Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 9 (2016), 2688-2696

Research Article

LAy Journal of Nonlinear Science and Applications
== =

Print: ISSN 2008-1898 Online: ISSN 2008-1901

Sharpened versions of Mitrinovi¢-Adamovic,
Lazarevi¢ and Wilker's inequalities for trigonometric
and hyperbolic functions

Shan-He Wu®*, Shu-Guang Li?, Mihaly Bencze®

?Department of Mathematics, Longyan University, Longyan, Fujian, 364012, P. R. China.
b Department of Mathematics, University of Craiova, Craiova, RO-200585, Romania.

Communicated by Y. Yao

Abstract

In this paper, we establish new sharpened versions of Mitrinovié-Adamovi¢ and Lazarevié’s inequalities.
Further, we provide an application of our results to the improvements of Wilker’s inequality for trigonometric
and hyperbolic functions. We show that the coefficient assigned to each of these sharpened inequalities is
best possible. (©2016 All rights reserved.
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1. Introduction

Mitrinovi¢ and Adamovié [6] proved that the inequality

. 3
cosT < <s1n1:> (1.1)

T

holds for all z € (0,7/2), and showed that the exponent 3 is the largest possible.
A hyperbolic analogue of inequality (1.1)) was presented by Lazarevié¢ [5], which is stated as follows:
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. 3
coshx < <s1nhx> ,

x

(1.2)

where x # 0, and the exponent 3 is the least possible.

A number of generalizations, improvements and applications relating to Mitrinovié-Adamovié’s inequality
and Lazarevié¢’s inequality can be found in the literature [4} [7, 9], 12, 5] 19, 20, 21}, 22, 26]. Among
these investigations, we remark here that Wu and Baricz [I5] dealt with the generalizations of inequalities
and and obtained two excellent results, as follows:

Theorem 1.1. If 0 < x < 3, then the inequality

. A
1—§+§cosx< <smx> (1.3)

X

holds if and only if A\ < 0 or A > Ao, where \g ~ 1.420330769 is the root of the equation \/3+ (2/7‘(‘))\7 1=0.

Theorem 1.2. If z # 0, then the inequality

A A sinhz\*
1— — + —cosh 1.4
3+3COS ZL'<< . ) (1.4)

holds if and only if A <0 or A > 7/5.

The main purpose of this paper is to establish new sharpened versions of Mitrinovié-Adamovié’s in-
equality (1.1) and Lazarevi¢’s inequality ((1.2)). Moreover, we provide an application of our results to the
improvements of Wilker’s inequality for trigonometric and hyperbolic functions.

2. Sharpening of Mitrinovié¢-Adamovié and Lazarevié’s Inequalities

Theorem 2.1. If 0 < x < 3, then the inequality

. 3
12 2
cos T < (Smx> <1 - — <1 - 'x ) ) (2.1)
T ) sin T

holds, where the coefficient % 18 the best possible.

Proof. By the Taylor expansions of sinx and cos x

v xt b a8 z2k (cosbx)
—1-T T 1)k _yk+1 (cosOT) oo
cos® TR T R I o7 A SR o7 T
3 25 2l p2h1 (cosfzx)
: — oz s -1 k—1_< -1 k \MYPVS) 2k+41
T R S A o7y TR A oy SR
where 0 < 6 < 1, it is easy to observe that
:U2 zt 2b 28
and 2 4 6 : 2 4
L (2.3)

3t 57! x 3! 5!
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for 0 < x < 7. Using inequalities ([2.2) and ({2.3)) together with a simple calculation, it follows that

sinz > 12 T \2 7 (sinz\® 24 (sinz\? 12 [sinx
cosT — 1——(1— - ) =cosx + = - — + —
x 5 sinx 5 x 5 x 5 x
2! 4! 6! 8! 5 !

24(1 $2+$4 'TG)Q 12(1 1:2+x4>

) 3! 51 7! 5 3! 51
1 ,

= m:pﬁ (2632° — 138602" + 2700602 — 1820 000)
1

< asconog® (263 x 2% — 138602 + 270060 x 2* — 1820000)
1

— 333000002 (128082 — 739760)

< 0.
This proves the desired inequality (2.1]).

Next, we need to show that the coefficient 15—2 is the best possible in inequality (2.1)) in the strong sense.
Consider inequality (2.1 in a general form as

. 3 9
coszx < (smm) <1—a(1— ,$ ) )
T sinx

(%)3 —CcosT

—a< —. (2.4)
(1 - siim)2(sTm)3
Taking the limit in (2.4) as x — 0, we get
sinz\3
=)0 — 12
o< lim ) e _ 12
=0 (1= gg)? (3357 5
Consequently, the coefficient @ = %2 is the best possible in inequality (2.1). This completes the proof of
Theorem 2.1
O
Theorem 2.2. For all nonzero real numbers x, the inequality
: 3
sinh x 12 T \2
ha < -~ (1-=) 2.5
coSnE ( x ) 5 sinh x (25)
holds, where the coefficient %2 1s the best possible.
Proof. We begin by recalling the result asserted by Theorem in the introduction section, i.e.,
A A inh 2\ 7
1— 3 + gcoshx < (smx x) , A€ (—00,0)U [5,4—00).
Choosing A = % in the above inequality gives
15 (sinhz\5 8
5
coshz < m <sm a:) ~ (x #0). (2.6)
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. 1
Let (M) 5 =t. Clearly, we have t > 1 in light of the Lazarevi¢’s inequality

x

sinh z

3
1 <coshz < < > (x #0).

Using inequality (2.6)) together with a straightforward computation, it follows that

sinhz\® 12 T 2
coshx — + — (1 — = )
x 5 sinh x

15 /sinhzx § 8 sinhz\% 12 x 2
LB L2 o)
7 T 7 T 5 sinh z
15, 8 15 12 5\ 2
ST -t S (1t
7 7 + 5 ( )
(t-1)°

= <t22 + 3t21 4+ 6120 4+ 106" + 15¢"8 + 21417 + 28¢16

300 340 372 396 412
43615 4 ?tm + 72513 + 71512 + 72511 + 72510 + 6080

288 264 228 72 36 12 >

74 0 TS 1 36t 2483 4+ 4P 4 Tt —

8
606+ ) ) 5 ) ) )

< 0.

Hence

sinhz\® 12 x 2
coshx < - — (1 — — ) .
T 5 sinh x

Next, we shall explain why the coefficient % is the best possible in inequality ([2.5)).
Consider inequality (2.5)) in a general form as

. h 3 2
coshzx < <sm x) —B(l— a: )
x

sinh x

(%)3 — coshz
— < 1= (22 (2.7)

we deduce that

5<1i (—Singm)?’ —coshx 12
im = —.
a0 (1—-(55))? 5

sinh x

Hence, the coefficient g = %2 is the best possible in inequality (2.5). The proof of Theorem is thus
completed.

O
3. Application to the Improvements of Wilker’s Inequality
The inequality
. 2
sinx tanx T
> 2 <<= 3.1
< z ) T (0<o<3) (3.1)

is called in the literature as Wilker’s inequality (see [§]). This beautiful inequality has evoked the interest
of many authors, and has motivated a lot of research papers involving its proofs, generalizations, variants
and improvements (see [1} 2] B, 10, 11} 13 [14), 16, 17, 23| 24] and the references therein).
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In 2007, an inequality of Wilker-type for hyperbolic functions was presented by Zhu [25]

. 2
(smhx) N tar;hac 59 (:17 y O). (3.2)

X

Recently, Wu et al. [I8] gave a sharpening of hyperbolic Wilker-type inequality as follows:

sinhz\? tanhz T 3
+ > 2,1+ ( . )
T T sinh z

In this section, we establish new sharpened versions of Wilker’s inequality for trigonometric and hyper-

bolic functions.

cos T — (sinx>3‘ (z #0). (3.3)

T

Theorem 3.1. If 0 <x < 3, then we have the inequality

. 2
" 39 2
(Sml) n a“">2+—(1— i ) , (3.4)

T z ) sinx
where the coefficient % is the best possible.

Proof. In order to prove inequality (3.4]), it suffices to prove that the following inequality

(ne)? 4 sinz o 39

x T COS T
> J—

(1_si§x)2 5

holds for 0 <z < 3.
By using the result of Theorem [2.1]

. 3
sinx 12 T \2 T
1_7<1_ ) ) v /)
cosz < ( " ) ( : pn ) z € ( 2)

we obtain

, , SN2 . N3 2\ 1
(sae)? 4 i 5 (82)"+ () () (- (- e)’))

(1_ siiw)2 (1_ siix)2

Let 22 — ¢ We conclude 2 <t <1 by virtue of the Jordan’s inequality (see [7])

2 sinzx
— <<

™ x

<1, ze€ (o,g).

A direct calculation gives

()" + (5 ()" (1= 2 0 50))) -2

1\2
(1-4)
7t — 103 — 29¢2
T2 — 24t + 12

Counsider the function
7t — 10t3 — 29¢2 2

Tt2 — 24t +12 s

ft) =
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Differentiating f(¢) with respect to ¢ gives

2t (168t + 408t? — 287t% + 49t — 348)

1) = (762 — 24t + 12)°
ot ((7t (27 = 7t) +19) (t — 1)> + 319(1 — t) + 10)
B (T£2 — 24t + 12)*
<0,

where %<t< 1.

It follows that f(t) is decreasing on (2

)

1). Consequently,

f(t)>f(1):% for te(21),

s

that is,

() 4 (sme) (o) (12 (1 - =) 2 g
(1) 5

sin x

By inequality (3.5]), we get

(M)Q_’_ sinz -9 39

T X CosT
> =

(1_ siﬁac)2 e

which implies the desired inequality (3.4)).
Next, we shall prove the assertion that the coefficient % is the best possible in inequality (3.4)).

Consider inequality (3.4)) in a general form as

. 2
sin x tanx T \2
+ >2+7(1—, )
T T sin x

sinz\2 tanx
sinz)2 | tans _ o
G+ -2 (3.6)

(1 - siiav)2

=<

Taking the limit in (3.6) as x — 0, we obtain

(Siﬁ)2+tanx72 32
< lim 2 z ==
TET (- )2 5

sinx

Consequently, the coefficients v = % is the best possible in inequality (3.4)). This completes the proof
of Theorem [3.11 0

Theorem 3.2. For all nonzero real numbers x, the following inequality holds

sinhz\? tanhz 8 T 2\ 2
( x > * x >2+5<1_<sinhx)> ’ (37)

where the coefficient % 1s the best possible.

Proof. To prove inequality (3.7)), it is enough to prove that the following inequality

(sin;rlx)Z 4 tarslchx -9 8
5

(- )

sinh? z
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holds for x # 0.
By appealing to inequality (2.6)) mentioned in Section 2, i.e.,

coshx < —

15 /sinhx
7

)g—i (z #0),

X

we obtain

. . . 7 -1
(SinxhCC)Q i tar;hq; _ 9 g (sm;la:)2 + (s1nxhl‘) (175 (sm;lz)s _ §> —9
- = > _

2 2
xQ 5 CC2
(1 a sinh2x> <1 o sinh2x)

Let (M) =t. Obviously, one has t > 1 in light of Lazarevié¢’s inequality

x

o] co

(S

sinh z

3
1 <coshz < ( ) (x #0).

Then, we have

-1
(sin;m:)2 + (singlm) <175 (singlm)% . ?) -9 .

2
z2 )
(1 o sinh2r>
RIS R
B (1 — t-10)2 5

7537 — 40830 — 270627 4 35¢25 + 144¢%0 + 240¢17 — 128¢1° — 120t7 + 64
5(t10 —1)% (157 — 8) '

Define a function g(t) by
g(t) = 7537 — 40630 — 27027 4 35t%° 4 144t + 240617 — 128419 — 120t7 +- 64, t € (1,400).
Differentiating g(¢) with respect to t gives
g'(t) = 5t5(555t% — 240t* — 1458t + 175¢1% + 5761'% 4 8160 — 2561> — 168)
= 5t%1(1).

where g;(t) = 555¢30 — 240¢23 — 145820 + 175¢18 4 576113 + 816¢10 — 2561% — 168.
Now, computing the derivative of gi(t) gives

gy (t) = 2t3(8325t%7 — 2760120 — 145807 + 1575¢15 4 374419 + 4080t — 384)
= 2t%ga(t).
Similarly, we have

gh(t) = 15t°(14985t%0 — 36803 — 16524¢10 + 1575¢% + 249613 + 1904)
= 15t5g3(t).

g5(t) = 4¢% (74925t'7 — 11960¢'° — 41310t" + 3150¢° + 1872)
= 447 (11960t'°(t7 — 1) + 41310¢" (+*° — 1) + 21655¢*" + 3150t> + 1872)
> 0.
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From g/3(t) > 0 for ¢ € (1,400) and g3(1) = 756 > 0, we conclude that the function g3 is increasing on
(1,+00), and deduce that g3(t) > g3(1) > 0 for t € (1, +00).
Similar to the discussions made above, by using the functional relationships

gh(t) = 15t%3(t), gi(t) =2t7g2(t), ¢'(t) = 5t01(t),

together with g2(1) = g1(1) = g(1) = 0, we deduce that each of the functions g3, g2, g1, ¢ is increasing on
(1,+00), and conclude that, for ¢ € (1, +00),

g3(t) >0, g2(t) >0, g1(t) >0, g(¢t) >0.

Hence, we have

-1
. 2 . . T

(sinha:)Q I tanhz 5 9 (smxhx) + (sm;m) <175 (Sll’lxhil?)s _ 573> —9 <

x x RS _ =

2 2 5 2 2 5
<1 o sinzhzx> (1 o sin$h2:r:>
g9()

5 (10 — 1)% (15¢7 — 8)

> 0.

Inequality (3.7)) is proved.
Next, we need to verify that the coefficient % is the best possible in inequality (3.7)). For this, we consider
the general form of inequality (3.7)), i.e.,

sinhz\? tanhz x2 2
+ >2+p(l———
T T sinh” x

(sinh:):)2 4 tanha 2
= u< x(l— wa)Q . (3.8)
sinh?

Taking the limit in (3.8) as © — 0, we obtain

(sinha:)2 4 tar;hx -9 8

u < lim z < = .

+0 (1 - sinai12a:)2 g
Thus, the coefficients % is the best possible in inequality (3.7)), that is, it cannot be replaced by a larger
constant. The proof of Theorem [3.2]is completed. O
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