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Abstract

Recently, fractional k-integral operators have been investigated in the literature by some authors. Here,
we focus to prove some new fractional integral inequalities involving generalized fractional k-integral operator
due to Sarikaya et al. for the cases of synchronous functions as well as of functions bounded by integrable
functions are considered. (©2016 All rights reserved.
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1. Introduction

In 1882, P. L. Chebyshev[I2] was established the Chebyshev functional , which has attracted many
researcher’s attention due mainly to diverse applications in numerical quadrature, transform theory, prob-
ability and statistical problems. Among those applications, the functional has also been employed to
yield a number of integral inequalities (see, e.g., [I}, 2l 3 [5, O, 13 14} 15} 16}, 17, 20} 23, 25, 29, 33, 34]). This
is defined as (see [12]):
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where f, g : [a, b — R are two integrable functions on [a,b] and p(x) and ¢(z) are positive integrable
functions on [a, b]. If f and g are synchronous on [a,b], i.e.,

(f(z) = f(y) (9(x) —g(y)) = 0 (1.2)

for any z, y € [a, b], then we have (see [27]):

T(f.9.p,q) = 0. (1.3)
The inequality in is reversed if f and g are asynchronous on |[a, b}, i.e.,
(f(x) = f(y) (9(z) —g(y)) <0 (1.4)

for any =, y € [a, b]. If p(z) = ¢(x) for any x, y € [a, b], we get the Chebyshev inequality (see [12]).
Ostrowski [30] established the following generalization of the Chebyshev inequality:
If f and g are two differentiable and synchronous functions on [a, b], and p is a positive integrable
function on [a, b] with |f'(z)| > m and |¢'(x)| > r for = € [a, b], then we have

T(f.9,p) =T(f,9,p,p) > mrT(x—a,x—a,p)>0. (1.5)

If f and g are asynchronous on [a, b], then we have
T(f,g,p)§mrT(x—a,x—a,p)§O. (16)

If f and g are two differentiable functions on [a, b] with |f/(z)] < M and |¢'(x)| < R for = € [a, b] and p
is a positive integrable function on [a, b], then we have

T(f,9.p)| < MRT(z —a,z —a,p) < 0. (1.7)
Here, we begin with the following definitions.

Definition 1.1. Let k > 0, then the generalized k—gamma and k—beta functions defined by [I§]:

lim  n!k*(nk)% —1

Ti(@) = n — 0o (T)n.k

(1.8)

where (), 1 is a Pochhammer k-symbol defined by

()i = x(x + k) (z+2k) - (x4 (n—1Dk), (n>1).
k
Definition 1.2. The Mellin transform of the exponential function e~ 'F is the k— gamma function defined
as:

(0.) tk
L' :/ t*le=Fdt, R(x)>0.
0

Clearly
lim

ko 1 Dp(z) =ki~' and Typ(z+ k) = al(2).

I(z) =
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The inequalities involving fractional integral operators has gained considerable popularity and impor-
tance during the past few years. In literature point of view many fractional integral operators already proved
their importance. Very recently, fractional operator, whose derivative has no singular kernel introduced by
Caputo and Fabrizio [10, 26]. Motivated by above work many researchers applied new derivative in certain
real world problems (see, e.g., |4l 6] [7, 8, 111 19} 21l 22]). In the sequel, recently, k-extensions of some familiar
fractional integral operator like Riemann-Liouville have been investigated by many authors in interesting
and useful manners (see [31], 32]). Here, we begin with the following.

Definition 1.3. If £ > 0, let f € Li(a,b), then the Riemann-Liouville k-fractional integral RS, of order
a >0 and a > 0 for a real-valued continuous function f(¢) is defined by ([28], see also [32]):

R LF0) = 7

t —T%_l T)dT o T>a .
o [ =i >0 a). (19)

For k = 1, equation ([1.9)) reduces to the classical Riemann-liouville fractional integral.

Definition 1.4. If k > 0, let f € L1 ,[a,b] then the generalized Riemann-Liouville k-fractional integral R}/
of order @ > 0, > 0 and r € R\{—1} for a real-valued continuous function f(t) is defined by ([31]):

(14r)F

A /t(tr+1 — YL (n)dr,  (t € [a,b]), (1.10)

Ry )} =
where I'j; is the Euler gamma k-function.
For a = 0, it is easy to see that

Ry Af)} =Ry {f(1)}
The (1.10|) has the following properties

RO RGO} = REEPT {700} = RO { R s ()] (1.11)
and

(tT+1 _ Tr+1)%—1

(r+1)5Tp(a+ k)’

Here, our purpose is to prove k-calculus analogous of some classical integral inequalities and prove k-
generalizations of the Chebyshev integral inequalities by using the generalized Riemann-Liouville fractional
k-integral operator. For our object we consider the case of synchronous functions as well as the case of
functions bounded by integrable functions.

We organize the paper as follows: in Section[2] we prove two inequalities involving a generalized Riemann-
Liouville k—fractional integral operators for synchronous functions and Section [3| contains some new in-
equalities involving generalized fractional k-integral operator in the case where the functions are bounded
by integrable functions and not necessary increasing or decreasing as are the synchronous functions.

Ry A1} = a > 0. (1.12)

2. Inequalities involving generalized fractional k-integral operator for synchronous functions

This section begins by presenting two inequalities involving generalized fractional k-integral operator
(1.10) stated in Lemmas and

Lemma 2.1. Let f and g be two continuous and synchronous functions on [0, co) and u, v : [0,00) — [0, 00)
be continuous functions. Then the following inequality holds true:

Ry {u} (0) By {v g} (1) + By {o} (1) Ry {u f g} (2)
> Ry {u fy () By {ogh () + Ry {o £} () By {ug} (#)
forallt >0,k >0, a >0 and r € R\{—1}.

(2.1)
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Proof. Let f and g be two continuous and synchronous functions on [0, co). Then, for all 7, p € (0,t) with
t > 0, we have

(f(r) = f(p)) (9(1) —g(p)) = 0 (22)
or, equivalently,

f()g(r) + f(p)g(p) = f(T)g(p) + f(p)g(T). (2.3)

—a 1y 21
Now, multiplying both sides of ([@2.3) by &) * ,g;:(:)f Tk

equality with respect to 7 from 0 to ¢, and using (1.10]), we get

Ry {uf g} () + f(p)g(p) Ry {u} (8) = g(p) Ry {u f}(8) + f(p) Ry (2.4)

u(7), and integrating the resulting in-

*% (tr+1_p'r+1)%*1

1
Next, multiplying both sides of (Z.4) by 12— =

v(p) and integrating the resulting inequal-

ity with respect to p from 0 to t and using ((1.10]), we are led to the desired result (2.1)). O

Lemma 2.2. Let f and g be two continuous and synchronous functions on [0, co) and let u, v : [0,00) —
[0,00) be continuous functions. Then the following inequality holds true:

Ry {o} (4) Ry {u f g} (t) + R {v f g} (1) R {u} (1)
> R {vg} () Ry {u f} (t) + R {v f} (t) Ry {ug} (t)
forallt >0,k >0, a >0 and r € R\{—1}.

(2.5)

1*% (tr+1_pr+l)%*1

Proof. Multiplying both sides of ([2.4) by(HT) TR (0) v(p), which remains nonnegative under the

conditions in (2.5) and integrating the resulting inequality with respect to p from 0 to ¢ and using (1.10]),
we get the desired result ([2.5)). O

Theorem 2.3. Let f and g be two continuous and synchronous functions on [0, 00) and let l,m,n : [0,00) —
[0,00) be continuous functions. Then the following inequality holds true:

2RY{UY () [Ry" {m} (8) Ry {n f g} (¢) + R {n} (1) Ry {m f g} (1))
+ 2Ry {m} () Ry {n} (6) R {1 f g} (1)
> Ry {1} () [RY" {m f3 (6) By {ng} (t) + Ry {n f} () By {m g} (t)] (2.6)

+ R m} () [RYy{LFY (@) Ry {ng} () + Ry {n f} (t) By {Lg} (t)]

+ R} () [RYT{UFY () Ry {mg} () + Ry {m [} (8) Ry {Lg} (t)]
forallt >0,k >0, a >0 and r € R\{—1}.
Proof. By setting u = m and v = n in Lemma we get

Ry {m} () By {n fg} (t) + Ry {n} (6) B {m f g} (1)
> Ry {m f} () Ry {ng} () + By {n f} () By {m g} (¥).

Since R;"" {I} (t) > 0 under the given conditions, multiplying both sides of by Ry" {1} (t), we have

Ry {1} (8) [RY" {m} () B {n f g} (t) + Ry" {n} () B {m f g} (¢)]
> Ry {13 () [Ry" {m fY(O) B {ng} (t) + B {n £} () B {mg} (1)] -
Similarly replacing u, v by [, n and u, v by [, m, respectively, in (2.1]), and then multiplying both sides of
the resulting inequalities by R {m} (t) and R;" {n} () both of which are nonnegative under the given
assumptions, respectively, we get the following inequalities:

R {m} (t) [Ry" {1} (0) By {n £ g} () + Ry {n} (t) B {1 f g} (t)]
> Ry {m} (t) [Ry"{LfH () By {ng} (t) + B {n f} () Ry {1 g} (¢)]

(2.7)

(2.8)

(2.9)
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and
R {n} (1) [R" {1} (8) Ry {m f g} (t) + R {m} (t) Ry {1 f g} ()]

> Ry {n} (t) [RT{UF} () Ry {mg} () + R {m f} (1) Ry {1 g} (1)] -
Finally, by adding (2.8)), (2.9) and (2.10)), sides by sides, we get the desired result ({2.6]). O

Theorem 2.4. Let f and g be two continuous and synchronous functions on [0, co) and let [, m, n :
[0, 00) = [0, 00) be continuous functions. Then the following inequality holds true:

(2.10)

Ry {0} () | 2R3 {m} (1) R {n f g} (t) + By {n} () RY™ {m f g} (1)
+RY {n} (t) Ry {m f g} (t)] +RYT{LF g} (8) | RY {m} () RY" {n} (1)
FRYT (0} (t) RET {m) (1)
> Ry {1} ()[R {m £} (0) B {ng} (8) + Ry {ma} () RY" {n f} ()]
R (m} ()[BT {LFY (O B {ng) (8) + BYT {19 (0 BY" {n 1} (1)
R {n} (8) [ BT {LFY (@0 R {mog} (0) + BT {Lg} (0) RE {m f} (1))

forallt>0,k>0,a>0,8>0 andr € R\{-1}.

(2.11)

Proof. Setting w =m and v = n in (2.5]), we have

R {n} (t) R {m f g} (t) + R} {n f g} (t) RY" {m} (t)
> Ry {ng} (t) RY" {m £} (8) + R {n f} (t) RY" {m g} ().

Multiplying both sides of (2.12)) by R} {l} (t), after a little simplification, we get

(2.12)

Ry {1} ()[R {n} (8) By {m f g} (&) + RY7 {n f g} () By {m} ()]

(2.13)
> BT (2) (R {ng} (0) By {m [} () + RY {n [} (0) By {mg} ()]

Now, by replacing u, v by [, n and u, v by [, m in ({2.5|), respectively, and then multiplying both sides of the
resulting inequalities by R} {m} (t) and R}"" {n} (t), respectively, we get the following two inequalities

R {m} (1) [RY7 {0} () RY™ {Lf g} (0) + R {n f g} (6) BY" {1} (1)

(2.14)
> By {m} () [RY {ng} () By (LY () + RY {n £} (0) By {Ug} (1)

and
R {n) (6) [RET {m) (6) RY {1 g} (1) + BE™ {m £ 9} (6) RS {1} ()]

> B {n} ()[R {m g} (0) R {0FY () + RE {m £} () RY" {19} (1)) -

Finally we find that the Inequality (2.11)) follows by adding the Inequalities (2.13)), (2.14]) and (2.15)), sides
by sides. O

(2.15)

3. Inequalities involving generalized fractional k-integral operator for bounded functions

In this section we obtain some new inequalities involving fractional k-integral operator in the case where
the functions are bounded by integrable functions and not necessary increasing or decreasing as are the
synchronous functions.



K. S. Nisar, et al., J. Nonlinear Sci. Appl. 9 (2016), 3376-3387 3381

Theorem 3.1. Let f be an integrable function on [0,00) and u,v : [0,00) — [0,00) be continuous functions.
Assume that:

(Hy) There ezist two integrable functions 1, @2 on [0,00) such that
e1(t) < f(t) < a(t) forall te][0,00).
Then, for allt > 0,k >0, « > 0 and r € R\{—1}, we have

Ry {upa} (8) Ry {v £} (1) + Ry {u f} (0) By {ven} (1)

> RO {uga} () RS {oa} () + R {u ) (0 TR o ) (0). 3
Proof. From (Hy), for all 7 > 0, p > 0, we have
(¢2(7) = (7)) (F(0) = 91(9)) 2 0.
Therefore
p2(T)f(p) +1(p) f(T) = @1(p)ipa(T) + f(7) f(p)- (3:2)

(L+7)' 7k (! — )]
klk(a)

Multiplying both sides of 1) by u(r), 7 € (a,t) and integrating both sides

with respect to 7 on (0,t), we obtain

Ry {upa} (1) f(p) + Ry {u f} (t)¢e1(p)
> Ry {upa} (H)pi(p) + Ry {u f}(t)f(p).

(140)17% (1 = )it
KLy ()
with respect to p on (0,t), we get inequality (3.1)) as requested. This completes the proof. O

(3.3)

Multiplying both sides of l' by v(p), p € (a,t), and integrating both sides

As special cases of Theorem we obtain the following results:

Corollary 3.2. Let f be an integrable function on [0,00) satisfying m < f(t) < M for all t € [0, 00),
u,v : [0,00) = [0,00) be continuous functions and m,M € R. Then for all t > 0,k > 0, « > 0 and
r € R\{-1}, we have

MR {u} (t) Ry {v £} (£) + mRy" {u f} (8) Ry {v} (t)
> mMRY" {u} (t) RS {v} (1) + RS {u f} (t) RY {v f} ().

Corollary 3.3. Let f be an integrable function on [1,00) and u,v : [0,00) — [0,00) be continuous functions.
Assume that there exists an integrable function ¢(t) on [0,00) and a constant M > 0 such that

p(t) — M < f(t) < o(t) + M,
then for allt > 0,k >0, @ >0 and r € R\{—1}, we have
Ry {ued (8) By {o f1(8) + By {u f} (@) B {v o} ()
+ MR {u} (t) By {v f} (1) + MR {v} (8) Ry {u e} (1)
+MPRY" {u} (t) Ry {v} (1)

> R {up} (8) Ry {v b (1) + By {u f} () By {v £} (1)
+ MR {u} (t) Ry {v o} (t) + MR {u f} (1) Ry {v} (2).
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Theorem 3.4. Let [ be an integrable function on [0,00), u,v : [0,00) — [0,00) be continuous functions
and 61,05 > 0 satisfying 1/01 + 1/605 = 1. Suppose that (Hy) holds. Then, for allt > 0,k > 0, « > 0 and
r € R\{-1}, we have

T ar a,r 1 a,r a,r

G R O RY {u(or = M () + g B ) R {0 (F =) | (1)

th
LT LT LT LT .4
+ R {uea} (0 By {o ok (1) + R {u () By v f} (1) (34
> R {upa} (8) By {u f1() + Ry {u £} () Ry {ven} (B).
Proof. According to the well-known Young’s inequality [27]
1, 1, 11
011‘ +92y > xy Ve,y >0, 61,02 >0, 014-92 1,
setting © = pa(7) — f(7) and y = f(p) — ¢1(p), 7,p > 0, we have
1 1
E(W(T) — f)" + @(f(ﬂ) —1(p)” = (p2(r) = F(D))(F () = p1(p))- (3.5)
Multiplying both sides of (3.5)) by
1+ 2229 (gl _ gL el ey § -1
(14> LG AL

(kTx(cr))?
for 7, p € (0,t), and integrating with respect to 7 and p from 0 to ¢, we deduce the desired result in (3.4). [

Corollary 3.5. Let f be an integrable function on [0,00) satisfying m < f(t) < M for all t € [0,00),
u,v : [0,00) — [0,00) be continuous functions and m,M € R. Then for allt > 0,k > 0, « > 0 and
r € R\{—1}, we have

(m 4+ M)2RY" {u} (t) R {0} (t) + 2Ry {u f} (t) RY" {v f} (t)
+ Ry {o f7} (8) (RY" {u} (1) + Ry {v} (1))
> 2(m+ M) (R {u f} () RY" {v} (t) + Ry {u} (t) Ry {v £} (1))

Theorem 3.6. Let f be an integrable function on [0,00), u,v : [0,00) — [0,00) be continuous functions and
01,02 > 0 satisfying 01 + 02 = 1. In addition, suppose that (Hy) holds. Then, for allt > 0,k >0, a > 0 and
r € R\{—1}, we have

1Ry {u g}t (t) Ry {v} (t) + 02 R {u} (8) Ry {v £} (t)
> 0, RO {u £} (£) RO {0} () + 02R {u} (£) RO {v o1} (£) (3.6)

+ By {u(or = N} O R {0 (F =00} (1),
Proof. From the well-known Weighted AM-GM inequality [27]
61x+92y2x91y92 Ve,y >0, 61,00 >0, 01 +60:=1,
by setting x = a(7) — f(7) and y = f(p) — v1(p), 7, p > 1, we have
01(02() = f(1)) + 02(F(p) = 1(p)) = (02(7) = F(T)* (f(p) — #1(p))*. (3.7)
Multiplying both sides of by

(1_}_)2*2% (tr+l — 7.7“+1)%71 (t+1 — pr—l—l)%fl
(KTk(a))?
for 7, p € (0,¢), and integrating with respect to 7 and p from 0 to ¢, we deduce inequality (3.6]. O

u(T)v(p)
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Corollary 3.7. Let f be an integrable function on [0,00) satisfying m < f(t) < M for all t € [0, 00),
u,v : [0,00) — [0,00) be continuous functions and m,M € R. Then for all t > 0,k > 0, « > 0 and
r € R\{-1}, we have

(M —m) R {u} (t) Ry {o} (1) + B {u} (1) By {v £} (1)
> BY7 {u f} (4 By (o} () + 2Ry {u /M =T} (0 B {v/F=m} ().
Lemma 3.8 ([24]). Assume thata >0, p>¢q>0 and p # 0. Then

p_

a q,a=r q,a
ar < | =k'r a+ kv | for any k > 0.
p

Theorem 3.9. Let f be an integrable function on [0,00), u : [0,00) — [0,00) be a continuous function and
constants p > q > 0, p # 0. In addition, assume that (Hy) holds. Then for allt > 0,k > 0, « > 0 and
r € R\{—1}, the following two inequalities hold:

() B {uler = 17} )+ KT R Quf) (1)

< %k%Rg"‘ {upa} () + p%’k%RS” {u} (),

B (3.8)
i) B {ulf = e0)? f O+ KR {werh (1)
< %k%fzg” {uf} () + ]%k%Rg” () (4).
Proof. By condition (H;) and Lemma [3.8] for p > ¢ > 0, p # 0, it follows that
(p2(7) = f(1)¥ < gﬁ«om — f)+*2 . Tk, (3.9)

(1+)1—% (1 — gyl
kLg(e)

the resulting identity with respect to 7 from 0 to ¢, one has inequality (7). Inequality (i) is proved by setting

a= f(1) — ¢1(7) in Lemma O

Corollary 3.10. Let f be an integrable function on [0,00) satisfying m < f(t) < M, for all t € [0, 00),
u,v : [0,00) — [0,00) be continuous functions and m,M € R. Then for allt > 0,k > 0, « > 0 and
r € R\{—1}, we have

for any k& > 0. Multiplying both sides of 1' by u(7), 7 € (0,t), and integrating

<
>

(i) 2Ry {u /M= F} )+ Ry {uf} () < (M + DR {u} (1),

(ii) 2Ry {u/F=m} (&) + (m— )Ry {u} (1) < Ry {uf} (1),

Theorem 3.11. Let f and g be two integrable functions on [0,00) and u,v : [0,00) — [0,00) be continuous
functions. Suppose that (Hy) holds and moreover we assume that:

(H2) There exist 11 and 1y integrable functions on [0,00) such that
P1(t) < g(t) < apa(t) for all te€[0,00).

Then, for allt >0,k >0, a > 0,a > 0 and r € R\{—1}, the following inequalities hold:

(1) Ry {upa} () B {v g} (1) + By {u f} (1) By {v e} (1)
> Ry {upa} (8) Ry {o g} (1) + Ry {u f3(8) Ry {v g} (4),
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(i) Ry {udba} (t) Ry {o £} (1) + R {ugh (t) R {ver}

( (t)
> Ry {uba} (8) By {ver} (t) + Ry {ug} ()
)

0 R {v £} (1),
(i) Re™ {ua} (1) BET v s} (8) + R {u Y (1) Be” {v g} (1)

> RE7 {upo} () R g} (8) + B {u f} (6) RE" {ouin} (2),
(i) RE7 {wpr} () BE {odn} () + BE {u f} (0) B {v g} (1

> RE {upr) () R {vgh (1) + RE {u f} (6) R {vn} (2).

Proof. To prove (i), from (Hy) and (Hsz), we have for t € [0, 00) that

(p2(1) = f(7)) (9(p) — ¥1(p)) = 0.
Therefore

02(7)g(p) + 1(p) f (1) = 1(p)p2(T) + f(T)g(p)- (3.10)
o . (1) % (et — )t . . .
Multiplying both sides of (3.10) by KTn(a) u(r), 7 € (0,t) and integrating both sides
k
with respect to 7 on (0,t), we obtain
9(p) Ry {uepa} (t) + Vi(p) By {u f}(8) = i(p) Ry {uw2} (1) + g(p) Ry {u f} (1) (3.11)
o ‘ (1+)1—% (tr+1 _ pr—&-l)%—l ' . .
Multiplying both sides of (3.11)) by KTn(a) v(p), p € (0,t), and integrating both sides
k(o

with respect to p on (0,t), we get the desired inequality (7).
To prove (ii)-(iv), we use the following inequalities
(@) (P2(1) = g(7)) (f(p) = #1(p)) 2 0,
(i@d) (p2(7) = f(7)) (9(p) — ¥2(p)) <0,
(@) (p1(7) = (7)) (9(p) = ¥1(p)) < 0. O

Theorem 3.12. Let f and g be two integrable functions on [0,00), u,v : [0,00) — [0,00) be continuous
functions and 01,09 > 0 satisfying 1/61 + 1/02 = 1. Suppose that (Hi) and (Hsz) hold. Then, for all
t>0,k>0,a>0 and r € R\{—1}, the following inequalities hold:

(0B {uler = NP OB (0} 0+ 5 By {o v — 0) } ) B {u} (0

+ R {uea} (8) By {v g} (8) + By {u f} () By {vba} (1)
> R {upa} () By {v e} (1) + Ry {u f}(8) By {vg} (1),

(i) Ry {utoa = 1"} O B {0 (2 - 9)" } 0

o (=0} O R {ne2= 0} 0

> Ry {u(p2 = f) (V2 — 9)} () By {v (¥2 — g) (02 — )} (1),

+

(iii)ellRZ"r {u (f - @1)91} () RS {v} () + QIQRg"‘ {v (g — w1>92} (t) RY" {u} ()

+ Ry {u f} () By {on} (8) + By {uen} (8) Ry {vg} (1)
> R {u f}Y () Ry {v g} (1) + By {uen} (8) Ry {vah} (1),

()5 B {u(f = o) } () B {v o —o0)" } ()
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s {ulg -} O R {07 e} @)

> R {u(f — 1) (9 — 00} () RY T (g — 0n) (f — 91)} (0.

Proof. The inequalities (i)-(iv) can be proved by choosing the parameters in the Young inequality [27]:
(1) @ =a(r) = f(7), y=1b(p) —9(p),

(i) == (p2(7) = F(T))(W2(p) = 9(p)):  y = (Y2(7) = 9(7))(#2(p) = f(p),

(iif) == f(r) —¢1(r), y=9(p) —1r(p),
)z =(f(r) =e1(M)(g(p) = ¢1(p),  y = (9(7) =1 (1))(f(p) = 1(p))-

X

(iv)

Theorem 3.13. Let f and g be two integrable functions on [0,00), u,v : [0,00) — [0,00) be continuous
functions and 01,02 > 0 satisfying 61 + 62 = 1. Suppose that (Hy) and (Hz) hold. Then, for allt > 0,k > 0,
a >0 and r € R\{—1}, the following inequalities hold:
(1) Or1Ry" {ugpa} (1) Ry {v} (8) + 62 Ry {v b} () B {u} (1)
> 00RYT {u ) (0) R {0} (1) + 02RS7 {0.9} () B {u} (1)

+ Ry {ulpe = N0 B {o (2 9) } ),

(i) O1Ry" {upa} (t) Ry {viba} () + 1R {u f} (¢) Ry {v g} (1)
+ 2R {upa} (1) R {v o} (1) + 02 Ry {u g} (¢) Ry {v f} (1)
> 01Ry" {upa} (t) Ry {vg} (t) + 01 R {u f} () Ry {v e} (1)
+ 2R {upe} () R {v £} (t) + 02 Ry {u g} (t) Ry {v g2} (1)

+ Ry {u (p2 — )P (12 — 9)92} (t) Ry {“ (2 = 9)" (02 = f)02} ®),

(i) LR {u f} () R {v} () + 2R3 {v g} (1) RE" {u} (1)
> 61RY {un} (8) RE {0} (1) + 62R2 {v 1} () B {u} (1)

+ By {u(r =0 F OB {vig—v0)” ) (),

(iv) 1Ry {uf} () Ry {vg} (t) + R {uen} (t) By {oeh} (1)
+ 0 R {ugh (6) Ry {v f} () + 62 Ry {ubn} (8) Ry {ven} (1)
> R {u f} () Ry {vahi} (8) + 0k {uon} (8) Ry {v g} ()
+ 02Ry {ug} (t) Ry {ver} (8) + 02 Ry" {uibn} (8) Ry {v f} (1)
+ 7y {uf = e (9 =)™ O By {o g —w0)” (F = 00) } (8).
Proof. The inequalities (i)-(iv) can be proved by choosing the parameters in the Weighted AM-GM [27]:
(1) @ =a(r) = f(7), y=1b2(p) = 9(p),

(i) == (pa(7) = (7)) (W2(p) — 9(p), y = (Ya(7) — g(7))(w2(p) — f(p)),
(iii) == f(1) —w1(1), y=g3(p) —¥1(p),
(iv) = (f(1) —p1(1)(g(p) —¥1(p)); vy = (9(7) —P1(7))(f(p) — 1(p))-
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Theorem 3.14. Let f and g be two integrable functions on [0,00), u,v : [0,00) — [0,00) be continuous
functions and constants p > q > 0, p # 0. Assume that (Hy) and (Hz) hold. Then, for all t > 0,k > 0,
a >0 and r € R\{—1}, the following inequalities hold:

() B {u(or = D (i =) } () + I BT (wong} () + Tk BT u ) ()
k7 {U} (t>7

< ORTRY {ugava} (0) 4 DK RY {uf g} (1) + 7
(ii) By {ulea = )7 O BY {v (2= )7 } (1)
FORT R {wpa} (0 B (09} (1) + KT R (uf} (DB {vva) ()
< ORTRY fugea} () BYT {ovn} (04 TR R {uf) () B {vg) (09(0)
F PR () () RET (0} (1),
(i) By {u (7 = @0)7 (9= 00)? } () + TR BT (ugn fY ()4 K B {uorg) (1)
< ORTL S g} (@) + KT R wr o} (1) + S R {ub (1),
(i) By {u(f = o0)P b Ry {o (g - w3} ()
FORT R {u fYO R (o 0+ R R {uerh (OB {09} (1)

< f;ﬁRZ”“ {uf} () RE" {vg} (t) + Z%k%%z” {upi} (6) RY {vin} (1)

T RO {u} (8) RS {0} (8).

Proof. The inequalities (i)-(iv) can be proved by choosing the parameters in the Lemma

(1) a=(p2(7) = f(7))(W2(7) — g(7)),

(1) a = (pa2(7) = f(7))(¥2(p) — 9(p)),

(ii7) a = (f(1) = 1(r))(9(7) = ¢1(7)),

(iv) a=(f(1) = ¢1(T))(g(p) — ¥ (p)). O

Remark 3.15. It may be noted that the inequalities (2.6) and (2.11)) in Theorems and respectively,
are reversed if the functions are asynchronous on [0, c0). The special case of (2.11)) in Theorem when
g =0,n=Cand pu = v is easily seen to yield the inequality (2.6 in Theorem
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