|
< lwn =2+ lyn — 9l + ll2n — 2117},
\ Tn+l = PCn-H ($1), Yn+1 = PCn+1(y1)’ Zn+l = PCn+1(Z1)’ n €N,

where £ > 0,7 € (0, min{1, W}) are constants. If Q={r e F(T3):p=Cr e F(T)NF(Th) N F(T2)} # 0,
then the following statements hold.

(a) {(n,Yn,2n)} converges strongly to (z*,z*,2*);
(b) {wn} converges strongly to x*, where x* = Cz*, z* € Q.

Proof. ) can be rewritten as
Q={t = (p.p.r) € F(T) x F(Ty) x F(Ty) : p = Cr € F(T)} # 0,
hence Theorem [3.5]is correct by Theorem O

If H= H; = Hy = Hs in Theorem [3.1], we have Theorem

Theorem 3.6. Let H, Hi be real Hilbert spaces. Let 11,15, 13, T : H — H be nonexpansive mappings.
A, B,C : H— H is linear and bounded operators with their adjoint operators A*, B*, C*, respectively. Let
C1=@Q1 =K1 =H, {zn}, {yn} and {z,} be sequences generated by the algorithm (3.1)). If

Q={t=(p,q,r) € F(Th) x F(I3) x F(I3) : Ap=Bq=Cr e F(T)} #0,
then the following statements hold.

(8) {(&n, g 20)} comverges strongly to (2,57, 2*);
(b) {wn} converges strongly to w*, where w* := Az* = By* = Cz*, (z*,y*, 2*) € Q.

If H=H, = Hy= Hs and A= B =C = [ in Theorem 3.1} we have

Theorem 3.7. Let H be real Hilbert spaces. Let 11,715,715, T : H — H be nonexpansive mappings. Let
Ci=Q1 =K1 =H, {x,}, {yn} and {z,} be sequences generated by the following algorithm:

x1,Y1,21 € H chosen arbitrarily,

wy, = T (Bt ¢ = Ty (2, — 7(zn — wy)),

Up = T2(yn - T(yn - wn))a Un = T3(Zn - T(Zn - wn)7

ot X Quit X Knss = (2,8, 2) € Co X Qu X Ko & [ty — ]2 + fun — g2 + o — 2|

< Nlzn =l + llyn — ylI? + [lz0 — 2[I°},

\ Tn+l1 = PCn+1(x1)7 Yn+1 = Pcn+1(y1)7 Zn41 = Pcn+1(zl)7 n €N,

where £ > 0,7 € (0,1) are constants. If Q= F(Ty) N F(T2) F(T3) F(T) # 0, then {z,}, {yn}, {zn} and
{wy} all converge strongly to p, where p € Q.
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Proof. € can be rewritten as
Q={t=(p,q,r) e F(Ih) x F(Ty) x F(T3):p=q=1r€ F(T)} # 0.
Hence, Theorem can be deduced by Theorem O

Remark 3.8. The problem studied by Theorem is a multilevel split common fixed point problem under
the same space. And the problem studied by Theorem [3.7] is one to find a common fixed point to some
nonlinear mappings.

4. Applications to multilevel split variational inclusion problems

In this section, we apply the algorithm to multilevel split variational inclusion problems.

Let T : H — 27 be a set-valued mapping. The classical variational inclusion problem((CVIP), for
short) is to find 2* € H such that 0 € Ta* or z* € T~1(0). The point x* is also called a zero point of
T. When T is a set-valued maximal monotone mapping, a well known method to solve the (CVIP) is the
proximal point algorithm established by the resolvent mapping J! = (I + rT)~!,7 > 0. For more detail,
see the References [9, [11], 19} 25]. Besides of the proximal point algorithm, some other iterative algorithms
are also introduced in [4] [I6] I7], which are used to find the approximation solution of the (CVIP).

In 2011, A. Moudafi [22] generalized the (CVIP) to the split variational inclusion problems(SFVIP |
for short ). The so-called SFVIP is the following problem:

Find p € H; such that 0 € T1(p) and 0 € To(Ap)( or p € Tfl(O),Ap € TQ_I(O))7

where A : Hy — Hs is a linear and bounded operator with its adjoint operator A*. T} : Hy — 2M1 and
Ty : Hy — 272 are two set-valued maximal monotone mappings.
In [22], prof. Moudafi obtained a weak convergence solution of the (SFVIP) by the iterative sequence
{z,} defined
Tpi1 = Sy (@ + YA (I — 1) Azy),

where A\ and ~ are fixed numbers. To obtain a strong convergence solution of the (SFVIP), prof. Chuang
[21] introduced the following Halpern-Mann type iterative process with perturbation:

Tpil = Gt + bpxy, + angi (xn — pnA*(I — Jgj)Axn) + dpvp,.

Then he proved the above sequence {x,} converges strongly to a solution of the (SFVIP) under some
appropriate conditions.

Very recently, the (SFVIP) has been generalized to the general split variational inclusion problem((GSVIP),
for short) by prof. Shih-sen Chang et al. The so-called (GSVIP) is the following problem:

o o0 oo o
Find p € H such that 0 € () Ti(p), 0 € () Si(Ap)(p € [ )T '(0), Ap € () S;(0)),
i=1 i=1 i=1 =1

where A : H; — H, is a linear and bounded operator with its adjoint operator A*. T; : H; — 2H1 and
S; : Hy — 2H2 (i € N) are two families of set-valued maximal monotone mappings. Let {x,} be defined by

S
Tl = QpTy + 5nf($n) + Z Cn,ijg}l’i(xn - 'Yn,iA*(I - Jﬁs;i’z)Axn)
=1

Then Chang and Wang [9] proved that {z,} converges strongly to a solution of the (GSVIP) under some
appropriate conditions.

We note that both the (SFVIP) and the (GSVIP) are confined to two real Hilbert spaces. Naturally,
an important problem is whether both of them can be generalized to more set-valued maximal monotone
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mappings under more different Hilbert spaces or not. Based on this question, in this paper, we study and
investigate the following new problem:

(MSVIP) Find u € Hy,v € Hy,w € Hs such that 0 € S1(u),0 € S2(v),0 € S3(w)
and t := Au= Bv = Cw,0 € S(1),

which can also be rewritten as follows.

(MSVIP) Find u € Hy,v € Hy,w € Hz such that u € S;(0),v € S;1(0),w € S3*(0)
and t := Au = Bv = Cw,t € S71(0),

where A: Hi — H, B: Hy — H and C : H3 — H are three linear and bounded operators with their adjoint
operators A*, B* and C*, respectively. S; : H; — 2 and S : H — 2H(i = 1,2, 3) are set-valued maximal
monotone mappings. We regard the problem as a multilevel split variational inclusion problem((MSVIP),
for short). The following examples are some special cases of (MSVIP).

Example 4.1. If i = 1 in (MSVIP), then (MSVIP) reduces to (SFVIP).
Example 4.2. If H; = Hy(or Hy = H3), then (MSVIP) reduces to find

u,v € Hi,w € Ho( or u € Hy,v,w € Hy) such that 0 € S1(u),0 € S2(v),0 € S3(w)
and t := Au = Bv = Cw,0 € S(t),

where A)B : HL — H, C : Hy — H(or A : H — H, B,C : Hy — H) are three linear and bounded
operators with their adjoint operators A*, B* and C*, respectively. S1, Sy : Hy — 21 S5 . Hy — 282 (or
Sy Hy —2H1 Sy S3: Hy — 2M2) and S : H — 2! are set-valued maximal monotone mappings.

Example 4.3. If H; = Hy, = Hs, then (MSVIP) reduces to find
u,v,w € Hy such that 0 € Sy(u) () S2(v) () S3(w) and t :== Au = Bv = Cw,0 € S(1),

where A: Hi — H, B: Hi — H and C : H; — H are three linear and bounded operators with their adjoint
operators A*, B* and C*, respectively. Si,S2,S3 : Hi — 271 and S : H — 2 are set-valued maximal
monotone mappings.

Example 4.4. If H; = Hy = H3 = H, then (MSVIP) reduces to find
u,v,w € Hy such that 0 € Sy(u) () S2(v) () S3(w) and t :== Au = Bv = Cw,0 € S(1),

where A: H—> H, B: H— H and C : H — H are three linear and bounded operators with their adjoint
operators A*, B* and C*, respectively. Si,Sa, 53,5 : H — 2H are set-valued maximal monotone mappings.

In essence, the case in Example [£.4] is a multilevel split solution problem under the same space. But
until now, we haven’t found any researched results related to this problem.

Example 4.5. If H} = Hy = H3 = H and A = B = C is an identity operator, then (MISVIP) reduces to
find p € H such that 0 € S1(p) () S2(p) N S3(p) N S(p), where Sy, S, 53,5 : H — 21 are set-valued maximal
monotone mappings.

In essence, the case in Example belongs to a class of problems to find a common solution to some
variational inclusion problems. It has been investigated by [16, [17].

Remark 4.6. Although Examples - are all the special cases of (MSVIP), they are still different from
(SFVIP) obviously. So, these special cases are also new problems.

Let 51,52,9593,5 be set-valued maximal monotone mappings, their resolvent mappings are
Jgs L Jgs 2 Jg 3 Jg (& > 0), respectively. Next, we will give some strong convergence algorithms for (MSVIP).
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Theorem 4.7. Let H, Hy, Ho, H3 be real Hilbert spaces. Let S; : H; — 2Mi(i =1,2,3) and S : H — 21
be set-valued mazximal monotone mappings. A : Hi — H, B: Hy — H and C : H3 — H are three linear
and bounded operators with their adjoint operators A*, B* and C*, respectively. Let C1 = Hy, Q1 = Ho,
K, = Hs, {z,}, {yn} and {z,} be sequences generated by the following algorithm:

x1 € Hy,y1 € Hy, 21 € H3s chosen arbitrarily,

wy, = JP (At Bt 4 = O (@, — TA*(Azy — wy)),

Uy = J£2(yn — 7B*(Byy, — wy)), vp = Jg“(zn —7C*(Czp — wy),

Crp1 X Qni1 X Knp1={(7,y,2) €Cp X Qn X Kp: th—wH2—i—Hun—yH2—|—an—zH2
<lzn = 2] + llyn — ylI” + 20 — 21},

T+l = £Chiq (xl)v Yn+1 = PCn+1(y1)v Zn+1 = LChyq (z1)7 n €N,

where £ > 0,7 € (0, min{ ||Al||2’ ”31”2, ”5”2 }) are constants. If

Q={t=(p,qr) €S (0)x Sy0) x S31(0) : Ap= Bg=Cr € S7H0)} # 0,
then the following statements hold.
(@) {(Zn,Yn, 2n)} converges strongly to (p,q,r);
(b) {wyn} converges strongly to w, where w:= Ap = Bq = Cr, (p,q,r) € Q.

Proof. By Remark all Jg t Jg 2 J 53 ,Jg are nonexpansive. So, by Theorem Theorem is correct.
This completes the proof of Theorem

The following convergence theorems can be established by applying Theorem (4.7
If Hy = Hj in Theorem [£.7] then Theorem holds.

Theorem 4.8. Let H, Hy, Hs be real Hilbert spaces. Let S; : Hy — 2H1(i = 1,2), S5 : Hy — 293 and
S : H — 2H be set-valued mazimal monotone mappings. A,B : Hi — H and C : Hy — H are three
linear and bounded operators with their adjoint operators A*, B* and C*, respectively. Let C1 = Q1 = Hj,
Ky = Hs, {zn}, {yn} and {z,} be sequences generated by the algorithm CIf

Q={t=(p.q,r) €5,1(0) x 8,7(0) x S57(0) : Ap = Bq = Cr € ST (0)} # 1),
then the following statements hold.

(a) {(zn, yn,2n)} converges strongly to (p,q,r);
(b) {wyn} converges strongly to w, where w:= Ap = Bq = Cr, (p,q,r) € Q.

If H; = Hy = Hs in Theorem [£.7] we have Theorem 4.9

Theorem 4.9. Let H, H; be real Hilbert spaces. Let S; : Hy — 2H1(i =1,2,3) and S : H — 2 be set-
valued maximal monotone mappings. A, B,C' : Hi — H are three linear and bounded operators with their
adjoint operators A*, B* and C*, respectively. Let C1 = Q1 = K1 = Hy, {zn}, {yn} and {z,} be sequences
generated by the algorithm . If

Q= {t=(p,q,7) € S;(0) x S3'(0) x S31(0) : Ap = Bg = Cr € S1(0)} # 0,
then the following statements hold.

(a) {(n,Yn,2n)} converges strongly to (p,q,r);
(b) {wyn} converges strongly to w, where w := Ap = Bq = Cr, (p,q,r) € Q.

If H=H; = Hy and A = I in Theorem then Theorem holds.
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Theorem 4.10. Let H, Hz be real Hilbert spaces. Let S,S; : H — 25 (i =1,2), S5 : Hz — 25 be set-valued
mazximal monotone mappings. B : H — H, C': Hy — H are two linear and bounded operators with their
adjoint operators B* and C*, respectively. Let C1 = Q1 = H, K1 = Hs, {xn}, {yn} and {z,} be sequences
generated by the following algorithm:
(21,91 € H,z, € Hy chosen arbitrarily,
wy = J§(EFBIECE ) ¢ = T3 (@ — 7 (20— wn)),
Up = JSQ(yn — 7B*(Byy — wy)), vy = Jg3(zn —7C*(Czp — wy),
Cri1 X Qni1 X Kpi1 = {(2,9,2) € Cp X Qn X Ky« ||ty — x> + [|un — ylI* + lvn — 2

<z = =l + llyn = yll* + llz0 — =)},
Ln+1 = PCn+1 (x1)7 Yn+1 = PCn+1 (yl)a Zn+1 = PCn+1 (Zl)’ neN,

where & > 0,7 € (0, min{1, ”31”2, ||c%||2 }) are constants. If

Q={t=(p.q,r) €S7(0) x S (0) x $5'(0) : p= Bq=Cr € ST (0)} #0,
then the following statements hold.

(a) {(zn,Yn,2n)} converges strongly to (p,q,r);
(b) {wn} converges strongly to p, where p = Bq = Cr, (p,q,r) € Q.

If H= H; = Hy and A= B = I in Theorem then Theorem holds.

Theorem 4.11. Let H, Hs be real Hilbert spaces. Let S, T; - H — 2H (i=1,2),T3: Hy — 283 pe set-valued
mazximal monotone mappings. C : Hy — H is linear and bounded operators with its adjoint operators C*.
Let Cy = Q1 = H, K1 = Hs, {zn}, {yn} and {z,} be sequences generated by the following algorithm:
x1,y1 € H,z1 € Hy chosen arbitrarily,
wy = JP (A 4 = T (2 — 7 (20 — wn)),
Up = J£2(yn —7(Yn — wy)), vy = JgTS(zn —7C*(Czp — wy),
Crni1 X Qi1 X K1 = {(2,9,2) € Cn X Qn X Ky < ||ty — 2l + |[un — ylI> + [lon — 2|
< lwn =2+ lyn — 9l + ll2n — 2117},
Tn+1 = Pcn+1 (xl)a Yn+1 = PCn+1(yl)a Zn+l = Pcn+1(’z1)7 n €N,

where £ > 0,7 € (0, min{1, ﬁ}) are constants. If

Q={t=(p,p,r) € T (0) x T, 1(0) x Ty '(0) : p = Cr € STH(0)} # 0,
then the following statements hold.

(a) {(zn,yn,2n)} converges strongly to (p,p,7);
(b) {wn} converges strongly to p, where p = Cr, (p,p,r) € Q.

If H= H; = Hy = Hs in Theorem [£.7], we have Theorem

Theorem 4.12. Let H, Hy be real Hilbert spaces. Let Ty, T, T3, S : H — 28 be set-valued mazimal monotone

mappings. A, B,C : H — H is linear and bounded operators with their adjoint operators A*, B* and C*,

respectively. Let C1 = Q1 = K1 = H, {z,}, {yn} and {z,} be sequences generated by the following algorithm:

(21,y1,21 € H chosen arbitrarily,

wy = JS (A Bt 4 = g1 (g, — T AN (A, — wy)),

Up = JgQ(yn — 7B*(By, — wy,)), vp = J£T3(2n —7C*(Czp — wy),

Cny1 X Qui1 X Kyy1 = {(z,9,2) € Cpy X Qn X Ky 2 ||ty — 33||2 + [Jun — y||2 + [Jvn — z||2
< lwn = 2? + lyn =yl + ll2n — 2117},

\ Tn+l = PCn+1 (131)7 Yn+1 = PCn+1(y1)a Zn+l = PC’nJrl (Zl)a n €N,
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where £ > 0,7 € (0, min{ ”A1”2, ”31”2, ”C}HQ }) are constants. If

Q={t=(p,q,r) € T;1(0) x Ty 1(0) x T;1(0) : Ap= Bq=Crc S0)} #0,
then the following statements hold.

(a) {(n,yn,2n)} converges strongly to (p,q,7);
(b) {wyn} converges strongly to w, where w := Ap = Bq = Cr, (p,q,r) € Q.

If H=H, = Hy=Hs and A= B =C = [ in Theorem [4.7, we have Theorem

Theorem 4.13. Let H be real Hilbert spaces. Let Ty, Ty, T3, S : H — 2 be set-valued mazimal monotone
mappings. Let C1 = Q1 = K1 = H, {zn}, {yn} and {z,} be sequences generated by the following algorithm:
r1,Y1,21 € H chosen arbitrarily,
wy = JE (22 4, = T8 (@ — 7 (20 — wn)),
Un = J52(Z/n —7(Yn — wn)), vn = JgTS(zn — 7(2n — wp),
Crni1 X Qi1 X K1 = {(2,9,2) € Cn X Qn X Ky« ||ty — 2| + |lun — ylI> + [lvn — 2|
< lwn = 2* + lya — 9l + ll2n — 211},
T+l = PCn+1 ($1)7 Yn+1 = PCn+1 (yl), Zn+l = PCn+1(21)7 n €N,

where € > 0,7 € (0,1) are constants. If Q@ = T, (0)N Ty H(0) N T3 (0) N S™H(0) # 0, then {xn}, {yn},
{zn} and {w,} converge all strongly to p, where p € Q.

Proof. € can be rewritten as
Q={t=(par) €T (0) x Ty '(0) x Ty (0) : p=g =7 € STH(0)} #0.
Hence, Theorem can be deduced by Theorem [£.7] O

Remark 4.14. The problem studied by Theorem is a multilevel split variational inclusion problem
under the same space. And the problem studied by Theorem [4.13]is one to find a common solution to
some variational inclusion problems. Theorem [£.7] and Theorem generalize many known results in the
literature, for example, [3, 4, O, 1T}, 12} 16, 17, 19] 22} 24, 25] and references therein.

5. Conclusion

It is well known that many nonlinear problems can be solved by numerical methods. In general, a
numerical method only solves a problem. However, if some nonlinear problems can be converted into the
fixed point problem of mappings, then by the geometrical knowledge of Hilbert spaces and our experience,
these problems can be solved by an iterative method of fixed point of nonlinear mappings, for example[14].
This shows that the iterative method can provide an approach to solve different problems which implies
that it is important.

The iterative method is an important method to solve some nonlinear problems. However, for a problem
with logic choice, for example, the differential systems with impulsive effects suffered by logic choice, see
[27], can we solve such a problem by the iterative method?
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