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Abstract

Using the direct method and the fixed point method, we prove the Hyers-Ulam stability of the following
additive-cubic-quartic (ACQ ) functional equation

H[f(z +2y) + f(x — 2y)]
= 4d4[f(z +y) + f(z —y)| + 12f(3y) — 48f(2y) + 60f(y) — 66 f(x)

in matrix Banach spaces. Furthermore, using the fixed point method, we also prove the Hyers-Ulam stability
of the above functional equation in matrix fuzzy normed spaces. (©2015 All rights reserved.
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1. Introduction

In 1940, Ulam [28] posed the first stability problem concerning group homomorphisms. In the next year,
Hyers [8] gave the first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ result was
generalized by Aoki [1I] for additive mappings and by Rassias [24] for linear mappings. Gavruta [5] obtained
generalized Rassias’ result which allows the Cauchy difference to be controlled by a general unbounded
function in the spirit of Rassias’ approach. Since then, the stability of several functional equations has been
extensively investigated by several mathematicians (see [9] [10, 11, 25, 26] and references therein); as well
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as various fuzzy stability results concerning Cauchy, Jensen, quadratic and cubic functional equations (cf.
[16] 177, 18, 19]). Furthermore some stability results of functional equations and inequalities were investigated
13, [14] 20} 211, 22] in matrix normed spaces, matrix paranormed spaces and matrix fuzzy normed spaces.

In this paper, we consider the following functional equation derived from additive, cubic and quaritc
mappings:

H[f(x + 2y) + f(z — 2y)]
=d[f(z+y)+ f(x —y)] +12f(3y) — 48f(2y) + 60 (y) — 66 f (). (1.1)

It is easy to see that the function f(z) = ax + bx3 4 cx? satisfies the functional equation equation ,
where a, b, ¢ are arbitrary constants. In [6], the authors established the general solution and proved the
generalized Hyers-Ulam stability of the functional equation in Banach spaces. And using the fixed
point method, the Hyers-Ulam stability results for the functional equation in fuzzy Banach spaces and
multi-Banach spaces were established in [12] 27], respectively.

The main purpose of this paper is to apply the direct method and fixed point method to investigate the
Hyers-Ulam stability of functional equation in matrix Banach spaces. We also prove the Hyers-Ulam
stability of the functional equation in matrix fuzzy normed spaces by using the fixed point method.

2. Preliminaries

In this section, some definitions and preliminary results are given which will be used in this paper.
Following [2, [16], [17], we give the following notion of a fuzzy norm.

Definition 2.1. Let X be a real vector space. A function N : X x R — [0, 1] is said to be a fuzzy norm on
X if for all z,y € X and all s, € R:

(N1) N(x,c) =0 for ¢ < 0;

(N2) x = 0 if and only if N(x,c) =1 for all ¢ > 0;
(N3) N(cz,t) = N(z, ﬁ) if ¢ # 0;

(N4) N(x 4+ y,s+t) > min{N(z,s), N(y,t)};
(N5) N(z,-) is a non-decreasing function on R and tlggo N(z,t) =1;
(N6) for z # 0, N(x,-) is continuous on R.

I

n this case (X, N) is called a fuzzy normed vector space.

Definition 2.2 ([2 16, [I7]). Let (X, N) be a fuzzy normed vector space. A sequence {z,} in X is said to
be convergent if there exists x € X such that li_>m N(x, —x,t) =1 (¢t > 0). In that case, x is called the
n—oo

limit of the sequence {z,} and we denote by N — lim x,, = z.
n—o0

Definition 2.3 ([2 16}, [17]). Let (X, N) be a fuzzy normed vector space. A sequence {z,} in X is called
Cauchy if for each £ > 0 and t > 0, there exists ng € N such that N(z,, —zp,t) > 1—¢c (m,n > ng). If each
Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed space is
called a fuzzy Banach space.

We will also use the following notations. The set of all m x n-matrices in X will be denoted by My, ,,(X).
When m = n, the matrix My, ,,(X) will be written as M, (X). The symbols e; € M; ,(C) will denote the
row vector whose jth component is 1 and the other components are 0. Similarly, E;; € M, (C) will denote
the n x n matrix whose (7, j)-component is 1 and the other components are 0. The n x n matrix whose
(i, 7)-component is  and the other components are 0 will be denoted by E;; ® = € M, (X).

Let (X,| - ||) be a normed space. Note that (X,{]| - ||»}) is a matrix normed space if and only if
(M (X),||-|ln) is a normed space for each positive integer n and | AzB||;, < || A||||B||||z||» holds for A € My, ,,
x = [x45] € Mp(X) and B € M,y, and that (X, {|| - ||»}) is a matrix Banach space if and only if X is a
Banach space and (X, {]| - ||»}) is a matrix normed space.



Z. Wang, P. K. Sahoo, J. Nonlinear Sci. Appl. 8 (2015), 64-85 66

Let E, F be vector spaces. For a given mapping h : F — F and a given positive integer n, define
b Mn(E) — Mn(F) by

ha([2i5]) = [h(2i5)]

for all [z;;] € My(E).
We introduce the concept of a matrix fuzzy normed space.

Definition 2.4 ([22]). Let (X, N) be a fuzzy normed space.

(1) (X,{Ny,}) is called a matrix fuzzy normed space if for each positive integer n, (M, (X), N, ) is a fuzzy
normed space and Ny(AzB,t) > Nn(m,ww) for all t > 0, A € M ,(R), z = [z55] € Mp(X) and
B € My, ,(R) with [|A]| - ||B]| # 0.

(2) (X,{N,}) is called a matrix fuzzy Banach space if (X, N) is a fuzzy Banach space and (X, {N,}) is a
matrix fuzzy normed space.

Example 2.5. Let (X, {] - |l»}) be a matrix normed space and «, 5 > 0. Define

at
No(,#) = 4 TP
0, t<0,x= [IEU] € My(X).

t>0,x= [x,]] S Mn(X),

Then (X, {N,}) is a matrix fuzzy normed space.

3. Stability of the functional equation (1.1) in matrix Banach spaces: Direct method

Throughout this section, let (X, {|| - ||»}) be a matrix normed space, (Y,{]| - ||»}) be a matrix Banach
space and let n be a fixed positive integer. In this section, we prove the Hyers-Ulam stability of the ACQ
-functional equation ([I.1)) in matrix Banach spaces by using the direct method. We need the following
Lemmas:

Lemma 3.1 ([0]). Let V and W be real vector spaces. If an odd mapping f : V — W satisfies , then
f is cubic-additive.

Lemma 3.2 ([6]). Let V and W be real vector spaces. If an even mapping f :V — W satisfies (1.1]), then
f is quartic.
Lemma 3.3 ([13] 14, 20, 21]). Let (X,{|| - |ln}) be a matriz normed space. Then
(1) [1Ex @ 2lln = [lz]| for z € X;
n

2) llzmll < Meijllln < '-21 @izl for [xij] € Mn(X);
27.]:
(3) nh_)rgo Tn = x if and only if nh_)rglo Tijn = Tij for Ty = [Tijn], v = [x55]) € Mp(X).

For a mapping f: X — Y, define Df : X? =Y and

Dfn: Mp(X?) — M,(Y)

Df(a,b) :=11[f(a+ 2b) + f(a —2b)] — 44[f(a + b) + f(a — b)]
— 12£(3b) + 48£(2b) — 60£(b) + 66f(a),
D fu([zij]; i) = 11 fa[2i5] + 2[yi5]) + fu([zi5] — 2[yi5])]
— 44[fp([zij] + [yiz]) + Fal2i] — [vii])]
—12f0(3[yi;]) + 48 fn(2[yi;]) — 60 fu([yss]) + 66 fr([2i5])

for all a,b € X and all x = [z5],y = [yi;] € M, (X).
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Theorem 3.4. Let ¢ : X? — [0,00) be a function such that

o0

I+1 l l
8l+1*0(2 a,2'a +Zsl+1‘p02 a) < +oo, (3.1)
I= =0

o1 k
khﬁr{olo 87(,0(2 a,2°b) =0 (3.2)

for all a,b € X. Suppose that f: X — Y is an odd mapping satisfying

n

1D fo([is]), [wisDlln < ) @@, vij) (3.3)

i,j=1

for all x = [x45],y = [yi;] € M, (X). Then there exists a unique cubic mapping C : X —'Y such that
1 2lzi]) = 2fn(lzis]) — CullziDn
1

S — (2w, 2iy) 14 3 (0, 2 i)
< Z (11 ]l+1 - 33 ]I+1 (3-4)
i,j=1 1=0 1=0
for all x = [x;5] € My (X).
Proof. When n =1, (3.3)) is equivalent to
IDf(a,b)| < ¥(a,b) (3.5)
for all a,b € X. Letting a = 0 in (3.5)), we get
112f(3b) — 48f(2b) + 60f(b)[| < ¢(0,b) (3.6)
for all b € X. Replacing a by 2b in (3.5)), we get
|11 f(4b) — 56 f(3b) + 114f(2b) —104f(b)|| < ¢(2b,0) (3.7)
for all b € X. It follows from (3.6)) and ( - ) that
14
1/(4b) —10(2b) + 16f(b)[| < HSO(% b) + 35¢(0,0) (3.8)

for all b € X. Replacing b by a and g(a) := f(2a) — 2f(a) in (3.8), we get

l9(20) ~ 89(a)| < 17(20,) + 32000, a) (39)

for all a € X. Replacing a by 2'a and dividing both sides by 8! in (3.9), we have
9(2™"la) g(2'a) _ 1 p(2"1a,2'a)  144(0,2'a)

H |I+1 8! ” - 11 gI+1 33 &I+l (3‘10)
for all « € X. Hence
(2 a) g(2"a) < 9(2a)  g(2'ta)
1 - I < E 185 — o
8p 8 8
l=p
-1
1 (2 a, 2la) ©(0,2'a)
< 11 § : ]I+1 2 : S8l (3.11)

for all nonnegative integers p,q with p < ¢ and all a € X. It follows from and (| - that the sequence
{g (2%a) } is a Cauchy sequence in Y for all a € X. Since Y is complete, the sequence {5 @ } converges. S0

one can define the mapping C' : X — Y by

Cla) = Jim L g2%a) (3.12)
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for all a € X. Moreover, letting p = 0 and passing the limit ¢ — oo in (3.11)), we get

(2! a, 2la) ©(0,2a)
lote) -l = g7 3 S 4 55 G 319
for all @ € X.
Now, we show that the mapping C is cubic. By (3.1)), (3.9) and (3.12]),
1
|C(2a) — 8C(a)] ::égg;|+*fg<2"+la>—-Sn_lg<2"a>n
= lim 8][8 —g(2"a) - 579 g(2"a)|| =0 (3.14)

for all @ € X. Therefore, we obtain
C(2a) = 8C(a) (3.15)
for all @ € X. On the other hand it follows from (3.2)), (3.5) and (3.12)) that

1
IDC(a,b)| = lim ||z Dg(2"a, 24%)]
k—o0
= lim —||D f(2Fta, 28 p) — 2D f(2Fa, 2Fb))|
—
1
< lim — (p(2¥ta, 287 10) 4 20(2%a, 25b)) = 0 (3.16)
for all a,b € X. Hence the mapping C' satisfies (|1.1]). So by Lemma the mapping
a— C(2a) —2C(a)

is cubic. Hence (3.15)) implies that the mapping C' is cubic.
To prove the uniqueness of C, let C’ : X — Y be another cubic mapping satisfying (3.13). Let n = 1.
Then we get

10(@) ~C'@)] = C@a) ~ C'(2%a)|

1 1 1
< [|5:C(2%) — g2 + 115 0@q>§w@%m

1 & @(2l+q+1a’ 2l+qa QO 0 2l+qa
= Q(ﬁ Z ]l+q+1 Z - gl+atl
(2! a, 2la) ©(0,2'a)
o 11 Z ]l+1 Z |l+1

for all @ € X. Letting ¢ — oo in the above inequality, we get C'(a) = C’(a) for all a € X, which gives the
conclusion. Thus the mapping C': X — Y is a unique cubic mapping.

By Lemma and (3.13)), we get

1 £n2laig]) = 2fu([2i]) = CollwagDlin < D7 1F 2aij) — 2f (i5) — Clag) |

i,j=1

Z Z 2l+1$ij, 2l$1j Z QD O 2 a:zj
— 11 |l+1 |l+1

=1

for all x = [z;;] € Mp(X). Thus C' : X — Y is a unique cubic mapping satisfying (3.4]), as desired. This
completes the proof of the theorem. O
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Corollary 3.5. Let r,0 be positive real numbers with r < 3. Suppose that f : X — Y is an odd mapping
satisfying

1D fo([is]), il < > 0Clzigll™ + Nyl (3.17)
ij=1

for all x = [x45],y = [yij] € Mn(X). Then there exists a unique cubic mapping C : X =Y such that

L)) - 2u((25]) - CullzDlle < & 3 TS 2 (3.18)
; 8 —

for all x = [x;5] € My (X).
Proof. The proof follows immediately by taking ¢(a, b) = 0(||a||” +||6]|®) for all a,b € X in Theorem O

Theorem 3.6. Let ¢ : X2 — [0,00) be a function such that

-1, -1,
E 8 21 1,21 )+ E 8 ) < 400, (3.19)
=1
b
k —
klggo8 (Qk’ 2k) =0 (3.20)

for all a,b € X. Suppose that f : X — Y is an odd mapping satisfying for all x = [z5],y = [yi;] €
M, (X). Then there exists a unique cubic mapping C : X — 'Y such that

[ fn(2[zi]) — 2fn([245]) — Cul[zis])ln

n o0
1 -1 Lij xzy -1 952]
<) <HZ8 oloor i)+ 28 (3.21)
1,j=1 =1
for all x = [x;5] € M, (X).
Proof. The proof of the theorem is similar to the proof of Theorem and thus it is omitted. O

Corollary 3.7. Let r,0 be positive real numbers with v > 3. Suppose that f : X — Y is an odd mapping
satisfying for all x = [x45],y = [yi;] € My(X). Then there exists a unique cubic mapping C : X =Y
such that

| 4a2les]) = 2fa2i3) = Calloig)ln < 5 Z L (322)

for all x = [x;5] € My (X).

Proof. The asserted result in Corollary [3.7] can be easily derived by considering ¢(a,b) = 6(||a||” + ||b]|") for
all a,b € X in Theorem O

Theorem 3.8. Let ¢ : X2 — [0,00) be a function such that

=1 > 1
Z 2— (2% 1a, 2la) + Z ©(0,2la) < 400, (3.23)
=0 =0
1
Jim. 2790( a,2"0) =0 (3.24)
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for all a,b € X. Suppose that f : X — Y is an odd mapping satisfying for all x = [x45],y = [yi;] €
M, (X). Then there exists a unique additive mapping A : X — Y such that

1fn (2li]) = 8fn([$ij]) — An([zi5])lIn

g02+1$--,2lm g002x
N 0 35

1,7=1

for all x = [x;5] € My (X).
Proof. As in the proof of Theorem we have

1 14
1£(4b) — 10 (2b) + 16 (D) | < 70(2b,b) + 55¢(0,0) (3.26)
for all b € X. Replacing b by a and h(a) := f(2a) — 8f(a) in (3.26)), we get
14
17(2a) — 2h(a)]| < ﬁ<p(2a a) + 33¢(0,0) (3.27)
for all @ € X. The rest of the proof is similar to the proof of Theorem O

Corollary 3.9. Let r,0 be positive real numbers with v < 1. Suppose that f : X — Y is an odd mapping
satisfying for all x = [xi;],y = [yi;] € Mn(X). Then there exists a unique additive mapping A : X —
Y such that

) = 8ulf]) — AulfoaDlle < = 30 TS 2 gy (3.29)

for all x = [x;5] € My (X).
Proof. The asserted result in Corollary [3.9 can be easily derived by considering ¢(a,b) = 6(||a||” + ||b]|") for

all a,b € X in Theorem O
Theorem 3.10. Let ¢ : X2 — [0,00) be a function such that

i a a =~ a

> 2 (G ) + D27 e(0, 5) < oo, (3.29)

=1 =1

b
k
khm 2%p (2k, 2k) 0 (3.30)

for all a,b € X. Suppose that f : X — Y is an odd mapping satisfying for all x = [z45],y = [yi;] €
M, (X). Then there erists a unique additive mapping A : X — Y such that

1fn(2fi5]) = 8fn([$ij]) = An([zi5]) ]I

Tij  Lig 14 _ Lij
= Z (11Z Ao 5t )+§ZQl ol ’2l)> 330

for all x = [x;5] € M,(X).
Proof. The proof of the theorem is similar to the proof of Theorem and [3.8| thus it is omitted. O

Corollary 3.11. Let 7,0 be positive real numbers with r > 1. Suppose that f : X =Y is an odd mapping
satisfying for all x = [xi;],y = [yi;] € Mn(X). Then there exists a unique additive mapping A : X —
Y such that

FuClea]) - 8u(rs]) — Al < = 3 i (3.32)

27‘
1,j=1

for all x = [x;5] € My (X).
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Proof. Letting ¢(a,b) = 6(||a||” + ||b]|®) in Theorem we obtain the result. O

Theorem 3.12. Let ¢ : X2 — [0,00) be a function such that

=1 =1
> Wgo@’a, 2la) + 7?0, 2la) < +oo0, (3.33)
=0 =0
1
Jim. ch@ka, 28p) =0 (3.34)

for all a,b € X. Suppose that f : X — Y is an even mapping satisfying and f(0) = 0 for all
x =[x,y = [yij] € Mn(X). Then there exists a unique quartic mapping Q : X — Y such that

oo

6 2 x5, 2t Zij) 1 (0 2l
Il = QulloDll < 3 (L e Y ) (3.39)
i,j=1 =0

for all x = [x5] € My (X).

Proof. Putting a = 0 in (3.5)), we get

| =12f(3b) + 70 (2b) — 148f(b)[| < (0, b) (3.36)
for all b € X. On the other hand, substituting a = b in ({3.5]), we obtain the following
| = f(3b) +4£(2b) + 17f(b)[| < ¢(b, b) (3.37)

for all b € X. By (3.36)) and (3.37)), we have

17(2) = 16£(B)] < ~p(b.1) + 550(0,D) (3.39)

11

for all b € X. Replacing a by 2'a and dividing both sides by 16*! in (3.38)), we have

”f(2l“a) (2 a), . p(2'a,2'a) 1 ¢(0,2'a)
11 16+ 22 16HT

T 16l (3.39)

for all @ € X. Hence
f(2%a)  f(2Pa) qZ:Hf@l a)  f(2"a)

I < - |

169 167 ; 16! 160+1
=p
-1 m—1
6 < ¢(2la,2la) 1 ©(0,2la)
< 11 161+1 + 29 Z 161+1 (3.40)
l=p l=p

for all nonnegative integers p, ¢ with p < g and all a € X. It follows from and - that the sequence

{f oF } is a Cauchy sequence in Y for all @ € X. Since Y is complete, the sequence {f T } converges. So
one can define the mapping @ : X — Y by

N
Qla) = Jim — f(2"0) (3.41)
for all a € X. Moreover, letting p = 0 and passing the limit ¢ — oo in (3.40)), we get
(2 la, 2! a) (0, 2! a)
Hf(a) ” - 11 Z 6l+1 22 Z 6l+1 (3‘42)

for all « € X. By (3.5), (5 34|) and (3.41)), we get

1
IDQ(a,b)|| = lim || Df(2ka,28b)|| < lim ——¢(2%a, 280) = 0 (3.43)

16’~C
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for all a,b € X. Hence by Lemma Q) is quartic.
Now, Let ' : X — Y be another quartic mapping satisfying (3.42). Let n = 1. Then we get

1

Q) - Q) = IITﬁq (21 )—KQ’(%)II
1
< IITﬁq (2 )—Tmf@qa)llﬂ\f (2%a) — o f(2a)]]]
90 21+qa 2l+qa 90 2H—qa
11 Z T A 22 Z 16l+q+1

©(2la, 2'a) ©0(0,2'a)
- 11 Z 16!+1 22 Z 16i+1

which tends to zero as ¢ — oo for all @ € X. So we can conclude that Q(a) = Q’(a) for all @ € X. This
proves the uniqueness of ). Thus the mapping ) : X — Y is a unique quartic mapping.

By Lemma and (3.42), we get

1fa (i) = Qulziglln < D 11f(2255) — Qi)

',j_l
o(2! x”,2 ;) 1 = (0, 21%
= Z 11 Z 16+1 ﬁz 16/+1

for all x = [z;;] € M, (X). Thus @ : X — Y is a unique quartic mapping satisfying (3.35]), as desired. This
completes the proof of the theorem. O

Corollary 3.13. Let r,0 be positive real numbers with v < 4. Suppose that f : X — Y is an even mapping
satisfying and f(0) = 0 for all v = [zi],y = [yi;] € Mn(X). Then there exists a unique quartic
mapping Q : X =Y such that

I fnlli]) — Qulloisln < o Z R T (3.44)

for all x = [x5] € My (X).
Proof. The proof follows immediately by taking ¢(a, b) = 0(||a||” +]|6]|*) for all @,b € X in Theorem O

Theorem 3.14. Let ¢ : X2 — [0,00) be a function such that

Zlﬁl ! 21,21 +216l ! ) < +00, (3.45)
lim 165 (— b) 0 (3.46)
h—o0 2k’ ok

for all a,b € X. Suppose that f : X — Y is an even mapping satisfying and f(0) = 0 for all
x = [zi;],y = [Yi] € Mp(X). Then there exists a unique quartic mapping @ : X —Y such that

oo

[fn([2i5]) = @nl2i]) Z ( 21 6l 1@(%,% Zl6l 1 x” ) (3.47)

for all x = [x;5] € M,(X).

Proof. The proof of the theorem is similar to the proof of Theorem and thus it is omitted. O
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Corollary 3.15. Let r,0 be positive real numbers with r > 4. Suppose that f : X = Y is an even mapping
satisfying and f(0) = 0 for all x = [zi5],y = [yi;] € My(X). Then there exists a unique quartic
mapping Q : X —'Y such that

Inlfzis) = @Dl < 22 3 5ol (3.43)

i,7=1
for all x = [x;5] € My (X).
Proof. Letting ¢(a,b) = (||a||” + ||b]|®) in Theorem we obtain the result. O

4. Stability of the functional equation (1.1) in matrix Banach spaces: Fixed point method

Throughout this section, let (X, {|| - ||»}) be a matrix normed space, (Y,{]| - ||»}) be a matrix Banach
space and let n be a fixed positive integer. In this section, we prove the Hyers-Ulam stability of the ACQ -
functional equation in matrix Banach spaces by using Fixed point method. We begin with the definition
of a generalized metric on a set.

Let E be a set. A function d: E x E — [0,00] is called a generalized metric on FE if d satisfies
(1) d(x,y) = 0 if and only if x = y;

(2) d(z,y) =d(y,x), Vz,y € E;
(3) d(x, z) < d(z,y) +d(y, z), Vz,y,z € E.
Before proceeding to the proof of the main results, we begin with a result due to Diaz and Margolis [4].

Lemma 4.1 ([4] or [23]). Let (E,d) be a complete generalized metric space and J : E — E be a strictly
contractive mapping with Lipschitz constant L < 1. Then for each fized element x € E, either

d(J"z, J" ) =00 ¥n >0,
or

d(J"z, J" ) < 0o Vn > ny,

for some natural number nyg. Moreover, if the second alternative holds then:

(1) The sequence {J"x} is convergent to a fized point y* of J;

(i3) y* is the unique fized point of J in the set E* := {y € E | d(J™z,y) < 4+oo} and d(y,y*) <
rd(y, Jy), Y,y € E".
Theorem 4.2. Let ¢ : X2 — [0,00) be a function such that there exists an o < 1 with

pla,b) < Bop(5, ) (11)

for all a,b € X. Suppose that f : X — Y is an odd mapping satisfying for all x = [x45],y = [yi;] €
M, (X). Then there exists a unique cubic mapping C : X — 'Y such that

[ fn2lz5]) = 2fn([2i5]) — Crl[2i)ln
< MZ:I 8(11a) (11180(2332'3" Tij) + %@(07 %)) (4.2)
for all x = [x;5] € M,(X).

Proof. When n = 1, similar to the proof of Theorem and by ({3.9)),

lo(o) - gat20)l < g (o200 + el0.0)) (4.3

foralla € X.
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Let St :={q1 : X — Y}, and introduce a generalized metric d; on S; as follows:

dl(ql,kl) := inf {)\ S R+

1 14
llg1(a) — ki(a)]] < ﬁcp(Qa,a) + gcp(O,a),Va € X} .

It is easy to prove that (S1,d;) is a complete generalized metric space [3] [7, [15].
Now we consider the mapping J; : S1 — 51 defined by
1
Jiqi(a) = §q1(2a), forall g1 € S1 and a € X. (4.4)

Let q1,k1 € S1 and let A € Ry be an arbitrary constant with dj(q1, k1) < A. From the definition of d;,
we get

(@) = k(@) < A(1pe(20.0) + 00,0

for all @ € X. Therefore, using (4.1]), we get

[71q1(a) = Tika(a)]| = |

< aA(lllgo(Qa, a) + Ego(O, a)) (4.5)

for some o« < 1 and for all @ € X. Hence, it holds that di(J1q1, J1k1) < a), that is, di(J1q1, Tik1) <
adl(ql, ]{71) for all g1, k1 € 5.

It follows from that di(g, J1g9) < %. Therefore according to Lemma the sequence J{'g converges
to a fixed point C of J7, that is,

C:X =Y, lim 8%9(271@ = C(a)

n—oo

for all « € X, and
C(2a) =8C(a) (4.6)

for all a € X. Also C is the unique fixed point of J; in the set ST = {q1 € S1 : d1(g,q1) < co}. This implies
that C' is a unique mapping satisfying (4.6|) such that there exists a A € Ry such that

lo(a) = C@)l <3 1920, 0) + re(0.0))

for all a € X. Also,

1
d < d < — .
1(970) = 1_a 1(g7jlg) = 8(1 — O[)
So
1 1 14
- < (=g = 4.
lo(a) @l < o (790200 + ge00.) (4.7
for all a € X.
It follows from (3.5)) and (4.1]) that
1
IDC(a,0)| = lim | Dg(2'a,2'b)|
l—00 8

1
< lim —(p(2" - 2a,2' - 2b) + 2¢(2La, 2b))
=00 8
8lal
< lim F(gp@a, 2b) + 2¢(a, b)) =0

l—o0
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for all a,b € X. Hence DC(a,b) = 0. So by Lemma the mapping = — C(2a) — 2C(a) is cubic. Hence
(4.6) implies that the mapping C' : X — Y is cubic.

By Lemmaand ,
10 2li3]) = 2fn([2i]) = Cullwi))lln < Y 1 (2i) — 2f (2i5) — Cla)|
=
14
< (2zij, i5) + 270(0, 2i5)
le ( ? 337 )

for all x = [z;;] € Mp(X). Thus C': X — Y is a unique cubic mapping satisfying (4.2]), as desired. This
completes the proof of the theorem. O

Corollary 4.3. Let r,0 be positive real numbers with r < 3. Suppose that f : X — Y is an odd mapping
satisfying (3.17) for all x = [xij],y = [yi;] € Mn(X). Then there exists a unique cubic mapping C : X =Y
satisfying (3.18) for all v = [x;;] € M, (X).

Proof. The proof follows immediately by taking

o(a,8) = 6(]lall” + [1b]]")
for all a,b € X and choosing o = 2”73 in Theorem O
Theorem 4.4. Let ¢ : X2 — [0,00) be a function such that there exists an o < 1 with

v(a,b) < —p(2a,20b) (4.8)

§
for all a,b € X. Suppose that f : X — Y is an odd mapping satisfying for all x = [z45],y = [yi;] €
M, (X). Then there exists a unique cubic mapping C' : X — 'Y such that
[ fn(2lzi]) = 2fn([i5]) — Cu([zii])n
= 121 ﬁ (111 ©(2zij, Tij) + %90(0, xm)) (4.9)
for all x = [x;5] € My (X).

Proof. Let (S1,dy) be the generalized metric space defined in the proof of Theorem
Now, we consider the mapping J; : S1 — S1 defined by

Jiqi(a) == 8q1(g), for all g1 € S; and a € X. (4.10)

It follows from that
1 14

lo(o) = 83l < § (792 0) + 350(0.0)) (4.11)
for all @ € X. Thus di(g, J19) < §. So

01(9.C) < ——di(9. Tig) <

-« 8(1—«)

The rest of the proof is similar to the proof of Theorem [£.2] O

Corollary 4.5. Let r,0 be positive real numbers with r > 3. Suppose that f : X — Y is an odd mapping
satisfying (3.17) for all x = [z4;],y = [yi;] € M,,(X). Then there exists a unique cubic mapping C : X =Y
satisfying (3.29) for all v = [x;;] € M, (X).
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Proof. The asserted result in Corollary can be easily derived by considering
p(a,b) = O(la]l" + [[ol]")
for all a,b € X and a = 237" in Theorem O

Theorem 4.6. Let ¢ : X2 — [0,00) be a function such that there exists an a < 1 with

o(a,b) < 2ap( (4.12)

22)

for all a,b € X. Suppose that f : X — Y is an odd mapping satisfying for all x = [z45],y = [yi;] €
M, (X). Then there erists a unique additive mapping A : X — Y such that

| fn(2[45]) — 8fn([xij]) — An ([m‘”])Hn
= Z 1 — a ( 1 (ZCCU,-TZJ) + :1));1(,0(0,331])) (413)

i,7=1
for all x = [x;5] € My (X).
Proof. When n = 1, similar to the proof of Theorem and by (3.27)),

@) - 5h20)l < 5 (0200 + 0.0 (.14)

for all a € X. Let (S1,d1) be the generalized metric space defined in the proof of Theorems
Now we consider the mapping J; : S — 51 defined by

1
Jiqi(a) == §q1(2a), for all g1 € S; and a € X. (4.15)

Thus dl(h th) S % So

di(h,A) < dl(h Jih) <

“2(1—a)
The rest of the proof is similar to the proof of Theorem O

Corollary 4.7. Let r,0 be positive real numbers with r < 1. Suppose that f : X — Y is an odd mapping

satisfying for all x = [zi;],y = [yi;] € Mn(X). Then there exists a unique additive mapping A : X —
Y satisfying for all x = [x5] € My (X).

Proof. The proof follows from Theorem by taking asserted ¢(a,b) = 0(||al|” + ||b]|") for all a,b € X.
Then we can choose o = 2"~ and we get the desired result. O

Theorem 4.8. Let ¢ : X2 — [0,00) be a function such that there exists an o < 1 with

v(a,b) < 5@(2@, 2b) (4.16)

for all a,b € X. Suppose that f : X — Y is an odd mapping satisfying for all x = [x45],y = [yi;] €
M, (X). Then there exists a unique additive mapping A : X — Y such that

1/n(2zi5]) = 8fn(l2is]) — An([2i5]) [l

. a 1 14
<3 Y Sp@uiy i) + (0,3 41
<> s (7920 00) + (0.2 @17)

for all x = [x;5] € My (X).
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Proof. Let (S1,d;1) be the generalized metric space defined in the proof of Theorem
Now we consider the mapping J; : S — 51 defined by

Jiqi(a) :== 2q1(g), for all g1 € S; and a € X. (4.18)
It follows from ([3.27)) that
afl 14
@) - 20(5)1 < 5 (Fe(2a.0) + 350(0.0)) (1.19)
for all @ € X. Thus dl(h Jih) < §. So
«
di(h,A) < d h, —
The rest of the proof is similar to the proof of Theorem and O

Corollary 4.9. Let r,0 be positive real numbers with r > 1. Suppose that f : X — Y s an odd mapping
satisfying for all x = [xi;],y = [yi;] € Mn(X). Then there exists a unique additive mapping A : X —
Y satisfying for all x = [x;5] € My (X).

Proof. By choosing ¢(a,b) = 6(||a||” + ||b]|") for all a,b € X and o = 2'~" in Theorem we obtain the

inequality (3.32)). O

Theorem 4.10. Let ¢ : X2 — [0,00) be a function such that there evists an o < 1 with

b
=3) (4.20)

for all a,b € X. Suppose that f : X — Y is an even mapping satisfying and f(0) = 0 for all
x = [x45],y = [yij] € Mn(X). Then there exists a unique quartic mapping Q : X —'Y such that

o(a,b) < 16ag0(

. 1 6 1
Il = @ullrsdll < 3 1575 (gt o) + 550.2)) (1.21)
for all x = [x;5] € My (X).
Proof. When n = 1, similar to the proof of Theorem and by (3.38]),

1@ - 1520l < 15 fre(0) + 300.0) (1.22)

forall a € X.
Let So := {g2 : X — Y}, and introduce a generalized metric ds on Sy as follows:

(0,a),Ya € X}.

It is easy to prove that (S,ds2) is a complete generalized metric space [3], [7, [15].
Now we consider the mapping J2 : So — So defined by

l92(a) ~ k@) < Tl a) + o

d2(q2, k2) := inf {M eRy 29

1
J2q2(a) := 1—6qg(2a) for all g2 € S2 and a € X. (4.23)

Let g2, ko € So and let p € Ry be an arbitrary constant with da(ge, k2) < p. From the definition of ds,
we get

@) = ka0)] < 1 pe(a0) + 55000.0))
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for all a € X. Therefore, using (4.20)), we get

1 1
17202(a) — Toka(a)ll = llpa1(2a) — £k (20)]

w6 1
< = —=y(2a,2 — 2
< 2 (Dot2a20+ gop(0.20))

< a,u(flgo(a, a) + %cp((), a)) (4.24)

for some @ < 1 and for all a € X. Hence, it holds that do(J2qe, Jok2) < au, that is, do(J2qe, Joks) <
ads(qa, ko) for all go, ko € So.

It follows from 1' that do(f, Jof) < %6. Therefore according to Lemma the sequence J3'g
converges to a fixed point ) of Jo, that is,

. 1 no\
R:X =Y, JL%@f(Q a) = Q(a)
for all « € X, and

Q(2a) = 16Q(a) (4.25)

for all @ € X. Also @ is the unique fixed point of Jo in the set S5 = {g2 € Sa : da(f,q2) < oo}. This implies
that @ is a unique mapping satisfying (4.25|) such that there exists a p € R, such that

1@ - Q) < freto0) + 00,0

for all a € X. Also,

1 1
d < d < .
So
1£(@) - Q@) < ——— (L o(a,a) + = (0, a) (4.26)
“ D=160 — )\ 117"V T P ‘
for all a € X.
It follows from (3.5)) and (4.20) that
o1 1Al .1 1 ol
IDQE.D) = Jim - |Df(2a,28)] < im L o(2la, 2
. 16! at
< lim g e(a,b) =0

for all a,b € X. Hence DQ(a,b) = 0. So by Lemma [3.2] the mapping Q : X — Y is quartic.
By Lemma and (4.26)),

1fa (i) = Qulwiglln < D 1f(255) — Qlaiy)ll

ij=1
n
1 6 1

< - (= o — (0. 22

= jzzzl 16(1 — o) (1190(:”’9’”7ZJ) 554 ’x”)>
for all = [z;;] € M,,(X). Thus @ : X — Y is a unique quartic mapping satisfying (4.21]), as desired. This
completes the proof of the theorem. O
Corollary 4.11. Let r,0 be positive real numbers with r < 4. Suppose that f : X = Y is an even mapping
satisfying and f(0) = 0 for all x = [zi5],y = [yi;] € My(X). Then there exists a unique quartic
mapping Q : X — 'Y satisfying for all x = [x;5] € My (X).
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Proof. The proof follows immediately by taking ¢(a,b) = 6(||al|” + ||b]|") for all a,b € X and choosing
o = 2"~* in Theorem [4.10l 0

Theorem 4.12. Let ¢ : X2 — [0,00) be a function such that there exists an o < 1 with
p(a,b) < %90(2&26) (4.27)
for all a,b € X. Suppose that f : X — Y is an even mapping satisfying and f(0) = 0 for all

x = [xi5],y = [yij] € Mn(X). Then there ezists a unique quartic mapping Q : X —'Y such that

(i) = QullarigDlln < D m(fl_@(lﬁlso(xij,mj) + 212s0(0793ij)> (4.28)
i,j=1

for all x = [x;5] € M,(X).

Proof. Let (S2,ds2) be the generalized metric space defined in the proof of Theorem m
Now we consider the mapping J2 : So — So defined by

Joq2(a) := 16q2(%), for all g2 € Sy and a € X. (4.29)
It follows from ([3.38)) that
a a6 1
—16f(S)) < (=2 — .
@) =167l < 15 (F0(a.0) + 550000 (4.30)
for all a € X. Thus da(f, J2f) < {5. So
1 o
d < d < —
Q(f’Q) = 1_a 2(fa\72f) = 16(1 —Oé)
The rest of the proof is similar to the proof of Theorem O

Corollary 4.13. Let r,0 be positive real numbers with v > 4. Suppose that f : X — Y is an even mapping
satisfying and f(0) = 0 for all v = [zi],y = [yi;] € Mn(X). Then there exists a unique quartic
mapping Q : X — Y satisfying for all x = [x;5] € My (X).

Proof. The proof follows immediately by taking ¢(a,b) = 6(||a]|” + ||0]|") for all a,b € X and choosing
o = 2%~ in Theorem [4.12] O

5. Stability of the functional equation (l.1) in matrix fuzzy normed spaces

Throughout this section, let (X,{N,}) be a matrix fuzzy normed space, (Y,{Y,}) be a matrix fuzzy
Banach space and let n be a fixed positive integer. Using the fixed point method, we prove the Hyers-
Ulam stability of the ACQ-functional equation ([L.1]) in matrix fuzzy normed spaces. We need the following
Lemma:

Lemma 5.1 ([22]). Let (X,{N,}) be a matriz fuzzy normed space. Then
(1) Np(EBg @ x,t) = N(x,t) for allt >0 and z € X;
(2) For all [xi;] € Mp(X) and t = ) tij,
ij=1
N(mkl,t) Z Nn([xij]yt) Z min{N(mij,tij) : Z,j = 1, 2, . ,n},
t

(3) nlggo Tn = x if and only if nl;rxgo Tijn = Tij for Ty = [Tijn], v = [255] € Mp(X).
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Theorem 5.2. Let ¢ : X2 — [0,00) be a function such that there exists an o < 1 with

gb

for all a,b € X. Suppose that f: X — Y is an odd mapping satisfying
t
N (D fu([2ij], [yis)), 1) = 0 (5.2)
t+ "21 ©(Tij, Yij)
1,)=

for allt >0 and x = [xi;],y = [yi;] € Mn(X). Then there exists a unique cubic mapping C : X — Y such
that

No(fn2lwi5]) = 2fn([2i5]) — Cu([zi5]), 1)
(264 — 264a)t

> - (5.3)
(264 — 2640)t + 17n% > (02245, zi5) + (0, z45))
ij=1
for allt >0 and z = [x;;] € My(X).
Proof. Let n=11in (5.2)). Then (5.2)) is equivalent to
N(Df(a,b),1) > (5.4)

~ t+¢(ab)
for all t > 0 and a,b € X. By the same reasoning as in the proof of [I2] Theorem 3], one can show that
there exists a unique cubic mapping C': X — Y such that

(264 — 264t
N(f(2a) —2 — t) >
(£(2a) = 2f(a) = Cla)t) = e 17(p(2a, @) + 9(0.))
for all t > 0 and a € X. The mapping C : X — Y is given by
1,y _ !
C(a) =N — lim f(27a) ~2f(Za)

=00 8!

(5.5)

for all a € X.
By Lemma and (5.5)),

Nu(fn(2lwij)) = 2fn([2]) — Cnu([ij]), 1)

> min{N(f(2257) — 2/ (255) — Clay), ) 11,4 = 1,2, .n}

n
(264 — 264a)t
(264 — 264a)t + 17n?(p(2xi5, zij) + ¢(0, z45))
(264 — 264a)t
(264 — 264a)t + 17n% > (02245, zi5) + (0, z45))

,j=1

21,7 =1,2,...,n}

> min{

>

for all t > 0 and = = [x;;] € My,(X). Thus C : X — Y a unique cubic mapping satisfying (5.3), as desired.
This completes the proof of the theorem. O

Corollary 5.3. Let r,0 be positive real numbers with r < 3. Suppose that f : X — Y s an odd mapping
satisfying
t
Nu(D fu([ij], [yis]), 1) = 0 (5.6)
t+ ,ZIG(H%‘H’“ + (151"
7/7‘7:
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or allt > 0 and x = [x;],y = [yi;] € Mn(X). Then there exists a unique cubic mapping C : X — Y such
J J
that

Nu(fn(2lij]) = 2fn([2]) — Cu([ij]), 1)

(264 — 33 - 2)¢
>

- n
(264332t +17n2(2" +2) 3 Hllay I
l’j:

for allt >0 and x = [zi;],y = [yi;] € Mp(X).

Proof. The proof follows immediately by taking ¢(a,b) = 6(||al|” + ||b]|") for all a,b € X and choosing
o = 23 in Theorem [5.2] O

Theorem 5.4. Let ¢ : X2 — [0,00) be a function such that there exists an o < 1 with
p(a,b) < Sip(2a,20) (5.8)

for all a,b € X. Suppose that f: X — Y is an odd mapping satisfying for allt >0 and x = [x;5],y =
lyij] € My, (X). Then there exists a unique cubic mapping C : X =Y such that

Ni(fn(2[zis]) = 2fn([235]) — Cn([24]), 1)
(264 — 2640t

> m (5.9)
(264 — 2640t + 1Tn%a Y (02245, z45) + ©(0, zi5))
ij=1
for allt >0 and z = [x;;] € My(X).
Proof. The proof is similar to the proof of Theorem O

Corollary 5.5. Let r,0 be positive real numbers with v > 3. Suppose that f : X — Y is an odd mapping
satisfying for allt > 0 and x = [z4],y = [yi;] € Myn(X). Then there exists a unique cubic mapping
C: X =Y such that

No(fn(2lzif]) — 2fn([zi5]) — Cul[zis]), 1)
. (332" — 264)t

(3320 — 264)t + 17n2(2 +2) Y G|y

,7=1

(5.10)

for allt >0 and x = [xi;],y = [yi;] € Mp(X).
Proof. By choosing ¢(a,b) = 0(||la||” + ||b]|") for all a,b € X and a = 237" in Theorem we obtain the

inequality ([5.10)). O
Theorem 5.6. Let ¢ : X2 — [0,00) is a function such that there exists an o < 1 with
b
?(a,b) < 209(5, 5) (5.11)

for all a,b € X. Suppose that f : X — Y is an odd mapping satisfying for all x = [z45],y = [yi;] €
M, (X). Then there erists a unique additive mapping A : X — Y such that

N (fulwi5]) — 8 fn[zif]) — An([w45]), 1)

— t
(66 — 660)t +17n* 3 (p(2aij,ij) + (0, 217))
1,]=

for all x = [x;5] € My (X).
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Proof. Let n =1 1in (5.2)). Then (5.2)) is equivalent to (5.4 for all ¢ > 0 and a,b € X. By the same reasoning
as in the proof of [I2) Theorem 5], one can show that there exists a unique additive mapping A : X — Y

such that
(66 — 66a)t
N(f(2a) — 8 —A t) >

(£(2a) =8f(a) = Ala),1) 2 a6 17(p(2a, @) + 2(0, a))
for all t > 0 and a € X. The mapping C : X — Y is given by

f(2™"1a) —8f(2'a)

(5.13)

A = — i T
for all a € X.
By Lemma and (5.13)),

No(fn(2[zif]) — 8 fu([zis]) — An([m45]), 1)
> min{N(f(2z;)) — 8f(zi;) — A(xiy), %) = 1,2,....n)

. (66 — 66)t o
> min{ P i) =1,2,...,n}
(66 — 66a)t + 1Tn2(p(2x45, x55) + ©(0, xi5))
N (66 — 660t
(66 — 660)t +17n> 3 (ip(2zij, wig) + (0, 217))
Z?]:

for all t > 0 and = = [z;5] € M, (X). Thus A : X — Y a unique additive mapping satisfying (.12, as
desired. This completes the proof of the theorem. O

Corollary 5.7. Let r,0 be positive real numbers with r < 1. Suppose that f : X — Y s an odd mapping
satisfying (5.6) for all t >0 and x = [zi5],y = [yij] € Mn(X). Then there exists a unique additive mapping
A: X =Y such that

N (fn(2[wij]) = 8 fn([2i5]) — An([2i5]), 1)

J— . T
- (66 — 33 - 27t

- n
(66 —33- 27}t +17n2(2 +2) 3. OllaysI
1/7-7:

(5.14)

for allt >0 and x = [xi;],y = [yi;] € Mn(X).

Proof. The proof follows immediately by taking ¢(a,b) = 6(||a]|” + ||0]|") for all a,b € X and choosing
o = 2""! in Theorem [5.6] O

Theorem 5.8. Let ¢ : X2 — [0,00) be a function such that there exists an o < 1 with
#(ab) < S(2,20) (5.15)

for all a,b € X. Suppose that f : X — Y is an odd mapping satisfying for all x = [x44],y = [yi;] €
M, (X). Then there exists a unique additive mapping A : X — Y such that

N (fn(2[zij]) — 8 ful[zis]) — An([z45]), 1)

- (66 — 660)t

= n
(66 — 660&)t + 17n2a .Zl((p(Ql'ij, {Eij) + (,0(0, :L'Zj))
17-]:

(5.16)

for all x = [x;5] € M, (X).
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Proof. The proof is similar to the proof of Theorem O

Corollary 5.9. Let r,0 be positive real numbers with v > 1. Suppose that f : X — Y 1is an odd mapping
satisfying (@) for allt >0 and x = [x;5],y = [yij] € Mp(X). Then there exists a unique additive mapping
A: X =Y such that

No(fn(2[zig]) — 8fu([zis]) — An([245]), 1)
- (33-2" — 66)t

= n
(33-27 —66)t + 17n2(27 +2) > 0]l
ij=1

(5.17)

for allt >0 and x = [xi;],y = [yi;] € Mn(X).

Proof. The proof follows immediately by taking ¢(a,b) = 6(||a]|” + ||0]|") for all a,b € X and choosing
o = 2'" in Theorem [5.8 O

Theorem 5.10. Let ¢ : X2 — [0,00) be a function such that there exists an o < 1 with

a b
7%
for all a,b € X. Suppose that f: X — Y is an even mapping satisfying and f(0) =0 for allt >0 and
x =[x,y = [yij] € Mn(X). Then there exists a unique quartic mapping Q : X —'Y such that

v(a,b) < 16ap( (5.18)

(352 — 3520)t

n
(352 — 352a)t + 13n? 'Zl(ap(:pij, acij) + (0, :L‘U))
27‘72

Nu(fu([z]) — Qn(lzig]), 1) = (5.19)
for all x = [x;5] € M, (X).
Proof. Let n = 11n (5.2)). Then (5.2)) is equivalent to (5.4 for all ¢ > 0 and a,b € X. By the same reasoning

as in the proof of [12] Theorem 7], one can show that there exists a unique quartic mapping @ : X — Y

such that
(352 — 352a)t
N — t) >
((a) = Qla),t) 2 (352 — 352a)t + 13(¢(a, a) + ¢(0,a))
for all t > 0 and a € X. The mapping C : X — Y is given by
2[
Q(a) = N — lim 129

l—00 1ﬁl

(5.20)

for all a € X.
By Lemma and (5.13)),

Nn(fn([xz]]) - Qn([xij])7t>
> min{N(f(x5)) — Q(xs;), %) i =1,2,....n)
(352 — 3520)t

352 — 352a)t + 13n2(p(zij, zij) + (0, z45))
(352 — 352a)t

n
(352 — 352a)t + 13n? '21(w($ij7 zi;) + ¢(0,z45))
ij=

Zmin{( ci,j=1,2,...,n}

>

for all t > 0 and z = [z5;] € M,(X). Thus Q : X — Y a unique quartic mapping satisfying (5.19), as
desired. This completes the proof of the theorem. O
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Corollary 5.11. Let r,0 be positive real numbers with r < 4. Suppose that f : X = Y is an even mapping
satisfying (5.6) and f(0) = 0 for all t > 0 and x = [245],y = [yi;] € Mn(X). Then there exists a unique
quartic mapping Q : X — Y such that

(352 — 22 2)¢

Np(fn([zi5]) — @n(lzij]), ) = (5.21)

n
(352 —22-27)t 4+ 39n2 > 0|z
ij=1
for allt >0 and x = [xi;],y = [yi;] € Mn(X).

Proof. By choosing ¢(a,b) = 6(||a||” + ||b]|") for all a,b € X and o = 2"~* in Theorem we obtain the
inequality (5.21)). O

Theorem 5.12. Let ¢ : X2 — [0,00) be a function such that there exists an o < 1 with
o(a,b) < %@(2(1,2()) (5.22)

for all a,b € X. Suppose that f : X — Y is an even mapping satisfying and f(0) =0 for allt >0 and
x =[x,y = [yij] € Mn(X). Then there exists a unique quartic mapping Q : X —'Y such that

(352 — 3520t

No(fa(l2i5]) = Qull2i]), 1) = 0 (5.23)
(352 — 352a)t + 13n2a Y (p(xij, xij) + p(0,245))
ij=1
for all x = [x;5] € My (X).
Proof. The proof is similar to the proof of Theorem [5.10} O

Corollary 5.13. Let r,0 be positive real numbers with r > 4. Suppose that f : X = Y is an even mapping
satisfying (5.6) and f(0) = 0 for all t > 0 and x = [245],y = [yi;] € Mn(X). Then there exists a unique
quartic mapping Q : X — 'Y such that

(2227 — 352)¢

No(ful[2i5]) — Qu([zij]), 1) > (5.24)

n
(22 - 2T — 352)t + 39n2 Z QHleHr
ij=1
for allt >0 and x = [xi;],y = [yi;] € Mnp(X).

Proof. The proof follows from Theorem by taking asserted ¢(a,b) = 6(||al|” + ||b]|") for all a,b € X.
Then we can choose o = 247" and we get the desired result. O
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