Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 9 (2016), 1858-1871

Research Article

] A; I t \‘1‘/4
ey Journal of Nonlinear Science and Applications
; m'w PP

Print: ISSN 2008-1898 Online: ISSN 2008-1901

Fixed points and quadratic p-functional equations

Choonkil Park?, Sang Og KimP*

?Research Institute for Natural Sciences, Hanyang University, Seoul 04763, Korea.
bDepartment of Mathematics, Hallym University, Chuncheon 24252, Korea.

Communicated by R. Saadati

Abstract

In this paper, we solve the quadratic p-functional equations

o)+ 1o =) - 200 - 2700 = p (20 (T3 ) 20 (52) - @) - 1) 1)

where p is a fixed non-Archimedean number or a fixed real or complex number with p # —1,2, and

2f (x;y) +2f (x 2 y) —f(@) = F) = ol +9) + [(@ = y) = 2/ (2) = 2f (), ?

where p is a fixed non-Archimedean number or a fixed real or complex number with p # —1, %
Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic p-functional equations
and in non-Archimedean Banach spaces and in Banach spaces. (©2016 All rights reserved.
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1. Introduction and preliminaries

The stability problem of functional equations originated from a question of Ulam [28] concerning the
stability of group homomorphisms.

The functional equation f(xz +y) = f(z) + f(y) is called the Cauchy equation. In particular, every
solution of the Cauchy equation is said to be an additive mapping. Hyers [15] gave a first affirmative partial
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answer to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [I] for additive
mappings and by Rassias [23] for linear mappings by considering an unbounded Cauchy difference. Gajda
[11] following the same approach as in Rassias [23], gave an affirmative solution to this question for p > 1. It
was shown by Gajda [I1], as well as by Rassias and Semrl [24] that one cannot prove a Rassias’ type theorem
when p = 1. The counterexamples of Gajda [I1], as well as of Rassias and Semrl [24] have stimulated several
mathematicians to invent new definitions of approximately additive or approximately linear mappings, cf.
Gavruta [12], who among others studied the Hyers-Ulam stability of functional equations (cf. the books of
Czerwik [8, O], Hyers, Isac and Th. M. Rassias [16]). The hyperstability of the Cauchy equation was proved
by Brzdek [3].
The functional equation

fle+y)+ fle—y)=2f(x) +2f(y)

is called the quadratic functional equation. In particular, every solution of the quadratic functional equation
is said to be a quadratic mapping. The stability of quadratic functional equation was proved by Skof [25] for
mappings f : F1 — Eo, where Fj is a normed space and Fj is a Banach space. Cholewa [7] noticed that the
theorem of Skof is still true if the relevant domain Ej is replaced by an Abelian group. See [13], 14, 26] 27]
for more functional equations. The survey on the Hyers-Ulam stability of functional equations was given by
Brillouet-Bulluot, Brzdek and Cieplinski [2].

The functional equation
T4y r—vy
o7 (T32) +2(55Y) = s+ )

is called a Jensen type quadratic equation.

A waluation is a function | - | from a field K into [0, 00) such that 0 is the unique element having the 0
valuation, |rs| = |r| - |s| and the triangle inequality holds, i.e.,
Ir +s| < |r| + |s], Vr,s € K.

A field K is called a valued field if K carries a valuation. The usual absolute values of R and C are examples
of valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle inequality. If the triangle
inequality is replaced by

|r + s| < max{|r],]|s|}, Vr,s € K,
then the function | - | is called a non-Archimedean valuation, and the field is called a non-Archimedean
field. Clearly |1] = | —1] =1 and |n| <1 for all n € N. A trivial example of a non-Archimedean valuation
is the function | - | taking everything except for 0 into 1 and |0] = 0.

Throughout this paper, we assume that the base field is a non-Archimedean field, hence call it simply a
field.

Definition 1.1 ([I9]). Let X be a vector space over a field K with a non-Archimedean valuation | - |. A
function || - || : X — [0,00) is said to be a non-Archimedean norm if it satisfies the following conditions:

(i) |lz|| = 0 if and only if x = 0;
(i) [lrzll = [rlll=l] (e K,z e X);
(iii) the strong triangle inequality

lz+yll < max{|z[|, [yll},  Ve,yeX

holds. Then (X, || - ||) is called a non-Archimedean normed space.

We recall a fundamental result in fixed point theory.
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Theorem 1.2 ([4, [10]). Let (X,d) be a complete generalized metric space and let J : X — X be a strictly
contractive mapping with Lipschitz constant o < 1. Then for each given element x € X, either

d(J"z, J"z) = 00

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, J" ) < oo, Vn > ngp;
(2) the sequence {J"x} converges to a fized point y* of J;
(3) y* is the unique fized point of J in the set Y = {y € X | d(J™z,y) < 0o};
(4) d(y,y*) < 1=5d(y, Jy) for ally €Y.

In 1996, G. Isac and Th. M. Rassias [I7] were the first to provide applications of stability theory of
functional equations for the proof of new fixed point theorems with applications. By using fixed point
methods, the stability problems of several functional equations have been extensively investigated by a
number of authors (see [5] 0, 20, 2], 22]).

In Section |2, we solve the quadratic functional equation in vector spaces and prove the Hyers-Ulam
stability of the quadratic functional equation in non-Archimedean Banach spaces by using the fixed point
method.

In Section |3 we solve the quadratic functional equation in vector spaces and prove the Hyers-Ulam
stability of the quadratic functional equation in non-Archimedean Banach spaces by using the fixed point
method.

In Section {4l we prove the Hyers-Ulam stability of the quadratic functional equation in Banach spaces
by using the fixed point method.

In Section |5, we prove the Hyers-Ulam stability of the quadratic functional equation in Banach spaces
by using the fixed point method.

2. Quadratic p-functional equation in non-Archimedean Banach spaces

Throughout Sections [2] and [3] assume that X is a non-Archimedean normed space and that Y is a
non-Archimedean Banach space. Let |2| # 1 and let p be a fixed non-Archimedean number with p # —1, 2.

Lemma 2.1. Let X and Y be vector spaces. A mapping f : X — Y satisfies
fla+y)+flz—y)—2f(z) -2f(y) =0 (2.1)
for all x,y € X if and only if the mapping f : X — Y satisfies

o7 (T32) +27 (“52) - ) - 1) =0 (2:2)

forallz,y € X.

Proof. Assume that f: X — Y satisfies . Letting =y = 0 in , we get f(0) = 0. Letting y = x
in , we get f(2z) — 4f(z) = 0 and so f(2z) = 4f(z) for all z € X. Thus f (%) (x) for all x € X.
So f: X — Y satisfies . Assume that f: X — Y satisfies . Letting x =y = 0 in , we get
f(0) = 0. Letting y = 0 in , we get 4 f (%) = f(z) for all x € X, and so f(2z) = 4f(x) for all x € X.
So f: X — Y satisfies . O

PN

We solve the quadratic p-functional equation in vector spaces.

Lemma 2.2. Let X and Y be vector spaces. If a mapping f : X — Y satisfies

flat )+ fa=n) =26 =20 =p (20 (52) +27 (52) - f0 - 1) @3

for all x,y € X, then f: X =Y is quadratic.
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Proof. Assume that f: X — Y satisfies (2.3)).

Letting x = y = 0 in (2.3), we get —2f(0) = 2pf(0). So f(0) = 0. Letting y = x in (2.3), we get
f(2x) —4f(x) =0 and so f(2x) = 4f(x) for all x € X. Thus

7 (%) =15 (2.4)

for all x € X.

It follows from ([2.3) and ([2.4]) that

et + 5o =) - 270 - 27) = (26 (S50 w21 (152) - ) - 1)

:g(f(x +y) + flz—y) —2f(x) - 2f(y))

and so
flz+y)+ flz—y) =2f(z) + 2f(y)
for all z,y € X. O

Now we prove the Hyers-Ulam stability of the quadratic p-functional equation ([2.3)) in non-Archimedean
Banach spaces.

Theorem 2.3. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

© (g, %) < é,s@(x,y) (2.5)

forallz,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and

14+ 5o =) - 26(0) - 2700 o (2 (T30 w21 (252) = @) - 1)) 1 < etonn) 26)

for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that

1) - Q@) < \4|<1LL>9”(”5’”“’) (2.7)

forallx € X.
Proof. Letting y = x in (2.6]), we get
1f(22) — 4f (z)|| < ¢(z, ) (2.8)

for all z € X.
Consider the set
={h: X =Y, h(0)=0}

and introduce the generalized metric on S:
d(g, k) = inf {11 € Ry : g(x) — h(z)]| < g (,), Vo € X},
where, as usual, inf ¢ = 4o00. It is easy to show that (5, d) is complete (see [1§]).

Now we consider the linear mapping J : S — S such that

T

Jg(z) :=4g (§>

for all z € X.
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Let g, h € S be given such that d(g,h) = . Then
lg(z) — h(z)|| < ep (z,2)
for all x € X. Hence
x
_ = —) = <
179(@) = Jh@) = ||4g (3) - 4h (5)| < Mlew (5.5) < r4|s| 7

for all x € X. So d(g,h) = € implies that d(Jg, Jh) < Le. This means that

o(z,z) < Lep (z,x)

d(Jg,Th) < Ld(g. )

for all g,h € S.
It follows from ([2.8)) that

[r@ =47 (5)| < ¢ (5:5) < \iy (z,2)
forall z € X. So d(f,Jf) < \4|

By Theorem [I.2] there exists a mapping Q : X — Y satisfying the following:
(1) @ is a fixed point of J, i.e.,

Q) =1Q (3) (2.9)
for all x € X. The mapping @ is a unique fixed point of J in the set
M={geS:d(f,g) < oo}
This implies that @ is a unique mapping satisfying such that there exists a p € (0, 00) satisfying
1f (@) = Q)] < pe (z,z)

for all x € X;
(2) d(J'f,Q) — 0 as | — co. This implies the equality lim;_,oo 4" f (&) = Q(z) for all z € X;
(3) d(f,Q) < 12£d(f, Jf), which implies

1) - Q)] < WL_L)mx)

for all z € X.

It follows from ([2.5) and (2.6) that

0t +) + Qe =)~ 200) 2000 - (20 (752 ) +20 (152) ~ Q) - @ )|
()52
o) (t) o2

<hmMW<£7£>:0
on” on

= lim [4|" ||f
n—oo

n—oo

for all z,y € X. So

Qe -+)+ QL —1) - 20) - 200 = (20 (52 ) +20 (5 - Qo) - Q)

for all z,y € X. By Lemma the mapping Q : X — Y is quadratic. O
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Corollary 2.4. Let r < 2 and 6 be nonnegative real numbers, and let f : X — Y be a mapping satisfying
f(0) =0 and

e+ + =) =25 -2 - p (20 (532 w21 (F52) - s - )| 210
<0l + 1)

for all x,y € X. Then there exists a unique quadratic mapping Q@ : X — Y such that

26

1f(z) = Q@) < W'

]|

forall x € X.

Proof. The proof follows from Theorem [2.3] by taking o(x,y) = 0(||z||" + ||y||") for all x,y € X. Then we
can choose L = |2|>7" and we get desired result. O

Theorem 2.5. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

Ty
9 <4L (777>
¢ (@y) < 4lLe (55

for all x,y € X Let f : X — Y be a mapping satisfying f(0) = 0 and (2.6). Then there exists a unique
quadratic mapping Q : X — Y such that

1) - Q)] < \4|<11_L>¢W>

forallx € X.
Proof. Tt follows from ([2.8]) that

< igo(:l:, x) (2.11)

Hf(w) - e < o

for all x € X.
Let (S,d) be the generalized metric space defined in the proof of Theorem
Now we consider the linear mapping J : S — S such that

1
Jg(x) == 79 (22)
for all x € X.

It follows from 1} that d(f,Jf) < - So

1) - Q)] < mso(x,x)

for all z € X.
The rest of the proof is similar to the proof of Theorem O

Corollary 2.6. Let r > 2 and 0 be positive real numbers, and let f : X — Y be a mapping satisfying
f(0) =0 and (2.10). Then there exists a unique quadratic mapping @ : X — Y such that

20 .
1£(@) = Q@I < eIl

forallx € X.

Proof. The proof follows from Theorem [2.5| by taking ¢(z,y) = 0(||z||" + ||y||") for all z,y € X. Then we
can choose L = |2|"~2 and we get desired result. O
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3. Quadratic p-functional equation in non-Archimedean Banach spaces

Let |2| # 1 and let p be a fixed non-Archimedean number with p # —1,
We solve the quadratic p-functional equation in vector spaces.

1
3

Lemma 3.1. Let X and Y be vector spaces. If a mapping f : X — Y satisfies

2f (;y) +of (x 3 y) — @)~ ) = pf @t y) + fla—y) - 2f(2) - 2f(y))  (3D)

forallx,y € X, then f: X =Y is quadratic.

Proof. Assume that f : X — Y satisfies (3.1). Letting 2 = y = 0 in (3.1]), we get 2f(0) = —2pf(0). So
f(0) = 0. Letting y = 0 in (3.1)), we get

1f (5) = fl@) =0 (3.2)

and so f (%) = 1 f(z) for all z € X.
It follows from (3.1) and (3.2]) that

2 2
=p(flz+y)+ fx —y) —2f(z) — 2f(y))

34+ fle =)~ 21— 2f) =21 (T30 w21 (T5Y) - @) - )

and so
fle+y)+ flz—y)=2f(z) +2f(y)
for all z,y € X. O

We prove the Hyers-Ulam stability of the quadratic p-functional equation (3.1) in non-Archimedean
Banach spaces.

Theorem 3.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with
<
@(2,2 < e @)

forallz,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and

Ios (U52) 28 (T57) = 1) 5) = p(fla-+) + Flo =)~ 20(0) =2 () | < (o) 63
for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that

I1£(2) - QI < ——

¢ (x,0)
forallz e X.

Proof. Letting y =0 in , we get
|47 (5) - f@)| <2 @0) (3.4)

for all z € X.
Consider the set
S:={h: X =Y, h(0)=0}
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and introduce the generalized metric on S
d(g,h) = inf {u € Ry : g(2) — h@)]| < pp (2,0), Va € X},

where, as usual, inf ¢ = 400. It is easy to show that (5, d) is complete (see [18§]).
Now we consider the linear mapping J : S — S such that

Jg(z) :=4g (g)

for all x € X.
It follows from (3.4) that d(f, Jf) < 1. By Theorem there exists a mapping @ : X — Y satisfying
the following:

(1) @ is a fixed point of J, i.e.,
T
Q) =1Q (3) (3.5)
for all x € X. The mapping @ is a unique fixed point of J in the set
M ={ge5:d(f,g) < o).
This implies that @ is a unique mapping satisfying (3.5)) such that there exists a p € (0, 00) satisfying

1/ () = Q)| < pe (2,0)

for all z € X;
(2) d(J'f,Q) — 0 as I — oco. This implies the equality lim;_,,, 4" f (2%) = Q(x) for all x € X
(3) d(f,Q) < t2d(f.Jf), which implies || f(z) — Q(z)| < 2 (x,0) for all z € X.

The rest of the proof is similar to the proof of Theorem O

Corollary 3.3. Let r < 2 and 6 be nonnegative real numbers, and let f : X — Y be a mapping satisfying
f(0) =0 and

l2f (“y) vy (“’” - y) P = F) —p (flety) + fa—y)— 27(x) — 20 ) | < O] + lw]")

2 2

(3.6)

for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that
210
1f (@) = Q@) < o 12"
2]

forallz e X.
Proof. The proof follows from Theorem [3.2] by taking p(z,y) = 0(||z||” + ||y||") for all z,y € X. Then we
can choose L = |2|>7" and we get desired result. O

Theorem 3.4. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

Ty
9 <4L (777>
¢ (@y) < 4lLe (55

for all x,y € X Let f : X — Y be a mapping satisfying f(0) = 0 and (3.3). Then there exists a unique
quadratic mapping QQ : X — Y such that

1£(2) - Q) < += (2,0)

forallz e X.
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Proof. 1t follows from (3.4]) that

Hf _ ff(2x) |111| (22,0) < Lo(z, 0) (3.7)

for all x € X.
Let (S, d) be the generalized metric space defined in the proof of Theorem
Now we consider the linear mapping J : S — S such that

To(x) := 19 (22)

for all x € X.
It follows from (3.7) that d(f,Jf) < L. So d(f,Q) < t£zd(f,Jf), which implies

(@) - Q)] < -

= ﬁw(x,O)

for all z € X.
The rest of the proof is similar to the proof of Theorem [3.2] O

Corollary 3.5. Let r > 2 and 0 be nonnegative real numbers, and let f : X — Y be a mapping satisfying
f(0) =0 and (3.6). Then there exists a unique quadratic mapping Q : X — Y such that

200
1) = QI < 1=

forallz e X.

Proof. The proof follows from Theorem [3.4] by taking ¢(z,y) = 0(||z||” + ||y||") for all z,y € X. Then we
can choose L = |2|"~2 and we get desired result. O

4. Quadratic p-functional equation in Banach spaces

Throughout Sections [4 and [p, assume that X is a normed space and that Y is a Banach space. Let p be
a fixed real or complex number with p # —1, 2.
We prove the Hyers-Ulam stability of the quadratic p-functional equation ([2.3) in Banach spaces.

Theorem 4.1. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

¢ (53) < %tp(l‘,y) (4.1)

forallz,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and

I+ 0)+ o =) =260 = 2600 = p (27 (52 ) + 27 (T52) = 1@ = 1)) | < wlo) (42

for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that

L
1f(x) = Qz)] < m@(wvx) (4.3)

forallz e X.
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Proof. Letting z =y in (4.2)), we get
1 (22) = 4f (z)|| < ¢(x, z) (4.4)

for all z € X.
Consider the set
={h: X =Y, h(0)=0}

and introduce the generalized metric on S:
d(g,h) = inf {p € Ry : [lg(x) — h(@)[| < pep (2, 2), Vo e X},

where, as usual, inf ¢ = 4o00. It is easy to show that (5, d) is complete (see [18§]).
Now we consider the linear mapping J : S — S such that

Jg(x) =4y (g)

for all z € X.
It follows from (4.4)) that

r T

011 (3)] <2 (55) < Fow,

for all z € X. So d(f,Jf) < £.
By Theorem there exists a mapping @ : X — Y satisfying the following:

(1) Q is a fixed point of J, i.e.,
x
Q) =1Q (3) (4.5)
for all x € X. The mapping @ is a unique fixed point of J in the set
M={geS:d(f,g) <oo}
This implies that @ is a unique mapping satisfying (4.5)) such that there exists a p € (0, 00) satisfying

1/ () = Q)| < pep ()

for all x € X;
(2) d(J'f,Q) — 0 as I — oco. This implies the equality lim;_,,, 4" f (2%) = Q(x) for all x € X
(3) d(f,Q) < t27d(f, Jf), which implies || f(z) — Q(z)|| < ﬁg&(w,:n) for all x € X.
The rest of the proof is similar to the proof of Theorem [2.3] O

Corollary 4.2. Let r > 2 and 0 be nonnegative real numbers, and let f : X — Y be a mapping satisfying
f(0) =0 and

I+ )+ e =) =260 = 2600 = p (27 (5 ) + 27 (T52) = 1) = 1)) I < 000l + )
(4.6)
for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that

26
2r—4

1f(z) = Q)] <

)"

forallz e X.
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Proof. The proof follows from Theorem 1.1 by taking ¢(z,y) = 0(||z|" + ||ly||") for all z,y € X. Then we
can choose L = 227" and we get desired result. O

Theorem 4.3. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

¢ (z,y) < 4Ly (5 %)

for all x,y € X Let f : X — Y be a mapping satisfying f(0) = 0 and . Then there exists a unique
quadratic mapping Q : X — Y such that

1£@) = Q@) < gy @.2)
forallz € X.
Proof. Tt follows from that
|0~ 120 < o) (4.7

for all x € X.
Let (S, d) be the generalized metric space defined in the proof of Theorem
Now we consider the linear mapping J : S — S such that

To(x) := 79 (22)

for all x € X.
It follows from that d(f,Jf) < 1. So

1
[f(z) = Q)] < m%o(x7m)

for all x € X.
The rest of the proof is similar to the proofs of Theorems [2.3] and [4.1] O

Corollary 4.4. Let r < 2 and 0 be positive real numbers, and let f : X — Y be a mapping satisfying
f(0) =0 and (4.6). Then there exists a unique quadratic mapping Q : X —'Y such that

26
4-2r

[f(z) = Q)] <

(e

forallx € X.

Proof. The proof follows from Theorem [4.3| by taking ¢(z,y) = 0(||z|" + ||ly||") for all z,y € X. Then we
can choose L = 2772 and we get desired result. O
5. Quadratic p-functional equation in Banach spaces

Let p be a fixed real or complex number with p # —1, %
In this section, we prove the Hyers-Ulam stability of the quadratic p-functional equation (3.1]) in Banach
spaces.

Theorem 5.1. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

for all xz,y € X.
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Let f: X =Y be a mapping satisfying f(0) =0 and

los (U32) 20 (T57) = 1) 5 = p(fla-+1) + Flo =) = 20(@) =2 | < (o) 6.1

for all x,y € X. Then there exists a unique quadratic mapping Q@ : X — Y such that
1
/) = Q) € ——— (2,0) (52)

forallz e X.
Proof. Letting y = 0 in (5.1)), we get
x
|47 (5) - f@)| <2 @0 (5.3)

for all z € X.
Consider the set
S:={h: X =Y, h(0)=0}

and introduce the generalized metric on S
d(g,h) = inf {p € Ry : [lg(x) — h(2)|| < pep (2,0), Vo e X},

where, as usual, inf ¢ = 4+00. It is easy to show that (.5, d) is complete (see [18]).
Now we consider the linear mapping J : S — S such that
x

Jg(x) :=4g (5)

for all z € X.
It follows from (5.3)) that d(f, Jf) < 1.
By Theorem there exists a mapping @ : X — Y satisfying the following;:

(1) @ is a fixed point of J, i.e.,
x
Q) =1Q (3) (5.4)
for all x € X. The mapping @ is a unique fixed point of J in the set
M={geS:df,g) < oo}
This implies that @ is a unique mapping satisfying (5.4)) such that there exists a p € (0, 00) satisfying

If () = Q@) < pe (2,0)

for all x € X;
(2) d(J'f,Q) — 0 as I — oco. This implies the equality lim;_,,, 4" (2%) = Q(x) for all x € X
(3) d(f,Q) < 2:d(f, Jf), which implies || f(z) — Q(z)|| < 2z (x,0) for all z € X.

The rest of the proof is similar to the proofs of Theorems [2.3] and O

Corollary 5.2. Let r > 2 and 0 be nonnegative real numbers, and let f : X — Y be a mapping satisfying
f(0) =0 and

2f (“y) vy ("” - y) f@) — F) - p(Faty) + Fla—y) — 2(2) — 2f@) || < 02l + ]

2 2
(5.5)
for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that
270 ,
1£) - QI < 5 el

forallz e X.
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Proof. The proof follows from Theorem [5.1] by taking ¢(z,y) = 0(||z|" + ||ly||") for all z,y € X. Then we
can choose L = 227" and we get desired result. O

Theorem 5.3. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

Ty
) <4L (777>
@ (v,y) <4Lyp 57 5

for all x,y € X Let f : X — Y be a mapping satisfying f(0) = 0 and (5.1). Then there exists a unique
quadratic mapping Q : X — Y such that

1f(2) = Q)| < 5—F ¥ (2,0)

forallz e X.

Proof. Tt follows from (5.3)) that

<

@)~ 1120 < Jo20) < L0 (5:6)

for all x € X.
Let (S, d) be the generalized metric space defined in the proof of Theorem
Now we consider the linear mapping J : S — S such that

To(e) = 1 (20)

for all z € X.
It follows from (5.6) that d(f,Jf) < L. So

L
_ < (2,0
1) - Q@) < = (a.0)
for all x € X.
The rest of the proof is similar to the proof of Theorem O

Corollary 5.4. Let r < 2 and 0 be nonnegative real numbers, and let f : X — 'Y be a mapping satisfying
f(0) =0 and (5.5). Then there exists a unique quadratic mapping @ : X —'Y such that

26 ,
/() - Q@I < 7= lel
forallz e X.
Proof. The proof follows from Theorem [5.3| by taking o(x,y) = 0(||z||" + ||y||") for all x,y € X. Then we
can choose L = 2772 and we get desired result. O
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