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Abstract
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1. Introduction and preliminaries

The study of fixed points of mappings satisfying certain contractive conditions has been at the center of
rigorous research activity. One of the main tools in fixed point theory is the Banach contraction theorem
proved by Banach in 1922. This theorem is a very popular and effective tool in solving existence problems in
many branches of mathematical analysis and engineering. There are a lot of generalizations of this theorem
in the literature. Fixed point theory has many applications in various branches of mathematics and branches
of science.

The concept of b-metric space was introduced by Bakhtin [3] and Czerwik [5]. In [5], Czerwik proved the
contraction mapping principle in b-metric spaces that generalized the famous Banach contraction principle
in metric spaces. Since then several papers have dealt with fixed point theory for single-valued and multi-
valued operators in b-metric spaces (see [1], [4], [9], [10], [IT] and references therein). A b-metric space was
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also called a metric-type space in [7]. The fixed point theory in metric-type spaces was investigated in [7]
and [§].

In [6], Bhaskar and Lakshmikantham introduced the concept of coupled fixed points for a given partially
ordered set X. The study of common coupled fixed points of mappings satisfying certain contractive condi-
tions has been at the center of vigorous research activity, being the applications of fixed point very important
in several areas of mathematics. The purpose of the present paper is to study the notion of common coupled
fixed points for a pair of mappings in b-metric spaces and prove the existence and uniqueness of the common
coupled fixed point in a complete b-metric space in view of diverse contractive conditions. In addition, as a
bi-product we obtain several new common coupled fixed point theorems.

Definition 1.1. [2] Let X be a (nonempty) set and s > 1 a given real number. A function d : X x X —
RT (nonnegative real numbers) is called a b-metric provided that, for all x,y, z € X, the following conditions
are satisfied:
(i) d(z,y) =0 if and only if z =y,
(i) d(z,y) = d(y,z),
(iii) d(z, 2) < sld(z,y) + d(y, 2)].
The pair (X, d) is called a b-metric space with parameter s.

We now give some examples of b-metric spaces.

Example 1.2. [4] The space [,(0 <p < 1), 1, = {(z,) € R: Y |z,|" < o0},
together with the function d : [, x [, = R

d(z,y) = (3 |2a — yal?)?,

1
where z = (z,,);y = (yn) € [, is a b-metric space with s = 2r.

Example 1.3. [4] The space L,(0 < p < 1) of all real functions z(t),t € [0, 1] such that fol lz(t) [P dt < oo,
is a b-metric space if we take

d(z,y) = (fol lz(t) — y(t) [P dt)%, for each z,y € Ly.

Remark 1.4. We note that a metric space is evidently a b-metric space for s = 1. However, in general, a
b-metric on X need not be a metric on X as shown in the following example:

Example 1.5. [2] Let X = {0,1,2} and d(2,0) = d(0,2) =m > 2,d(0,1) = d(1,2) = d(1,0) =d(2,1) =1
and d(0,0) = d(1,1) = d(2,2) = 0. Then d(z,y) < B[d(x,2) + d(z,y)] for all z,y,z € X. If m > 2, the
ordinary triangle inequality does not hold.

Definition 1.6. [4] Let (X, d) be a b-metric space. Then a sequence {x,} in X is called a Cauchy sequence
if for every e > 0, there exists K(¢) € N, such that d(z,,zm) < € for all n,m > K (e).

Definition 1.7. [4] Let (X, d) be a b-metric space. Then a sequence {z,} in X is said to converge to x € X
if for every € > 0, there exists K(e) € N, such that d(z,,z) < € for all n > K(¢). In this case, we write

lim z,, = x.
n—oo

Definition 1.8. [4] The b-metric space (X, d) is complete if every Cauchy sequence in X converges in X.

Remark 1.9. In a b-metric space (X, d) the following assertions hold:

(1) A convergent sequence has a unique limit;
(2) Every convergent sequence is Cauchy.
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Definition 1.10. [6] An element (z,y) € X x X is called a coupled fixed point of T': X x X — X if
x=T(x,y) andy = T(y,x).

Definition 1.11. An element (x,y) € X x X is called a coupled coincidence point of S,7T : X x X — X if

S(z,y) =T(z,y) and S(y,z) = T(y,z).
Example 1.12. Let X =R and 5,7 : X x X — X defined as

S(z,y) = 2% and T(w,y) = (9/4)(x +1),
for all z,y € X. Then (0,0), (1,3) and (3,1) are coupled coincidence points of S and 7.
Example 1.13. Let X =R and 5,7 : X x X — X defined as
S(z,y) =z+y—zy+sin(z+y) and T(z,y) =z +y+ cos(x + y),
for all z,y € X. Then (0,7/4), and (7/4,0) are coupled coincidence points of S and T.
Definition 1.14. An element (z,y) € X x X is called a common fixed point of S,7: X x X — X if
x=S(z,y) =T(z,y) andy = S(y,z) = T(y, z).

Example 1.15. Let X =R and 5,7 : X x X — X defined as

S(z,y) = xy and T(x,y) = = + (y — ),
for all ,y € X. Then (0,0) and (1,1) are common coupled fixed points of S and 7.

2. Main results

Theorem 2.1. Let (X,d) be a complete b-metric space with parameter s > 1 and let the mapping S, T :
X x X — X satisfy

d(z,u) + d(y,v)
2

d(z,S(z,y))d(u, T(u,v)) Vd(u,S(m,y))d(x,T(u,v))
(1+d(z,u) + d(y,v)) (1+d(z,u) +d(y,v)) ’

for all x,y,u,v € X and o, 8,7 > 0 with sa+ 5 <1 and a+~v < 1.Then S and T have a unique common
coupled fixed point in X.

+ 8

d(S(z,y), T(u,v)) <«

Proof. Let zp and yg € X be arbitrary points.

Define xop11 = S(@ok, Yor)s Yok+1 = S(Yor, Tox) and opro = T(Topr1, Yor+1), Yok+2 = T (Yor+1, Tog41) for
k=0,1,2..

Then

d(Top 11, Tart2) = d(S(var, Yor ), T(Tor41, Yo2r+1))
d(zok, Tok+1) + d(Yor, Yor+1) ﬁd(ﬂf%, S(zar, yar))d(wop1, T(Tor41, Yort1))
2 1+ d(wak, Tag+1) + d(Yok, Y2k+1)
d(zok+1, S T2k, Yor))d(@2k, T (Tok+1, Yok+1))
1+ d(wak, Tag+1) + d(Yok, Y2k-+1)

<«

_l’_

_ o Uk, waiir) + Yok, Yorar) 3 d(xok, To41)d(Tok+1, Tokt2) A(@2k+1, Tok+1)d(T2k, T2k2)
2 1+ d(@ok, Tokt1) + d(yok, Yor+1) 1+ d(@ok, Tog+1) + d(Yor, Yor+1)
_ U2, 2an4) + d(y2k, Yor+1) n d(@2k, Tok11)d(Tok41, Tok12)
2 1+ d(ﬂ?gk, x2k+1) + d(kaa y2k+1)
d(zop, x d )
<a (zok . 2%+ 1) +a (Yo 2y2k:+1) + Bd(Tok 11, Topra)-

[0 (6
= d(Tok+1, Takt2) < md(l’%, Tok+1) + md(y%a Y2k+1)-
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Similarly

o o
d(Yort1, Y2r+2) < Wd(y%,y%ﬂ) + md(l‘%, Tok41)-

Adding we get,

«
[d(@20+1, T2k+2) + d(yar+1, Yore2)] < 7 5 [d(@ok, Tok+1) + d(Yak, Yor+1)] = hld(Tak, Tok+1) + d(Y2k, Yort1],
where 0 < h = 125 < 1.
Also,
« (0%

d(@2k+2, Tok+3) < Wd(@kﬂ,x%n) + md(y2k+17@/2k+2)
and

o «
d(Y2k+2, Yok+3) < Wd(?ﬂmh Yok+2) + md($2k+l, Tok+2)-

1—

Adding, we get
«@

[d(z2k42, Tor+3) + d(Y2r+2, Y2r+3)] < [d(z2k41, Tor42) + d(Y2k+1, Y2k+2)]

—_
=@

—

= hld(zop+1, Tokt2) + d(Yok+1, Y2r+2)

Therefore,

(d(Tn, Trt1) + d(Yn, Yn+1)) < Md(@Tn-1,7n) + d(Yn-1,Yn)) < ... <h"(d(w0,21) + d(y0,91))-
Now, if

d(xnwrn-i-l) + d(ynayn—l—l) = 0p, then 6, < hép—1 < ... < h"0p.

For m > n, we have

(d(xna xm) + d(yny ym)) < 3(d<xn7 xn-{—l) + d(yna yn+1)) + ...+ Smin(d(wm—lv xm) + d(ym—la ym))
< sh™g + 82hn+150 + ...+ Sm_nhm_l(S(]

< sh™[1 4 (sh) + (sh)* + ...

_ sh”
 1—sh

This shows that {z,} and {y,} are Cauchy sequence in X. Since X is a complete b-metric space, there
exists x,y € X such that x, — x and y, — y as n — oo.

0o — 0asn — .

Now, we show that x = S(z,y) and y = S(y, x).

We suppose on the contrary that x # S(z,y) and y # S(y,x) so that
d(z,S(z,y)) =11 >0 and d(y, S(y,x)) =l > 0.

Consider

h= d(x7 S(l’, y)) < S[d(wv x2k+2) + d(x2k+2v S(x7 y))]

< sd(x, xopt2) + sd(T(x2k+1, Y2r+1), S(2, y))

d(@op41,T) ;L d(yor41,Y) s

d(wor11,S(x,y))d(x, T(vop 41, Yok+1))
1+ d(zok+1, %) + d(Yor+1,Y)

d(l’gk_H, ZE) + d(ka—Ha y)
2

d(zop41,S(x,y))d(x, xakt2)
1+ d(zogs1, ) + d(Yors1,y)

d(z, S(z,y))d(xok+1, T(Tok+1, Y2k+1))
1 + d(ka-i-lv '1:) + d(ygk‘-{-la y)

< sd(z, Topt2) + Sa

+ s

d(z, S(z,y))d(Tor 11, Tkt 2)
1+ d(xor41,7) + d(yor+1,Y)

+sf

< sd(x, xopt2) + s

+ s
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By taking k — oo, we get
l1 <0, which is a contradiction.
Therefore, d(z, S(x,y)) = 0.
That is, x = S(x,y).
Similarly, one can prove that y = S(y, z).
It follows similarly that z = T'(z,y) and y = T'(y, x).
So we have proved that (z,y) is a common coupled fixed point of S and 7.
We now show that S and T" have a unique common coupled fixed point.
Uniqueness: Let (z*,y*) € X x X be another common coupled fixed point of S and T

Then,
d(z,z%) = d(S(z,y), T(2",y"))

d(z, z%) +d(y,y*) = d(x, S(x,y))d(z", T(2",y")) = _d*, Sz, y))d(z, T(z",y"))
ST TP e vl ) T dwa) + d(y )
_ ad(x,x*) +d(y,y*) L3 d(x,z)d(z*, x*) y d(z*, z)d(z, z*)

2 (1 +d(z,2*) + d(y,y*)) (1 +d(x,2*) +d(y,y*))

=d(z*,z") < %d(az,x*) + %d(y, y*) + yd(z, x").
a
d(z,z*) < ——d(y,y").
= dea?) £ 52 dly)

Similarly, one can easily prove that

(67
d N —+——d ).

Adding, we get

A, 2" dly,y") < g ld(e,2) + dly,y))

= (2= 2a = 2y)(d(z,z") + d(y,y")) < 0.
= d(z,z%) + d(y,y") = 0.
sz=z"andy=1y".

O

Corollary 2.2. Let (X,d) be a complete b-metric space with parameter s > 1 and let the mapping T :
X x X — X satisfy

d(z,u) + d(y,v)
2

d(z, T(x,y))d(u, T(u,v)) ’yd(u,T(x,y))d(a:,T(u,v))
(1+d(z,u) +d(y,v)) (1 +d(z,u) + d(y,v))

forall xz,y,u,v € X and o, B,y > 0 with sa+ 3 <1 and a+~v < 1. Then T has a unique coupled fixed point
m X.

Proof. Take T'= S in above Theorem. O

d(T(z,y), T(u,v)) < « + 5

Theorem 2.3. Let (X,d) be a complete b-metric space with parameter s > 1 and let the mappings S, T :
X x X — X satisfy

ad(w,u);rd(y,v) + B d(z,S(z,y))d(u,T (u,v)) ’LfD 7&0

d(S(z,y), T(u,v)) < (e T(u,0))Fd(u,S (2.9) +d(z.u) Fd(y )]
(S(z, ), T( ))_{O, i Do

for all z,y,u,v € X, where D = D(z,y,u,v) = s[d(z,T(u,v)) + d(u, S(x,y)) + d(z,u) + d(y,v)] and o,
are nonnegative reals with s(a+ ) < 1.Then S and T have a unique common coupled fized point.
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Proof. Let xg and yg € X be arbitrary points.

Define xori1 = S(wok, Yor)s Yok+1 = S(Yor, Tor) and xopyo = T(Tory1,Yorkt1), Yok+2 = T (Yor+1, Tort1) for
k=0,1,2....

Now, we assume that

D1 = D(xok, Yok Tok+1, Y2k+1) 7 0 and Do = D(yor, Tok, Yor+1, Tok+1) 7 0.
Then,

d(Zok41, Torg2) = d(S(zar, yor, T(T2k+1, Y2r+1))
ad($2k,$2k+1) + d(yor, Yor+1) n ﬂd(x%, S(wok, yor))d(Tog+1, T(Tor41, Y2rt1))
- 2 Dy
_ ad($2k7$2k+1) + d(Y2k, Y2r+1) e d(T2k; Tok+1)d(T2k+1, Tok+2)
2 sld(xo, Tory2) + d(Tog, Tog+1) + d(yor, Yor+1)]

d d
“a (mgk,wgkﬂ);‘ (Y2k, Y2r-+1) + Bd(zok, Top41)-

a+ 203
2

«
= d(Tokt1, Takt2) < d(zok, Tokt1) + §d(y2k, Yok+1)-

Similarly, one can easily prove that

a+ 28
2

(0]
d(Yok+1, Y2k+2) < d(Yors Yor+1) + Ed(x%a Toht1)-

Adding, we get

[d(xok+1, Tor+2) + A(Y2kt1, Y2r+2)] < (a+ B)[d(xok, Tak+1) + d(Y2k, Y2k+1)]-

Now, if
D3 = D(xak+42, Yok+2, Tok+1, Y2k+1) 7 0,
we get

d(wort2, Toart3) = d(T(T2rt1, Yorr1), S(Tarr2, Y2r+2))
ad(l‘zkwwzkﬂ) + d(yor+2, Yor+1) . Bd($2k+2as(x2k+2a92k+2))d($2k+17T(5E2k+1aZ/Qk+1))
B 2 Ds
_ ad(962k+2, Topr1) + d(Yor+2, Yart1) e d(22k42, Tokt3)d(Tok41, Topt2)
2 sld(@op41, Tort3) + d(Tor2, Tart1) + d(Yor+2, Yort1)]

< ad($2k+2, Tok41) + d(Y2k+2, Y2k+1)
- 2

+ Bd(x2k+1, Tok+2)-

a+ 26
2

(0]
= d(xaky2, Takts) < d(z2p41, Topt2) + Ed(y2k+la Yok+2)-

Similarly, if Dy = D(Yyok+2, Tok+2, Y2k+1, Tok+1) 7 0, one can easily prove that

a+ 20
2

a
d(Yok+2, Y2r+3) < d(Yok+1, Y2k+2) + Ed($2k+1, Tok+2).

Again adding, we get

[d(z2k42, Tok+3) + d(Y2r+2, Yor+3)] < (a+ B)[d(zor+1, Tar+2) + d(Yor+1, Y2r+2)]-

Therefore,

[d(Zns Tnt1) + d(Yns Ynt1)] < (@ + B)[d(@n—1,2n) + d(Yn—1,Yn)] = bld(Tn-1,Tn) + d(Yn-1, yn)],
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where h = (a+ ) < 1.
Now, if d(l‘na $n+1) + d(yna yn+1) = 0p, then

On < hop_1 < ... < h"™d.
For m > n, we have
(d(zn, Zm) + d(Yn, Ym)) < s(d(@n, Tng1) + d(Yn, Ynt1)) + oo + 8" (d(Zm—1, Tm) + d(Ym—1,Ym))

< sh™g + 82hn+150 + ...+ Sm_nhm_l(SQ

< sh™[1 4 (sh) + (sh)* + ...
_ sh"
 1-—sh

0o — 0asn — .

This shows that {z,} and {y,} are Cauchy sequence in X. Since X is a complete b-metric space, there
exists z,y € X such that z, — = and y, — y as n — co.
Now we show that z = S(z,y) and y = S(y, z).
We suppose on the contrary that x # S(x,y) and y # S(y,x) so that
d(z,S(z,y)) =11 >0 and d(y, S(y,x)) = l2 > 0.
Consider

< sd(z, wopt2) + sd(T(Tok+1, York+1), S(z,y))
S Sd(I’ ﬂ’j2k+2) + Sad(fL’Qk-i-la ':U) ‘2‘_ d(y2k+1’ y) n
6 d(xyS(xay))d($2k+17T($2k+1?y2k+1))
d(xopr1, S(2,y) + d(@, T (T2k41, Y2r41)) + d(T2p41,7) + d(Y2k+41,Y)
d(zops1, ) + d(yors1,v) e d(z, S(z,y))d(zogs1, Topro)
2 (w11, S(2,y)) + d(@, Xok+2) + d(T2n41,2) + d(Y2r+1,y)

= sd(x, xopi2) + S

By taking k — oo, we get
l; <0, which is a contradiction.
Therefore, d(z, S(z,y)) = 0.
That is, x = S(z,y).
Similarly, one can prove that y = S(y, z).
It follows similarly that @ = T'(z,y) and y = T(y, x).
So we have proved that (z,y) is a common coupled fixed point of S and T
We now show that S and T have a unique common coupled fixed point.
Uniqueness: Let (z*,y*) € X x X be another common coupled fixed point of S and 7'
Then,

d(z,2") = d(S(z,y), T(z",y"))
< U@ 2%) +d(y,y7) d(z, S(x, y))d(z", T(x", y"))
- 2 [(d(z, T (z*,y*)) + d(z*, S(z,y)) + d(z,z*) + d(y, y*))]
_ ad(z‘,x*) + d(y, y*) LB d(x,z)d(x*, x*)

2 s[3d(x, z*) + d(y, y*)]

= d(a*,a") < Sd(w,x) + Sd(y.y").

= d(z,2%) < 5=—d(y.y").

+BS
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Similarly, one can easily prove that

«
2 —

d(y,y*) < ad(x,x*).

Adding, we get

d(, z*) + d(y,y*) < 5—

5l ") + dly, )
= (2 —20)(d(z,2") + d(y,y")) < 0.
= d(z,z*) +d(y,y") = 0.
sz=z"andy=1y".

We have obtained the existence and uniqueness of a common coupled fixed point if
D1, Dy,D3,Dy # 0 for all k € N.

Now, assume that Dy = 0 for some k € N.
That is,

sld(xok, Tort2) + d(@ok, Tog+1) + d(Yor, Yor+1)] = 0.

= To = Togy1 = Togy2 and Yop = Yok41-

If Dy # 0, we get

d(Yor+1, Yor+2) = d(S(Yar, Tak), T (Yok+1, Tak41) = 0.

That is, Yog+1 = Yor+2(this equality holds if Dy = 0).
The equalities

Tog = Tokt1 = Togro and Yo = Yopt1 = Yokto ensures that (Tory1,Yorr1) 1S a unique common coupled
fixed point of S and T'. The same holds if either Dy = 0, D3 =0, or D4 = 0. O

From above theorem, we obtain following corollary by taking S = T.

Corollary 2.4. Let (X,d) be a complete b-metric space with parameter s > 1 and let the mappings T :
X x X — X satisfy

d(z,u)+d(y,v) d(a,T(z,y))d(w,T(uw)) _
Q== + B T rd T e rdmatdg)y o D #0

0, if D=0

for all x,y,u,v € X, where D = D(x,y,u,v) = sld(z,T(u,v)) + d(u, T(x,y)) + d(z,u) + d(y,v)] and a,
are nonnegative reals with s(a + ) < 1. Then T has a unique common coupled fized point.

d(T(x,y),T(u,v)) < {

Now, we furnish a nontrivial example to support the result of Theorem

Example 2.5. Let X = {0,1}. Consider a b-metric d : X x X — R defined as d(z,y) = 3(z — y)? for all
z,y € X. Then (X, d) is a b—metric space with parameter s = 2. Define S,7: X x X — X as follows:

S(a,y) = = and T(a,y) = =,
4 3
for all z,y € X. It can be easily verified that the maps S and T satisfy the contractive condition of Theorem
with a = %, 8= % and v = % Observe that the point (0,0) is a unique common coupled fixed point of
Sand T.
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