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Abstract

Using variational methods, we investigate the solutions to the boundary value problems for fractional
order differential equations. First, we consider the eigenvalue problem associated with it. Then, we obtain
the existence of at least two weak solutions for every real number via Brezis and Nirenberg’s Linking
Theorem. Furthermore, for every positive integer k, the existence criteria of k pairs of weak solutions are
established by using Clark Theorem. At last, some examples are also given to illustrate the results. (©2016
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1. Introduction

Fractional calculus provide a powerful tool for the description of hereditary properties of various materials
and memory processes [0l [24]. Fractional differential equations have recently proved to be strong tools in
the modeling of medical, physics, economics and technical sciences. For more details on fractional calculus
theory, one can see the monographs of Kilbas et al. [II], Lakshmikantham et al. [12], Podlubny [I6] and
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Tarasov [20]. Fractional differential equations are involving the Riemann-Liouville fractional derivative or
the Caputo fractional derivative have been paid more and more attentions.

In recent years, some fixed point theorems and monotone iterative methods have been applied successfully
to investigate the existence of solutions for nonlinear fractional boundary value problems, see for example,
[1, 2, [7, 14, 22] and the references therein. On the other hand, critical point theory and the variational
methods have been very useful in dealing with the existence and multiplicity of solutions for integer order
differential equations with some boundary conditions. But until now, there are few works that deal with the
fractional differential equations via the variational methods; see [3] 5], [8HI0L 13} 15 18 19] 21} 23]. It is often
very difficult to establish a suitable space and variational functional for fractional boundary value problem for
several reasons. First and foremost, the composition rule in general fails to be satisfied by fractional integral
and fractional derivative operators. Furthermore, the fractional integral is a singular integral operator and
fractional derivative operator is non-local. Besides, the adjoint of a fractional differential operator is not the
negative of itself. By means of critical point theory, Jiao and Zhou [9] considered the following fractional
boundary value problems

{tpga(opgu(x)) = VF(t,ut)), ae. tel0,T],
u(0) =u(T) =0,

where a € (0,1), (D¢ and ;D% are the left and right Riemann-Loiuville fractional derivatives respectively.
F :[0,T] x RN — R ( with N > 1) is a suitable given function and VF(¢,z) is the gradient of F with
respect to x.

In [13], the authors investigated the following nonlinear fractional boundary value problems

d 1

1
—ai(go

Dl + 5 DY (1) = Au(t) + VF(t,u(t)) = 0,

u(0) = u(T) =0,

where 5 € (0,1), thﬁ and th are the left and right Rieman-Liouville fractional integrals of order
respectively, and A € R is a parameter, F : [0,T] x RV — R is a suitable given function and VF(t,z) is the
gradient of F' with respect to . The main tools are variational methods and critical point theorems.

In [3], the authors studied the following nonlinear fractional boundary value problems

{tD%(oD?U(w)) = Aa(t)f(u(t)) + pg(t u(t)), ae.te[0,T],
u(0) =u(T) =0,

where a € (0,1], ODf and tDE; are the left and right Rieman-Liouville fractional integrals of order o
respectively, and A and p are non-negative parameters, a : [0,7] - R, f : R — R,g : [0,T] — R are three
given continuous functions. By means of the variational methods and a critical point theorem, the authors
get the existence of infinitely many solutions.
Motivated by the work above, in this article, we consider the following fractional differential equations
DT (a(t) g Diu(z)) = Mu(t)VE(t,u(t)), a.e. te|0,T], (11)
u(0) =u(T) =0, '

where a € (0,1], ODf and th are the left and right Rieman-Liouville fractional integrals of order o
respectively, and \ € R is a parameter, ' : [0,T] x RY — R, and VF(t, ) is the gradient of F' with respect
to z, a:[0,7] — R is a continuous function.

First, we consider the eigenvalue problem associated with it. A characterization of the first eigenvalue
is also given. Then, we obtain the existence of at least two weak solutions for every real number via Brezis
and Nirenberg’s Linking Theorem. Furthermore, for every positive integer k, the existence criteria of k pairs
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of weak solutions are established by using Clark Theorem. At last, some examples are given to illustrate
the results. Our methods and results are different from those in [3]. The rest of this paper is organized as
follows. In Section [2], some definitions and lemmas which are essential to prove our main results are stated.
In Section [3, we give the main results. And, two examples are offered to demonstrate the application of our
main results.

2. Preliminaries
This section is devoted to introduce some necessary definitions and properties of the fractional calculus,
which are used further in this paper.

Definition 2.1 ([I1]). Let f be a function defined on [a, b]. The left and right Riemann-Liouville fractional
derivatives of order « for function f denoted by ,Df and ,Dj* function, respectively, are defined by

« d" a—n _ 1 dn K n—a—1
DRI = G oD 0 = o [ (=9 s, e bl a >0

dn B (_1)n dm b et
Dyft) = (-1)"— DY " f(t) = ———— -t ds, t b
DI = (1" G D10 = gt [ = e (o), el a >0,
provided that the right-hand side integral is pointwise defined on [a, b].

Definition 2.2 ([II]). If « € (n — 1,n) and f € AC"([a,b], R), then the left and right Caputo fractional
derivatives of order « of a function f denoted by ,D¢ f(t) and ,Dj f(t) function, respectively, are defined by

CDF () = uDE " G ) = s [ (=9 s, bt a >0
_1\n b
DEFO) = (1" D 0 = o [ i s, v ot a0,

where ¢t € [a, b].

Lemma 2.3 ([11]). The left and right Riemann-Liouville fractional integral operators have the property of
a semigroup; that is,

b b
/ W70 F(O)g(t)dt = / LDy g (Bdt, o >0,

provided that f € LP([a,b],R),g € Li(]a,b],R) andp > q,q > 1,%—1—% <l4+aorp#1,q# 1,%4—% =1+a.

Lemma 2.4 ([11]). The left and right Riemann-Liouville fractional integral operators have the property of
a semigroup; that is,

b b
/ W0 F(O)g(t)dt = / LDy g (B)dt, o >0,

provided that f(a) = f(b) = 0,f" € L>*([a,b],RN) and g € L'([a,b], RY) or g(a) = g(b) = 0,f €
L>®([a,b], RN) and f € L'([a,b], RY).

Lemma 2.5 ([I1]). Assume thatn —1 < a <n and f € C"[a, b]. Then

Dy (GDYf(E) = f(t) —

( )
Dy (CDEF() = F(t) — w(b oy

fort € [a,b].
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Lemma 2.6 ([I1]). Assume thatn —1 < a <n and f € C"[a,b]. Then

n—1
C na a f j—a
DY) = D7 (1) ij—a+1 (t—ay ™,

M

« CDFO)

T ) (LU

QDY f(t) = Dy f (1) —

b

fort € [a,b].

In order to establish a variational structure which enables us to reduce the existence of solutions of
problem to one of finding the critical points of corresponding functional, it is necessary to construct
appropriate function spaces.

Let us recall that for any fixed ¢ € [0,7] and 1 < p < oo,

T 1
lulloo = max Ju(®)], ullzr = (/O |u(s)[Pds)?,

te[0,7]

where T' > 0 is given in (1.1)).
Let 0 < a < 1, we define the fractional derivative spaces E§ by the closure of C§°(]0,T], R) with respect

to the weighted norm

T T 1
IIUIIaZ(/O a(t)loD?U(t)IthJr/o u(t)Pdt)z, Vu e Ef, (2.1)

where C§°([0,T], R) = {u € C*([0,T], R) : u(0) = u(T)}. The fractional derivative spaces Ef is similar to
the space Eg"? with p = 2 which is defined in [9]. Clearly, the fractional derivative space E{ is the space of
functions u € L?[0,T] having an « order fractional derivative ,D¢u(t) € L2[0,T] and u(0) = u(T).

Lemma 2.7 ([9]). Let 3 < o <1; for all u € ES, one has

T N To—1/2 N
@D Mull> < ﬁ” oDiu®)rz, () [lufle < WH oD u(t)l|2-

Let a(t) > 0 and ap = min a(t), from Lemma [2.7] one has
02 0 = iy

T T N 1

s < syt a®loDrut Rt (2.2
Ta—1/2 T N ) %

e < s aloDput Paty (2.3

By (2.2),(2.3]), we can also define
T
Julla = (/ a(t)] o Dfu(t)Pdt)2, Vu € E. (2.4)
0

Then we conclude that ||u||, defined in (2.1)) is equivalent to the norm ||ul|, defined in (2.4]). In the sequel,
we will consider E§ with the norm |||, defined in (2.4]). Obviously, Ef is a reflexive and separable Hilbert
space with the norm ||ul|q.

It follows from ([2.2))-(2.4) that

Jul ™ uflas ful TR (25)
u — uf|a, [Ju]o < | )
s I(a+1)y/ag I'(a)y/ao(2a — 1)

Similar to some properties in [9], we have the following results.
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Lemma 2.8. Let a € (0,1]. The fractional derivative space E§ is a reflexive and separable Banach space.

Lemma 2.9. Let o € (0, 1] and the sequence {uy} converges weakly to w in E§. Then uy, — w in C([0,T], R);
that is, ||un — ullec — 0, as k — oco.

Definition 2.10. u € Ef is called a weak solution of problem ({1.1)) if

T T T
/ a(t) o D%u(t) (DSv(t)dt — A / u(t)v(t)dt — / VE(t, u(t))v(t)dt = 0
0 0 0

for all v € E.

Throughout this paper, we assume that the following assumption (H;) is satisfied.
(Hy). F(t,x) is continuous in ¢ € [0, 7] for every x € R and continuously differentiable in z and F(¢,0) = 0
for all t € [0,7],a: [0,7] — R is a continuous non-negative function.

We consider the functional I : X — R, defined by

T T
I(u) = 5 /0 [a(t)] o DS u(t)[? — M2 (t)]dt — /0 F(t,u(t))dt. (2.6)

Then [ is continuously differentiable under the assumption (H;), and

T T T
(' (u), v) = /0 a(t) o Deu(t) o Do (t)dt — A /0 w(t)o(t)dt — /O VE(t, u(t))o(t)dt (2.7)

for all v € E. Hence the critical point of I is the weak solution of problem (1.1)). Next, we consider the
critical point of I.
Finally, we need the following results in critical point theory.

Definition 2.11. Let E be a real Banach space, and ¢ € C'(E, R). We say that ¢ satisfies the (PS)
condition if any {u,,} C FE for which ¢(u,,) is bounded and ¢'(u,,) — 0 as m — oo posses a convergent
subsequence.

Next is the Brezis and Nirenbergs linking Theorem.

Lemma 2.12 ([4]). Let E have a direct sum decomposition E = X &Y, where dimx < 0o, and ¢ be a C!
functional on E with ¢(0) = 0, satisfying (PS) and assume that, for some r > 0,

p(x) <0, Vee X, |z <r, ¢y)>0, VyeY, |y <

Also assume that o is bounded below and i%fgo < 0. Then ¢ has at least two nonzero critical points.

Lemma 2.13 (Clark Theorem [17]). Let E be a real Banach space, and o € C1(E, R), even, bounded from

below and satisfying (PS). Suppose ¢(0) = 0, there is a set E' C E such that E' is homeomorphic to S7~*

(j — 1 dimension unit sphere) by an odd map, and sup ¢ < 0. Then ¢ possesses at least j distinct pairs of
E

critical points.

3. Main results

First, we investigate the eigenvalue problem

DT (a(t) o Diu(t)) = Au(t), a.e.t e [0,T], (3.1)
u(0) = u(T) =0, '
and u € Ef is a weak solution of problem (3.1 if
T T
/ a(t) oD% u(t)  DEu(E)dt — A / w(Byo(t)dt = 0 (3.2)
0 0

for all v € Ef.
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Theorem 3.1. The eigenvalues of are all real and can be denoted by 0 < A\ < g < -+ < A < - -1
with A\, — 00 as k — oo, if we repeat each eigenvalue according to its multiplicity. A1 can be characterized
as

Jo a®)] o Diu(t) Pt

1m
welB\{0} [T u2(t)dt

A\ = (3.3)

Furthermore, there exists an orthogonal basis {wy}7°, of Ef, where wy, € E§ is a eigenfunction correspond-
g to N\ fork=1,2,....

Proof. From (Hj), we know a(t) > 0. Then, it is easy to see Ef is a Banach space with the norm ||ull, =

(fOT a(t)| OD?u(t)Pdt)%, Vu € E§ which is defined in (2.4)), and an inner product can be induced by the
norm ||u/|q, we denote

T
<u,v>a:/0 a(t) o Dfu(t) o Dfv(t)dt.

Then Ef is a Hilbert space with this inner product.
From Hoélder inequality and (2.5), for given u € L?(0,7T) and any v € ES, we have

e
[ullz2[[v]la-

T
dt| < S mo T
| /0 (wrehat] <l elee < oy 7

According to the Riesz Theorem, there exists a unique w € Ef such that

T
/ (u,v)dt = (w,v)q, Vv € Ef.
0

Then we can define the operator K : L?(0,T) — E% as Ku = w.
By the above proof, one has

[0}

[Kulla = flw]la < el -
T

(a + 1)y/a

Then it is easy to see that K is a bounded linear operator from L%(0,T) to E®. Let S : EY — L?(0,T) be
an embedding operator. From Lemma S is compact, which shows w = KSu. So (3.2)) can be transform
into the following operator equation

(u,v)q = (Aw,v)q = (AKSu,v),, Yv € Ef,

which implies (v — AK Su,v)o = 0, Yv € E§. It follows that (I — AK.S)u = 0. Therefore, we can conclude
K S is symmetric and compact. From Lemma@ we know Ej is separable. Then by Riesz-Schauder theory,
we can obtain that all eigenvalue {A;} of K'S are positive real numbers and there are corresponding to the
eigenfunctions {wy};2,; which make up an orthogonal basis of £, and A; can be characterized as

T 2
)| o Du(t)|*dt
A = inf s a(ﬂo ult)ldt
u€E\{0} Jo uP(t)dt

This completes the proof. O
The following result is based on Brezis and Nirenberg’s Linking Theorem.

Theorem 3.2. Let (Hy) hold, and the following assumptions (Hz) and (Hs) are satisfied.
(Hz). There are constants ¢c; > 0 and 0 < p < 2 such that

A
F(t,z) < —§\x|2 +ci|zP, € R,te(0,T).
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(Hs3). There are k € N and r1 > 0 such that,

M < F(ta), for o] <, te0.1]

Then (L.1)) possesses at least two weak solutions for \ € R.

Proof. We show all the conditions of Lemma [2.12] are satisfied.
From (Hz) and (2.5, for u € E“, one has

1 T

T
I(u) = 2/0 [a(t)|0D§“u(t)|2—)\uz(t)]dt—/ F(t,u(t))dt

0

1 A A
> lllz = Sl + Sl - el

1 To—1/2 (34)
> Sllullg — e T( [[ulla)”

2 I'(a)y/ao(2a — 1)

1 To—1/2
= |- —C1l|lu p_2T P U 2'

5~ BT (el

From (3.4), we know I is bounded from below. If {u,} is a (PS) sequence, i.e., I(uy) is bounded and
I'(uy) — 0, as n — oo, then implies {u,} is bounded. From the reflexivity of E%, we know {u,} has
a weakly convergent subsequence. Without loss of generality, we assume that u; converges weakly to u in
E§. By Lemma we can obtain that u, — u in C([0,T], R), as n — oo, that is,

|lun, — ulloc = 0, as n — oc. (3.5)

From (2.7), we have

T

T T
(I'(u), u) :/0 a(t) oD u(t) ODf‘u(t)dt—)\/ u(t)u(t)dt—/o VE(t,u(t))u(t)dt

0
T T
= ||lull - A/O u2(t)dt—/0 VE(t,u(t))u(t)dt.

Then

T
et = ll?, < (T () = I (un), = ) + Allun = ulloo / |un () + u(t)|dt
0

T (3.6)
+ / (VF(t,un(t)) — VFE(t,u(t)))dt||u, — ul|oo-
0
By (Hy), , it easy to see that
T

/0 (VE(t,un(t)) — VFE(t,u(t)))dt||uy, — ul|oc — 0, as n — oo. (3.7)

From and I'(u,) — 0 as n — oo, we have
(I’ (un) = I'(u), un — ) = (I' ()t — ) — (I (u), up — 1) (3.8)

< (un)lallun — wlla — (I'(w), 4y —u) — 0, as k — oco.
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By (3.5)), we can also easily get
T
Ay — uHOO/ () + u(®)|dt — 0, as n — oo. (3.9)
0

In view of (3.6)-(3.9), we know that |lu, — ulla — 0, as k — co. Then u; converges strongly to u in Ef.
Therefore I satisfies (P.S) condition.

Set V' = span{w,...,w} and X = V*, where {w;}(i = 1,...,k) are eigenfunctions of (3.I). From
Theorem [3.1, we know Ef =V @ X.

For u € V with [Ju|lo < T(a)T— WH, from (2.5), we can conclude ||ul|oo < 71. Together with (Hs),

one has

T T
I(u) = ;/0 [a(t)\ODf‘u(t)lz—)\u2(t)]dt—/0 F(t,u(t))dt
T T _
< ;IIUI@;/O u2(t)dt/0 wu%)dt (3.10)
< gl ~ [ e

Theorem implies A\ > A;. From (3.3)), we have

T a
Jo a(®)oDfu(t)Pdt  |lull3

2

A > =
[T u2(t)dt [[ul|72

for uweV, ||ulloo <71

It follows from (3.10]) that
I(u) <0, for ueV,|ulle <r1. (3.11)

Notice that X = V+. For u € X, ||ul|cc < 71, by (Hz), one has
1 /T T
1) = 5 [ la@loDEuP - d®)d: ~ [ Fit.u(t)i
0 0
1 A A _
> L2 = 2uls + 2l — el Julzs?
T2a—1
I (a)ap(2a — 1)}

1 _
> S lulalt — e T

1

}2=7, it follows that

T20471

If we choose 1 > {clTW

I(u) 20, for ué€X,|jufoc <71 (3.12)

If iIElf I(u) < 0, all the conditions of Lemma [2.12| hold. By virtue of Lemma [2.12) we can conclude that

problem (|1.1)) has at least two non-trivial weak solutions.
On the other hand, if i%f I(u) > 0, from (3.11), we have I(u) = 0, for all u € V, ||u||oc < 1. Then all

u €V, ||ul|oo <71 are weak solutions of problem (|1.1]). O

The next results are based on Lemma (Clark Theorem[I7]).

Theorem 3.3. Suppose (Hy) hold, then problem (1.1)) possesses at least k distinct pairs of weak solutions
for X> X, k=1,2,..., if the following assumptions are satisfied,
(H3)'. There are constants c1,c2 >0 and 0 < p < 2 such that

A
F(t,z) < —§|ac|2 +ci|x|P + 2, z € R, t€[0,T].
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(Hy).There exist e,m9 > 0, such that F(t,z) > e , for |z| < ry;
(Hs). F(t,z) = F(t,—x)

Proof. Our aim is to apply Lemma to the problem ({1.1). So we verify all the assumptions of Lemma

2.13 hold.
From F(t,0) =0 for all ¢ € [0,T7], it easy to see that I(0) = 0. The assumption (H3) shows that I(u) is
even. From (Hs)', we have

1 T N T
1) = 5 [ la@loDru(oR — 30— [ Pt uo)a

1 A A

> 2l ~ Sl + 5l - arTlulg, - T
1 Ta—1/2

> 2~ 7 Julla)? T
2 I'(a)y/ao(2a — 1)
1 B To—1/2

=[5 — eulully 7 Pl ~ e
2 I'(a)y/ao(2a — 1)

Therefore I(u) is bounded from below. Next, similarly to the proof of Theorem we can verify [
satisfies the (PS) condition.

From Theorem m we have the eigenfunctions {w;} of corresponding to the eigenvalues {);} . We
select the space E’ by

k k
E'—{u'u—Zo«w‘a-eR ith Z 2 _ H@)vao(2a — 1) }
=uiu= JWjs O Wi aj = Tla—nz 2

j=1

j=1
Then the space E’ is homeomorphic to the k& — 1 dimension unit sphere S¥~! by an odd homeomorphic map

which is injective, surjective and continuous with its inverse map is also continuous.
For all uw € E', from the definition of v € E’ and that {w;} are orthogonal basis, we can get

Ia)vao(2a — 1)
Ta—1/2

[ulla = r2,

together with (Hy), it shows |[ul|ec < 72 . Also from the condition A > A, then one has

1 T T
100 = 5 [ la@loDfuf = M®)dt ~ [ Fit.u(o)i
0 0
1 A
< <Jlul2 = Slu|2z —eT (3.13)
2 2
1 A
< gllulls = G lullfa T
From Theorem we have
T « 2 2
t)| D t)|“dt
>\k 2 fO a( )|O tu( )| _ ||u||a for ||UHoo < . (314)

JFwwar lullge’ -

It should be noted that 7o has no direct relation to r;. Then it follows from (3.13) and (3.14) that
I(u) < 0, for ||lul|cc < 7r2. Hence, it easy to get supy < 0. Then all the conditions of Lemma are
satisfied. From the assertion of Lemma we know that I(u) possesses at least k distinct pairs of critical
points which correspond to the weak solutions of the problem (|1.1J). O
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Finally, we give some examples to illustrate the usefulness of our main result. Consider the following
system of fractional differential equations.

Example 3.4.

2

{tplg(opgu(t)) — Mu+ VE(u(t), teo,1],

w(0) = u(1) = 0. (319
)

Let F(t,u(t)) = —3u> + (e — 1)[ul?, then (H;), (Ha) hold.

We choose 11 < 2a—l)

A it follows that lu|>7P < 2(6/{7]:1), which implies

A — A
2

Then (Hs) is satisfied. According to Theorem problem (3.15)) has at least two non-trivial solution.

A
[ul? < =S lul* + (er = Djul” = F(t,u).

Example 3.5.

{tpli (oDiu(t)) = 2u(t) + VE(t u(t), t e [0,1] (3.16)
u(0) =u(1) = 0.
Let F(t,u(t)) = —2u® + 1. Obviously (Hy), (Hz)', are satisfied with
F(t,u(t)) = —2u® +1 < —|u* + |u| + 1.5,
where A =2,¢c1 =1,c0 =1.5,p=1.
Let ¢ = r5 = § > 0, then we have F(t,u(t)) = —2u®> +1 > I, for [u| < 3. So (Hy) holds. And

F(t,u(t)) = —2u? + 1 is even, that is (Hs) is satisfied. Then our results can be applied to problem (3.16)),
which shows problem (3.16]) has at least k distinct pairs of distinct solutions.

Acknowledgments

The authors thank the referees for their careful reading of the manuscript and insightful comments,
which help us to improve the quality of the paper. We would also like to acknowledge the valuable com-
ments and suggestions from the editors, which vastly contribute to the perfection of the paper. This
work is supported by National Natural Science Foundation of China (No.11001274, 11101126, 11261010,
11301153, 61070247), China Postdoctoral Science Foundation (No0.20110491249), Key Program of Henan
Province (132102210246), Key Technologies R & D Program of Education Department of Henan Province
(13B510001), Key Scientific and Technological Research Project of Department of Education of Henan
Province (NO. 12B110006,14A510015), Youth Science Foundation of Henan University of Science and Tech-
nology(NO. 2012QN010), The Natural Science Foundation to cultivating innovation ability of Henan Uni-
versity of Science and Technology(NO. 2013ZCX020).

References

[1] B. Ahmad, J. J. Nieto, Exzistence results for a coupled system of nonlinear fractional differential equations with
three-point boundary conditions, Comput. Math. Appl., 58 (2009), 183871843.

[2] R.P. Agarwal, M. Benchohra, S. Hamani, A survey on ezistence results for boundary value problems of nonlinear
fractional differential equations and inclusions, Acta Appl. Math., 109 (2010), 97371033.

[3] C. Bai, Infinitely many solutions for a perturbed nonlinear fractional boundary value problem, Electron. J. Differ-
ential Equations, 2013 (2013), 12 pages.

[4] H. Brezis, L. Nirenberg, Remarks on finding critical points, Comm. Pure Appl. Math., 44 (1991), 939-963.

[5] J. Chen, X. H. Tang, Existence and multiplicity of solutions for some fractional boundary value problem via
critical point theory, Abstr. Appl. Anal., 2012 (2012), 21 pages.



P. Li, C. Xu, H. Wang, J. Nonlinear Sci. Appl. 9 (2016), 2971-2981 2981

[6]

[10]
[11]
[12]
[13]
[14]
[15]

[16]
[17]

18]
[19]
[20]
21]
22]
23]

[24]

K. Diethelm, The Analysis of Fractional Differential Equation. An application-oriented exposition using differen-
tial operators of Caputo type, Lecture Notes in Mathematics, Springer-Verlag, Berlin, (2010).

J. R. Graef, L. Kong, Positive solutions for a class of higher order boundary value problems with fractional
g-derivatives, Appl. Math. Comput., 218 (2012), 968279689.

Z.Hu, W. Liu, J. Liu, Ground state solutions for a class of fractional differential equations with Dirichlet boundary
value condition, Abstr. Appl. Anal., 2014 (2014), 7 pages.

F. Jiao, Y. Zhou, Ezistence of solutions for a class of fractional boundary value problems via critical point theory,
Comput. Math. Appl., 62 (2011), 1181-1199.[1]

F. Jiao, Y. Zhou, Ewistence results for fractional boundary value problem via critical point theory, Internat. J.
Bifur. Chaos Appl. Sci. Engrg., 22 (2012), 17 pages.[]

A. A. Kilbas, M. H. Srivastava, J. J. Trujillo, Theory and applications of fractional differential equations, Elsevier
Science, Amesterdam, (2006).[I}

V. Lakshmikantham, S. Leela, J. V. Devi, Theory of fractional dynamic systems, Cambridge Scientific Publishers,
Cambridge, (2009).[T]

Y. N. Li, H. R. Sun, Q. G. Zhang, Existence of solutions to fractional boundary-value problems with a parameter,
Electron. J. Differential Equations, 2013 (2013), 12 pages.[]

Y. Liu, W. Zhang, X. Liu, A sufficient condition for the existence of a positive solution for a nonlinear fractional
differential equation with the Riemann-Liouville derivative, Appl. Math. Lett., 25 (2012), 198671992‘

N. Nyamoradi, R. Rodriguez-Lépez, On boundary Value Problems for Impulsive Fractional Differential equations,
Appl. Math. Comput., 271 (2015), 874-892.[]]

I. Podlubny, Fractional differential equations, Math. Sci. Eng., Academic Press, New York, (1999).

P. H. Rabinowitz, Minimax methods in critical point theory with applications to differential equations, CBMS
Regional Conf. Ser. in Math. American Mathematical Society, Providence, 65 (1986).

R. Rodriguez-Lépez, S. Tersian, Multiple solutions to boundary value problem for impulsive fractional differential
equations, Fract. Calc. Appl. Anal., 17 (2014), 101671038.

H. R. Sun, Q. G. Zhang, Ezistence of solutions for a fractional boundary value problem via the Mountain Pass
method and an iterative technique, Comput. Math. Appl., 64 (2012), 343673443.

V. E. Tarasov, Fractional dynamics: application of fractional calculus to dynamics of particles, fields and media,
Springer, Beijing, (2011).

C. Torres, Mountain pass solution for a fractional boundary value problem, J. Fract. Calc. Appl., 5 (2014), 1-10.
m

J. R. Wang, Y. Zhou, A class of fractional evolution equations and optimal controls, Nonlinear Anal. Real World
Appl., 12 (2011), 262-272.[]

Y. Zhao, H. Chen, B. Qin, Multiple solutions for a coupled system of nonlinear fractional differential equations
via variational methods, Appl. Math. Comput., 257 (2015), 4177427.

Y. Zhou, F. Jiao, J. Li, Existence and uniqueness for fractional neutral differential equations with infinite delay,
Nonlinear Anal., 7 (2009), 324973256.



	1 Introduction
	2 Preliminaries
	3 Main results

