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Abstract

The purpose of this article is to prove strong convergence theorems for total asymptotically strict quasi-¢-
pseudo-contractions by using a hybrid projection algorithm in Banach spaces. As applications, we apply
our main results to find minimizers of proper, lower semicontinuous, convex functionals and solutions of
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1. Introduction

Fixed point theory, as an important branch of nonlinear analysis theory, has been applied in the study
of nonlinear phenomena. The theory itself is a beautiful mixture of analysis, topology, and geometry. Lots
of problems arising in economics, engineering, and physics can be studied by fixed point techniques.

Constructing iterative algorithms to approximate fixed points of nonlinear mappings is always one of
the main concerns of fixed point theory. The simplest and oldest iterative algorithm is the Picard iterative
algorithm. It is known that 7', where T stands for a contractive mapping, admits a unique fixed point and
the sequence generated by the Picard iterative algorithm can converge to the unique fixed point. However,
for more general nonexpansive mappings, the Picard iterative algorithm fails to converge to fixed points of
nonexpansive mappings even when they admit fixed points. The Mann iterative algorithm has been studied
for approximating fixed points of nonexpansive mappings and their extensions. However, It is known that the
Mann iterative algorithm only has weak convergence, even for nonexpansive mappings in infinite-dimensional
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Hilbert spaces; for more details, see [24] [31] and the reference therein. To obtain the strong convergence of
the Mann iterative algorithm so-called hybrid projection algorithms have been considered; for more details,
see [1L [T, [12], 5] [16, [17, 28|, 29, 40, [41], 42] and the references therein.

In 2007, Marino and Xu [15] established a strong convergence theorem for fixed points of strict pseudo-
contraction based on hybrid projection algorithms in Hilbert spaces. In 2010, Zhou and Gao [42] studied a
new projection algorithm for strict quasi-¢-pseudocontractions and obtained a strong convergence theorem.
In 2011, Qin, Wang, and Cho [22] introduced a new nonlinear mapping, which was called asymptotically
strict quasi-¢-pseudocontraction, and proved a strong convergence theorem for fixed points of an asymptot-
ically strict quasi-¢-pseudocontraction in some Banach space. In 2012, Qin, Agarwal, Cho, and Kang [19]
established strong convergence theorems for common fixed points of a family of generalized asymptotically
quasi-¢-nonexpansive mappings in the framework of Banach spaces. In the same year, Qin, Wang, Kang [23]
proved strong convergence theorems for fixed points of asymptotically strict quasi-¢-pseudo-contractions, in
the intermediate, sense in a real Banach space.

In this paper, we will introduce a new nonlinear mapping, total asymptotically strict quasi-¢-pseudo-
contraction, and give a strong convergence theorem by a hybrid projection algorithm in a real Banach
space. The results presented in this paper mainly improve the known corresponding results announced in
the literature sources listed within this work.

2. Preliminaries

Throughout this paper, we assume that E is a real Banach space with the dual E*, C' is a nonempty
closed convex subset of E, and J : E — 2F" is the normalized duality mapping defined by

J(@)={f € B : (a0, f) = |l=|* = lf*|I”}, =€ E,

where (-, -) denotes the generalized duality pairing of elements between E and E*. We note that in a Hilbert
space H, J is the identity operator. The following facts are well known: (1) if E* is strictly convex then J
is single valued; (2) if E* is uniformly smooth then J is uniformly continuous on bounded subsets of E; (3)
if £* is a reflexive and smooth Banach space, then J is single valued and demicontinuous.

A Banach space E is said to be strictly convex if || Z3%| < 1 for all z, y € E with ||z| = ||ly|| = 1 and
x # y. It is said to be uniformly convex if lim,, 0 ||2, — yn|| = 0 for any two sequences {z,} and {y,} in
E such that ||z,|| = |lya|| = 1 and lim,, o0 || 224%2 || = 1. Let Ugp = {z € E : ||z|| = 1} be the unit sphere of
E. Then the Banach space FE is said to be smooth provided
o 12+ tyl =l

li

t—0 t (2'1)

exists for all x, y € Ug. It is also said to be uniformly smooth if the limit (2.1)) is attained uniformly for all
z, y € Ug. It is well known that if F is uniformly smooth, then J is uniformly norm-to-norm continuous on
each bounded subset of E. It is also well known that E is uniformly smooth if and only if E* is uniformly
convex.

Let E be a smooth Banach space. The Lyapunov functional ¢ : E X E — R defined by
$(a,y) = |le]* = 2(z, Jy) + |yl?, YV, ye b (2.2)
It is obvious from the definition of the function ¢ that
(lzll = llylh? < é(z,9) < (lzl| + lyl)?, ¥z, y € B. (2.3)

o(@,y) = ¢(x,2) + d(2,9) + 2(x — 2, Jz = Jy), Y,y z€E. (2.4)
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Observe that in a Hilbert space H, (2.2) is reduced to ¢(x,y) = ||z —yl||?, for all z, y € H. If E is a reflexive,
strictly convex, and smooth Banach space, then, for all z, y € E, ¢(x,y) = 0 if and only if z = y. It
is sufficient to show that if ¢(z,y) = 0, then z = y. From (2.3)), we have |z|| = |ly||. This implies that
(z, Jy) = ||=||* = | Jy||>. From the definition of J, we see that Jx = Jy. It follows that = = y; see [10, [34]
for more details.

Let E be a reflexive, strictly convex and smooth Banach space and let C' be a nonempty closed and
convex subset of E. The generalized projection [3, 4, 14] IIc : E — C is a mapping that assigns to an
arbitrary point x € E, the minimum point of the functional ¢(z,y); that is, gz = Z, where T is the
solution to the minimization problem

o(Z,z) = min ¢(y, x).

yeC
The existence and uniqueness of the operator Ilo follow from the properties of the Lyapunov functional
¢(z,y) and the strict monotonicity of the mapping J; see, [3, 4, [10, 14]. In Hilbert spaces, Il¢ = Pc, where
Po : H — (' is the metric projection from a Hilbert space H onto a nonempty, closed, and convex subset C'
of H.

Let T : C' — C be a mapping, the set of fixed points of T' is denoted by F(T'); that is, F(T) := {x € C :
Tx = x}. A point p is said to be an asymptotic fixed point of T' [25] if C' contains a sequence {z,} which
converges weakly to p such that lim, e ||2n — T,[| = 0. The set of asymptotic fixed points of T will be
denoted by F(T).

Next, we recall the following definitions.
(1) T is called relatively nonexpansive [7, 8, @] if F(T) = F(T) # 0, and
o(p,Tz) < ¢(p,x), VYxeC, VpeF(T).
The asymptotic behavior of a relatively nonexpansive mapping was studied in [7], 8] [9].
(2) T is said to be relatively asymptotically nonexpansive if F(T) = F(T) # 0, and
o(p, T"z) < (14 kp)o(p,x), YaxeC, VpeF(T), Vn>1,

where {k,} C [0,00) is a sequence such that k, — 0 as n — oo. The class of relatively asymptotically
nonexpansive mappings was first introduced in Su and Qin [32], see also, Agarwal, Cho, and Qin [2], and
Qin et al. [21].

(3) T is said to be hemi-relatively nonexpansive if F(T') # (), and
¢(p,Tx) < ¢(p,x), VzeCl VpeFT)

The class of hemi-relatively nonexpansive mappings was considered in Su, Wang and Xu [33], Wang, Kang
and Cho [38], Phuangphoo and Kumam [18], and Wang and Kumam [39].

(4) T is said to be asymptotically quasi-¢-nonexpansive if F(T') # (), and there exists a sequence {k,} C
[0, 00) with k, — 0 as n — oo such that

o(p, T"z) < (1 + kp)o(p,z), VaxeC, VpeF(T), ¥YVn>1.

The class of asymptotically quasi-¢-nonexpansive mappings was considered in Zhou, Gao, and Tan [43],
Qin, Cho, and Kang [20] and Saewan, Kumam and Kim [30].

(5) T is said to be generalized asymptotically quasi-¢-nonexpansive if F(T) # ), and there exist two
sequences {p,} C [0,00) with 4 — 0, and {v,,} with v, — 0 as n — oo such that

o, T"x) < (14 pn)o(p,x) + vy, VaxeC, VpeF(T), Vn>1

The class of generalized asymptotically quasi-¢-nonexpansive mappings was first considered in Qin, Agarwal,
Cho and Kang [19].
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Remark 2.1. According to the comparison with the definition above, the following facts can be obtained
easily.

(a) The class of hemi-relatively mappings and the class of asymptotically quasi-¢-nonexpansive mappings
are more general than the class of relatively nonexpansive mappings and the class of relatively asymptoti-
cally nonexpansive mappings. In fact, hemi-relatively nonexpansive mappings and asymptotically quasi-¢-
nonexpansive do not require F(T') = F(T).

(b) The class of generalized asymptotically quasi-¢-nonexpansive mappings is more general than the
class of asymptotically quasi-¢-nonexpansive mappings.

(6) T is said to be a strict quasi-¢-pseudo-contraction if F(T') # (), and there exists a constant k € [0,1)
such that
¢(p, Tx) < ¢(p,x) + ko(x, Tx), VoxeC, VpeF(T).

(7) T is said to be an asymptotically strict quasi-¢-pseudo-contraction if F(T') # (), and there exists a
sequence {u,} C [0,00) with 4 — 0 as n — oo and a constant k € [0, 1) such that

o(p, T"x) < (14 pn)d(p,x) + k(z, T"x), VYxeC, Vpe F(T), Vn>1.

The class of asymptotically strict quasi-¢-pseudo-contractions was first considered in Qin, Wang, and Cho
[22].

(8) T is said to be an asymptotically strict quasi-¢-pseudo-contraction in the intermediate sense if
F(T) # 0, and there exists a sequence {u,} C [0,00) with u, — 0 as n — oo and a constant k € [0, 1) such
that

limsup  sup  (¢(p,T"x) — (L + pn)p(p, x) — k(z,T"x)) < 0. (2.5)
n—00 peF(T)zeC

Put

vp =max{0, sup  (¢(p,T"x) = (14 pn)d(p, x) — kd(x, T"x))},
peEF(T),xeC

which follows that v, — 0 as n — oo. Then, (2.5)) is reduced to the following:

o(p, T"x) < (14 pn)d(p,x) + ko(z, T"x) + vy, Vpe F(T),YVoxel, Vn>1.

The class of asymptotically strict quasi-¢-pseudo-contractions in the intermediate sense was first consid-
ered in Qin, Wang, and Kang [23].

(9) The mapping T is said to be asymptotically regular on C' if for any bounded subset K of C,

lim sup{||7" "2z — T"z|} = 0.
€K

n—0o0 x

In this paper, we introduce and consider the following new nonlinear mapping: total asymptotically
strict quasi-¢-pseudo-contractions.

(10) T is said to be a total asymptotically strict quasi-¢-pseudo-contraction if F(T') # ), and there exist
two sequences { iy, } C [0,00) and {v,} C [0, 00) with p,, — 0 and v, — 0 as n — oo and a constant x € [0,1)
such that

o(p, T"x) < ¢(p,z) + kp(x, T"x) + pnp(P(p,z)) + vy, VaxeC, pe F(T), (2.6)
where ¢ : [0,00) — [0, 00) is a continuous and strictly increasing function with ¢(0) = 0.
Remark 2.2. The following facts can be obtained from the above definitions.

(a) If the sequence p,, = 0, the class of asymptotically strict quasi-¢-pseudo-contractions is reduced to
the class of strict quasi-¢-pseudo-contractions.
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(b) If & = 0, the class of asymptotically strict quasi-¢-pseudo-contractions is reduced to the class of
asymptotically quasi-¢-nonexpansive mappings.

(c) The class of asymptotically strict quasi-¢-pseudo-contractions in the intermediate sense is a gener-
alization of the class of asymptotically strict quasi-¢-pseudo-contractions. In fact, if kK = 0 and u = 0, the
class of asymptotically strict quasi-¢-pseudo-contractions in the intermediate sense is reduced to the class
of asymptotically quasi-¢-nonexpansive mappings in the intermediate sense.

(d) The class of total asymptotically strict quasi-¢-pseudo-contractions is reduced to the class of asymp-
totically strict quasi-¢-pseudo-contractions in the intermediate sense if ¢(x) = x for all z € [0, 00) and

v, =max{0, sup (¢(p,T"z) — (1 + pn)p(p,x) — kp(x, T"x))}.
peF(T),xeC

The definition of the closedness of T' is needed in the process of proof.

(11) T is said to be closed if for any sequence {z,,} C C with z,, - z € C and Tz, —» y € C as n — oo,
then Tz = y.

Next, we give an example of the class of total asymptotically strict quasi-¢-pseudo-contractions.

Example 2.3. Let C be a unit ball in real Hilbert space [2 and let 7 : C' — C be a mapping defined by
T: (1'1,1'2,1'2, te ) — (O,l’%,CLQIﬁQ,CLgCﬂg, ce ')7 (,Il,.fL'Q,fL'g, t ) € l2a

where {a;} is a sequence in (0,1) such that [[7°,a; = % Then, T is a total asymptotically strict quasi-¢-
pseudo-contraction.

Proof. Tt is proved in Goebel and Kirk [13] that
() Tz = Ty|| < 2|z —yll, Ve, yeC;
(ii) || Tz —T"yH < 21_[] sajllz—yll, VYV, yelCVn>2

Denote by kf =2, k:nQ =2[[}_5aj, n > 2, then

n

Limn_sookin = Limn_ye0(2 H a;)? = 1.
=2

Letting p, = (k, — 1), for all n. > 1, p(t) = ¢, for all t > 0, k € [0,1) and {,} be a nonnegative sequence
with v, — 0 as n — oo, then we have

|72 =Ty < llz — yl2 + kllz — y — (T = T2 + ez —yl) +ve Y, y e Con > 1.
Since 0 € C and 0 € F(T), this follows that F(T) # (). From the above inequality, we have
lp =TI < llp — ylI* + &lly = T"II* + pnellp — yl)) +va. ¥p € F(T), y € C.
It is well-known that (2 is a real Hilbert space, then ¢(z,y) = ||z — y||? for all z, y € I2. Therefore, we have
o, T"y) < ¢(p,y) + 50y, T"y) + pne(d(p,y)) +vm. Vp € F(T), y € C.
This show that the mapping T is a total asymptotically strict quasi-¢-pseudo-contraction. O

In order to prove our main results, we also need the following lemmas:

Lemma 2.4 ([14]). Let E be a uniformly convex and smooth Banach space. Let {xn} and {y,} be two
sequences in E. If ¢(xn,yn) — 0 and {x,} or {yn} is bounded, then x, — y, — 0 as n — oco.
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Lemma 2.5 ([3]). Let E be a reflexive, strictly convez, and smooth Banach space. Let C' be a nonempty,
closed, and convex subset of £/, and x € E then

o(y, Heoz) + ¢(Hox,x) < ¢y, z), YVyeCl.

Lemma 2.6 ([3]). Let C' be a nonempty, closed, and convez subset of a smooth Banach space E and x € E
then xg = oz if and only if
(xo —y,Jr — Jag) >0, VyeCl.

Lemma 2.7. Let E be a uniformly convex and smooth Banach space, let C' be a nonempty, closed and convex
subset of E. SupposeT : C — C'is a closed and total asymptotically strict quasi-¢-pseudo-contraction. Then,
F(T) is closed and convez.

Proof. First, we show that F(T) is closed. Let {p,} be a sequence in F(T') such that p, — p as n — oc.
We see that p € F(T). Indeed, from the definition of 7', we have

¢(Pn, T"p) < ¢(pn, p) + KA (P, T"P) + (A (P, P)) + Vn-
In addition, we have from ([2.6)) that

¢(pn, T"p) = ¢(pn,p) + ¢(0, T"p) + 2(pn — p, Jp — JT"p).
It follows that

&(pn,p) + o0, T"p) + 2(pp, — p, Jp — JT"p) < ¢(Pn,p) + £d(P, T"p) + tne(P(Pr, p)) + Vn,
which implies that

n Hn 2 n Vn
< - = (p- — ,
S0, T"p) < 7= ¢(¢(Pn,p)) + 7= (P = Pn, Jp = JT"p) +

from limy, 00 pr, = P, limy, 00 tin, = limy o0 v, = 0 and the above inequality, it follows that
lim ¢(p, T"p) = 0.
n—oo

From Lemma we have T"p — p as n — oo. This implies that TT"p = T"1p — p as n — oco. From the
closedness of T', we obtain that p € F(T'), that is, F/(T') is closed.

Next, we show that F(T') is convex. Let p1, p2 € F(T) and p; = tp1 + (1 — t)p2, where ¢t € (0,1). We
see that p; = T'ps. Indeed, we have from the definition of T' that

¢(p1, T"pe) < ¢(p1,pt) + kD (pe, T"pt) + pne(d(P1,p1)) + v,

G(p2, T"pt) < G(p2,pt) + £ (pe, T"pt) + pinp($(p2,1t)) + Vi
By virtue of (2.6|), we obtain that

Hn

Un

2
™ < - —(py — —Jr" .
O(pe, T"p) < 7 (0(p1,0e)) + T {pe =1, Ipe = JT"pe) + 17— (2.7)
n N?’l 2 n V’I’L
o(pe, T"pr) < 1_= R@@(P%pt)) t1 = R(Z?t —p2, Jpr — JT"pr) + T (2.8)
Multiplying ¢ and (1 — ¢) on both the sides of (2.7) and ({2.8]), respectively, yields that
Tlin (1 - t),un Un
Trp) < A2 Ybn .
Ope, T"pe) < 17— (0(p1,p0)) + = — — (P2, p0)) + 7

It follows that
lim ¢(pg, T"py) = 0.
n—oo
In view of Lemma , we see that T"p; — p; as n — oo. This implies that T7"p; = T p, — pr as n — .

From the closedness of T, we obtain that p; € F|(T'), that is, F'(T") is convex. Therefore, F'(T) is closed and
convex. =
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3. Main results

Theorem 3.1. Let C' be a nonempty, closed and convex subset of a uniformly conver and smooth Banach
space E. let T : C — C be a closed and total asymptotically strict quasi-¢-pseudo-contraction with two
sequences {un} C [0,00), {vn} C [0,00) such that p, — 0, v, — 0 as n — oo, and a constant k € [0,1).
Assume that T is asymptotically regular on C' and F(T) is nonempty and bounded. Let {x,} be a sequence
generated by the following manner:

xo € E chosen arbitrarily,

C1=0C,

r1 = Il xo (3.1)
Cry1 ={ueCy: d(xn, TMay,) < ﬁ—ﬁ(xn —u, Jry, — JT"xy) + 04},

Tn+1 = ch+1x07

where 0, = unf\{—’; + 72, My, = sup{p(¢(p, z,)) : p € F(T)}. Then the sequence {x,} converges strongly to
T = Upr)To, where Up7) is the generalized projection of E onto F(T).
Proof. The proof is split into six steps.

Step 1: Show that lIzyzo is well defined for any x € E.

By Lemma we know that F(T) is a closed and convex. Therefore, in view of the assumption of
F(T) # 0, Mprywo is well defined for any zg € E.

Step 2: Show that C, is closed and convex for each n > 1.

From the structure of C,, in , it is obvious that C), is closed for each n > 1. Therefore, we only
show that C), is convex for each n > 1. This can be proved by induction on n. For n = 1, it is obvious that
C1 = C is convex. Suppose that C,, is convex for some n € N. Next, we show that C,,41 is also convex for
the same n. Let wy, wy € Chpy1 and wy = twy + (1 — t)we, where t € (0,1). It follows that

¢(«73n)Tnxn) < 11—«

(X — w1, Jay — JT ") + O, (3.2)

and

O (xp, TMry) <

< l_ﬂ(xn—wl,an—JT”xn)+9n, (3.3)

where wy, wg € C),. Multiplying ¢ and (1 —¢) on both the sides of (3.2)) and (3.3)), respectively, implies that

¢(xn) Tnxn) <

> 1_’€<xn_wt7<]xn_JTnxn> + 0y,

where wy € C,. It follows that w; € Cy 41, that is, C,41 is convex for the same n. Therefore, C), is closed
and convex for each n > 1.

Step 3: Show that F(T') C C, for each n > 1.

It is obvious that F(T") C C' = C}. Suppose that F(T') C C,, for some n € N. We see that F(T') C Cp41
for the same n. Indeed, For any p € F(T) C C,,, we see that

d(p, T"xp) < G(p, ) + KP(T0, T"Tn) + PPy Tn)) + Vn. (3.4)
On the other hand, we obtain from (2.6) that

o(p, T"xy) = ¢(p, xy) + (a0, T"xy) + 2(p — Ty, Jxy, — JT"xy). (3.5)
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Combining (3.4]) with (3.5)), we have

2 v,
¢(xn7Tnxn) < %@(‘b(paxn)) + 1— K<xn - D an - JTnxn> + 1 _n,{
Hn Yn
< M — - Jr
=1_x n+1_H<$n p,Jen —J xn>+1_H
2
=1= K(mn —p,Joy — JT"x,) + O,

which implies that p € C,,11, that is, F((T') C C,4; for the same n. By the mathematical induction principle,
F(T) c C), for each n > 1.

Step 4: Show that {z,} is a Cauchy sequence.

From z,, = Ilg, zo, one sees
(xn — 2z, Jxg — Jxp) >0, V2z€C,. (3.6)
Since F(T) C Cy, for all n > 1, we arrive at
(xp —w,Jxg — Ja,) >0, Y weF(T). (3.7)
From Lemma [2.5] one has

(;S(CCn,l‘o) = ¢(ch$0,$0) < qb(w,xo) - ¢(w’ $n) < ¢(w’$0)

for each w € F(T) and n > 1. Therefore, the sequence ¢(x,,xo) is bounded. On the other hand, noticing

that z, = Ill¢g,zo and z,41 = Il¢, 70 € Cpy1 C Oy, one has

&(xn, 20) < G(Tnt1,%0)

for all n > 0. Therefore, {¢(zy,x0)} is nondecreasing. It follows that the limit of {¢(xy,, zo)} exists. By the
construction of C),, one has that C,, C C,, and z,, = Il¢,,xo € C), for any positive integer m > n. It follows
that
(T, Tn) = G(xm, e, x0)

< ¢($m, ZEO) - ¢(chx0a :EO) (38)

= ¢($ma l‘o) - ¢($n, xO)'
Letting m, n — oo in (3.8), one has ¢(z,,z,) — 0. It follows from Lemma that z,, — p, — 0 as
m, n — oco. Hence {x,} is a Cauchy sequence. Since F is a Banach space and C is closed and convex, one
can assume that x,, -z € C as n — oo.

Step 5: Show that z € F(T).

By utilizing the construction of C), and x,+1 =g, ,, 29 € Cphy1 C Cy, we have

n+1

(Tn, — Tpt1, Jrn — JT"x0) + On, (3.9)

Since limy, 00 ||€n — Tpt1|| = 0 and lim,, o 6, = 0, we have from (3.9) that

lim ¢(zy,, T"x,) — 0.
n—oo
In view of Lemma [2.4] we arrive at
lim ||z, — T"zy| = 0. (3.10)

n—oo
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Note that z,, — T as n — oo and
[T 2y — 2| < [|T"%n — 20| + |l2n — Z]|.

It follows from the above inequality that

™%, — T, (3.11)
as n — 0o. Observe that
(T 2y, — 2| < T2y — T || + | T 2, — 2. (3.12)
By using , and the asymptotic regularity of 7', we have
"y, — 7,

as n — oo, that is, TT™x, — T. From the closedness of T', we obtain that £ = T'Z.
Step 6: Show that z = Ilp1)zo.

Notice from ([3.7)), that
(X, —w,Jxg — Ja,) >0, VweF(T).

Taking the limit in the above inequality yields
(x —w,Jxg—Jz) >0, YweF(T).

Hence, we obtain from Lemma that £ = Ilp(7yzo. This completes the proof. O

Based on Theorem (3.1} we have the following corollary.

Corollary 3.2. Let C' be a nonempty, closed and conver subset of a uniformly conver and smooth Banach
space E. LetT : C — C be a closed and asymptotically strict quasi-¢-pseudo-contraction in the intermediate
sense with a sequence {u,} C [0,00) such that p, — 0 as n — oo, and a constant k € [0,1). Assume that
T is asymptotically regular on C and F(T) is nonempty and bounded. Let {x,} be a sequence generated by
the following manner:

(20 € E chosen arbitrarily,

C,=0C,

z1 = Ilg o

Crny1 ={u € Cy: ¢(xyn, TMxy,) < ﬁ(azn —u, Jry, — JT"xy,) + 0, },

Tn+l = ch+1$07

where 6, = ,unl]\f—’; + 12, M,, = sup{o(p,zn) : p € F'(T)} and

vp =max{0, sup (¢(p,T"z) = (1 4 pa)d(p, x) — ke(z, T"x))}.
peF(T),xeC

Then the sequence {x,} converges strongly to T = Upryzo, where gy is the generalized projection of E

onto F(T).

Proof. Putting ¢(x) = x for all = € [0,00) and

vy, =max{0, sup (é(p,T"x) — (1 + pn)o(p,x) — kp(x, T"x))},
peF(T),xeC

the conclusion can be obtained from Theorem [B.11 O
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Let C' be a nonempty, closed, and convex subset of a Hilbert space H, a mapping T : C — C' is said
to be a total asymptotically strict quasi-pseudo-contraction if F(T) # (), and there exist two sequences
{n} C [0,00), {v} C [0,00) with u,, — 0 and v — 0 as n — oo and a constant [0, 1) such that

1Tz = pll* < llz = pl* + Kllz — T"|* + png(llz = pl) + vn,

where ¢ : [0,00) — [0, 00) is a continuous and strictly increasing function with ¢(0) = 0.

In the framework of Hilbert spaces, we have the following result for a total asymptotically strict quasi-
pseudo-contraction.

Corollary 3.3. Let C' be a nonempty, closed and convex subset of a Hilbert space H. Let T : C' — C' be
a closed and total asymptotically strict quasi-pseudo-contraction with two sequences {u,} C [0,00), {vn} C
[0,00) such that p, — 0 and v, — 0 as n — oo, and a constant k € [0,1). Assume that T is asymptotically
regular on C and F(T) is nonempty and bounded. Let {xy} be a sequence generated by the following manner:

xg € F chosen arbitrarily,

C1=C,

x1 = Peyxo

Crs1 ={u € Cp : |log — TMap|| < 12 (@0 — w,zp — Tap) + On},

Tn+l = PCn+1x07

where 0, = pp it 4+ 2o M, = sup{@(|lp — 4||) : p € F(T)}. Then the sequence {x,} converges strongly

1-k7
to ¥ = Pp(r)T0, where Pp(ry is the metric projection of E onto F(T).

Remark 3.4. Since the class of the total asymptotically strict quasi-¢-pseudo-contractions includes the class
of asymptotically strict quasi-¢-pseudo-contractions in the intermediate sense, the class of asymptotically
strict quasi--pseudo-contractions, the class of strict quasi-¢-pseudo-contractions, the class of generalized
asymptotically quasi--nonexpansive mappings, the class of asymptotically quasi-¢-nonexpansive mappings,
the class of relatively asymptotically nonexpansive mappings, and the class of hemi-relatively nonexpansive
mappings as special cases. So, Theorem improves many current results, see Su, and Qin [32], Su, Wang,
and Xu [33], Wang, Kang, and Cho [38], Zhou, Gao, and Tan [43], Qin, Cho, and Kang [20], Qin, Wang,
and Kang [23], Qin, Wang, and Cho [22].

4. Applications

4.1. Application to optimization problems

In this part, we consider minimizers of proper, lower semicontinuous, and convex functionals. Let T be
a mapping of E into 2. The effective domain of T is denoted by D(T), that is, D(T) = {x € E : Tz # ()}.
The range of T is denoted by R(T), that is, R(T') = U{Tz : x € D(T)}. A multi-valued operator T': E — 2F"
with graph G(T') = {(z,z*) : * € T} is said to be monotone if for any z, y € D(T'), * € Tx and y* € Ty,

<«T—y,.’lf*—y*> > 0.

A monotone operator T is said to be maximal if its graph G(T') is not properly contained in the graph of
any other monotone operator. If F is reflexive and strictly convex, then a monotone operator 1" is maximal
if and only if R(J + rT) = E* for all r > 0, see [27, [35] for more details.

Let E be a Banach space with the dual E*. For a proper lower semicontinuous convex function f : £ —
(—o0, 0], the subdifferential mapping 0f C E x E* of f is defined as follows:

of(x) ={a* € E*: f(y) > f(z)+ (y —z,2"), Vye E}, VzxekE.
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From Rockafellar [26], we know that Of is maximal monotone operator, and 0 € Jf(v) if and only if
f(v) = mingep f(x). For each » > 0, and x € E, there eixsts a unique x, € D(9f) such that

Jx € Jr,. +rdfx,.
If J,x = x,, then we can define a single valued mapping J, : E — D(9f) by
Jr = (J+rof)~ 1,
which is said to be the resolvent of df. We affirm that (9f)~10 = F(J,) for all r > 0. In fact,

we F(J)eu=Ju=J+rdf) " Jus Juc Ju+rdfu
s0erdfus0cifucuc ()10, Vr>0.

It is well known that if df is a maximal monotone operator, then (9f)~!0 is closed and convex. In
view of Lemma 4.2 of Wang, Kang, Cho [38], we learn that J, is a closed hemi-relatively nonexpansive
mapping. Notice that every hemi-relatively nonexpansive mapping is a total asymptotically strict quasi-¢-
pseudo-contraction. In view of Theorem the following theorem is obtianed immediately.

Theorem 4.1. Let C' be a nonempty, closed and conver subset of a uniformly convex and smooth Banach
space E. Let f : E — (—00,00] be a proper, lower semicontinuous, and convez function, Of the subdiffer-
ential mapping of f, J. the resolvent of Of. Assume that (0f)~1(0) is nonempty. Let {x,} be a sequence
generated by the following manner:

xg € E chosen arbitrarily,

C1=C,

z1 =g, 2o (4.1)
Cnt1 ={u € Cy: ¢(xn, Jran) < 2(xy — u, Jon, — JJp20)},

Tn+l1 = HCn+1 Zo,

where v > 0. Then the sequence {x,} converges strongly to T = Ilgp-1(0)z0, where Wgp)-1() is the
generalized projection of E onto (0f)~1(0).

4.2. Application to equilibrium problems

In this part, we consider the problem for finding a solution to equilibrium problems. Let C' be a nonempty,
closed, and convex subset of a Banach space E. Let f: C' x C' — R be a bifunction satisfying the following
conditions:

Al) f(z,y) =0 for all z € C;

A2) f is monotone, that is, f(z,y) + f(y,z) <0 for all z, y € C;
A3) limsupyo f(tz + (1 —t)z,y) < f(x,y) for all z, y, z € C;
A4) f(z,-) is convex and lower semicontinuous for all z € C.

(
(
(
(

The mathematical model related to equilibrium problems is to find £ € C such that
f(@,y) >0, Vyel. (4.2)

The set of solutions to equilibrium problems (4.2)) is denoted by EP(f). The following lemma can be obtained
in Blum and Oettli [6]:
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Lemma 4.2. Let C be a closed convexr subset of a smooth, strictly convex, and reflexive Banach space F,
and let f be a fibunction from C x C to R satisfying (A1)-(A4), and let v > 0 and x € E. Then, there exists
z € C such that

1
f(z,y) + ;(y—z,Jz— Jzr) >0, VyeC.
The following lemma can be found in Takahashi and Zembayashi [37]:

Lemma 4.3. Let C be a closed convex subset of a uniformly smooth, strictly convex, and reflexive Banach
space E, and let f be a fibunction from C x C to R satisfying (A1)-(A4). Forr >0 and x € E, define a
mapping T, : E — C as follows:

1
Trz::{ZGC:f(z,y)+;<y—z,Jz—Jw>20, VyeC}, VzekFE.

Then, the following hold:

(1) T, is single-valued;
(2) T, is a firmly nonexpansive-type mapping, i.e., for all z, y € E,

(Tyx — Ty, JTox — JTyy) < (Trx — Ty, Jx — Jy);
(3) R(T;) = EP(f);
(4) EP(f) is closed and convez.
Motivate by Takahashi et al. [36] in a Hilbert space, we obtain the following lemma:

Lemma 4.4. Let C be a closed convex subset of a uniformly smooth, strictly convez, and reflexive Banach
space E, and let f be a fibunction from C x C to R satisfying (A1)-(A4). Let Ay be a multi-valued mapping
of E into E* defined by

e B fay) 2 —a ), YyeC), e
e 0, x ¢ C.

Then, EP(f) = AJTIO and Ay is a mazimal monotone operator with D(Ay) C C. Furthore, for any x € E
and r > 0, the resolvent T, of f coincides with the resolvent of Ay; i.e.,

Tox = (J +rAp) Tz

Proof. First, we show that EP(f) = A;l(). In fact, we have that

u€ EP(f)< f(u,y) >0, VyeC
< flzy) 2 (y—u0%), Vyel
<:>O*€Afu
@uEAJﬂO.

We show that A is monotone. Let (21, 27), (22,25) € Ay. Then, we have, for all y € C,

f(x1,y) > (y —21,21) and  f(x2,y) > (y — x2,23)

and hence
f(z1,29) > (xo —x1,2]) and f(xa,x1) > (21 — X2, 25).
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It follows by applying (A2) that
0> f(xy,x2) + f(xa,21) > (2 — 21, 27) + (1 — @2, 25) = — (1 — T2, 2] — 23).

This implies that Ay is montone. Next, we show that Ay is maximal monotone. To prove that Ay is maximal
monotone, it is sufficient to show that R(J +rAy) = E* for all » > 0. Let € E and » > 0. Hence, in view
of Lemma there exists z € C such that

1
f(z,y)+;<yfz,szJ$>20, VyeC.
Therefore we obtain that 1
f(z,y)2<y—zv;(Jw—JZ)>, Vyed.

In view of the definition of Ay, we have
1
Az 3 ;(Jx — Jz),

which implies that Jo € Jz +rAfz. Hence E* C R(J +1Af). So, R(J +1Af) = E* and at the same time,
Jx € Jz + rAysz implies that T,z = (J 4+ rAf)~'Jz for all z € E and r > 0. This completes the proof. [

Theorem 4.5. Let C' be a nonempty, closed and convex subset of a uniformly conver and smooth Banach
space E. Let f be a bifunction from C x C to R satisfying (A1)-(A4) and T, be defined as Lemmafor
r > 0. Assume that EP(f) is nonempty. Let {x,} be a sequence generated by the following manner:

xg € E chosen arbitrarily,

¢ =0,

z1 = Ilg o

Cnt1 ={u € Cy : ¢(zp, Trzy) < 2(xy —u, Joy, — JTrzp) }

Tn4+1 = ch_HSC().

Then the sequence {x,} converges strongly to T = Ugp(r)xo, where Ilgp ) is the generalized projection of
E onto EP(f).

Proof. From Lemma @, we know that T). be regarded as the resolvent of Ay for > 0. By using Theorem
we have that the sequence {z,} converges strongly to = = (a;)-1(0)%o- From Lemma we get

EP(f) = A;l(O). So, the sequence {w,} converges strongly to ¥ = Ilgp(s)o. O

5. Numerical Examples

In this section, we give an numerical example of a maximal monotone operator to illustrate our result.

Example 5.1. Let E =R, C =[0,1], Tz = %a:, Az = x. From the definition of T', it is obvious that 0 is
the unique fixed point of 7', that is, F'(T) = {0}. Since

11 1 1 1
Tz — Ty + [(Id — T)x — (Id — T)y|* = 57 = §y|2 tlo—Sr—(y- 5.@)!2 =5l —y]* < |z —yl,

it follows that 7" is a firmly nonexpansive mapping. From [5], we have A = T~! — Id is maximally monotone
and the resolvent operator J4 = T. On the other hand, we have

1
(0, Jaz) = (0, Tx) = 0" = (0, JTw) + [Tx[* = J2® < 2% = |0]* = {0, Jz) + |a]* = ¢(0, ),
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it follows from Lemma 4.2 of Wang, Kang, Cho [3§] that T is a closed hemi-relatively nonexpansive mapping.
From (2.2), we compute that

1
Oz, Jazy,) = |a:n|2 — 2xy, Jazy) + |J,4:Un|2 = in (5.1)
and )
2xy —u, Jxy — JJaxy) = 2(xy — u, Jx, — J§x"> = x% — Zau. (5.2)

From (5.1)), (5.2), and the C),4+1 of the algorithm (4.1)) can be evolved into the following:
3
Cpnt1={ueCp:u< Zx"}'
Therefore, the algorithm (4.1)) can be simplified as

(20 € R chosen arbitrarily,

C,=C=]0,1],

z1 = e, xo (5.3)
Cpnt1={ueCy:u< %xn},

3
Tn4+1 = ch+1$0 = Z(L'n.

So, the sequence {x,} converges strongly to z = II A-1(0)%o = 0 by using Theorem

Take initial point z¢ € (1,400) arbitrarily, the numerical experiment result using software Matlab 7.0 is
given in Figure 1, which shows that the iteration process of the sequence {z,} converges to 0.

ost

08

n

o7

06|

os}

0.4

value of the sequence:

03}

o2}

o1

o 5 10 15 20 25
muraber of iterations: n

Figure 1: x9 € (1,+00), the convergence process of the sequence {z,} in Example 5.1
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