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Abstract

In this paper, we present an iterative algorithm with hybrid technique for a family of pseudocontractive
mappings. It is shown that the suggested algorithm strongly converges to a common fixed point of a family
of pseudocontractive mappings. (©2016 All rights reserved.
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1. Introduction

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively. Let C be a nonempty
closed convex subset of H. A mapping T : C — C is called pseudocontractive (or a pseudocontraction) if

(T2" — Tz, 2" —z) < ||z’ — 2| (1.1)
for all zf, 2 € C. It is easily seen that T is pseudocontractive if and only if T satisfies the condition:
ITat — T2 |2 < fla — 22 + (1 - T)a! — (1— T)a? (1.2)

for all zf,z € C.
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Interest in pseudocontractive mappings stems mainly from their firm connection with the class of non-
linear monotone or accretive operators. It is a classical result, see Deimling [9], that if T is an accretive
operator, then the solutions of the equations Tx = 0 correspond to the equilibrium points of some evolution
systems. It is now well-known that Mann’s algorithm [I1] fails to converge for Lipschitzian pseudocontrac-
tions. This explains the importance, from this point of view, of the improvement brought by the Ishikawa
iteration which was introduced by Ishikawa [I0] in 1974. The original result of Ishikawa is stated in the
following.

Theorem 1.1. Let C be a convex compact subset of a Hilbert space H and let T : C — C be a Lipschitzian
pseudocontractive mapping and 1 € C. Then the Ishikawa iteration {u,} defined by

{Un = (1 = nn)un + 7 Tuy, (13)

Un+1 = (1 - gn)un + gnT'Un

for all n € N, where {&,}, {nn} are sequences of positive numbers satisfying

(1) 0< & <np <1
(i1) limy, 00 M = 0;

(ii1) fo:l Enlin = 00,

converges strongly to a fized point of T.

However, strong convergence of has not been achieved without compactness assumption on T or
C. Consequently, considerable research efforts, especially within the past 40 years or so, have been devoted
to iterative methods for approximating fixed points of T when T is pseudocontractive (see for example [2],
B]-[7], [13], [15], [16], [18]-[24] and the references therein). On the other hand, some convergence results are
obtained by using the hybrid method in mathematical programming, see, for example, [1], [3], [4], [12] ,[14],
[17] and [20]. Especially, Cho, Qin and Kang [8] presented a hybrid projection algorithm and proved the
following strong convergence theorem.

Theorem 1.2. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let A be an index set
and T(t) : C — C, wheret € A, a demicontinuous pseudocontraction. Assume that § := (o Fiz(T(t)) # 0.
Let {x,} be a sequence generated in the following iterative process:

xg € H, chosen arbitrarily,

(Cl (t) = (C, (Cl = ntEA Cl(t), Ir1 = pT‘Oj(cl (x()),

Yn(t) = an(t)zn + (1 — an(t))T()ya(t),

ot (8) = {2 € Cal®) : llyn(t) — 22 < 2 — 2II% = (1 — an(t) 2 — T (t)12},
Cnt1 = iea Conr (D),

Tpi1 = Projc,,, (xo), Yn > 1.

(1.4)

Assume that the sequence {a,(t)} C (0,1) satisfies the condition limsup,—cocn(t) < 1 for every t € A.
Then the sequence {x,} generated by (1.4) converges strongly to projz(zo).

Inspired by the above results, the purpose of this article is to construct a new algorithm which couples
Ishikawa algorithms with hybrid techniques for finding the fixed points of a family of Lipschitzian pseu-
docontractive mappings. Strong convergence of the presented algorithm is given without any compactness
assumption imposed on the operators.

2. Preliminaries

Recall that a mapping T : C — C is called (—Lipschitzian if there exists ¢ > 0 such that

Tz — Tz|| < ¢||2" - ||
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for all 2T,z € C.

We will use Fiz(T) to denote the set of fixed points of T, that is, Fiz(T) = {v € C: v = Tv}. Recall
that the (nearest point or metric) projection from H onto C, denoted projc, assigns, to each u € H, the
unique point projc(u) € C with the property

lu = proje(u)|| = inf{flu — 2| : = € C}.
It is well known that the metric projection projc of H onto C is characterized by
(u— projc(u),v — projc(u)) <0 (2.1)
for all uw € H, v € C. It is well-known that in a real Hilbert space H, the following equality holds:
law + (1 = a)ol* = allul® + (1 = a)[v]* = a(l — a)u - v]? (22)
for all u,v € H and « € [0, 1].

Lemma 2.1. ([24]) Let H be a real Hilbert space, C a closed convex subset of H. Let T : C — C be a
continuous pseudocontractive mapping. Then

(i) Fiz(T) is a closed convex subset of C.
(ii) (I —T) is demiclosed at zero.

In the sequel we shall use the following notations:

® wy(uy) = {u: 3u,, — u weakly} denote the weak w-limit set of {uy,};
e u, — u stands for the weak convergence of {u,} to u;

e u, — u stands for the strong convergence of {u,} to u.

Lemma 2.2. ([12]) Let C be a closed convex subset of H. Let {u,} be a sequence in H and v € H. Let
q = projcu. If {un} is such that wy(u,) C C and satisfies the condition

lun —ul| < ||u—gq|| foralln eN.

Then u, — q.

3. Main results

In this section, we state our main results. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be an index set and T(¢);ca : C — C be an n-Lipschitzian pseudocontractive mapping.
Assume that f = (,ca Fiz(T(t)) # 0. Firstly, we present our new algorithm which couples Ishikawa’a
algorithm with the hybrid projection algorithm.

Algorithm 3.1. Let zo € H. For Ci(t) = C, C; = (),ca Ci(t) and x1 = projc, (xo), define a sequence
{zn} of C as follows:

(yn(t) = (1 = u(t))Tn + () T(t)2n,

2n(t) = on(t)zn + (1 — 0n(8))T()yn(t),

Crs1(t) = {z" € Co(t), [[2n(t) — 27| < [[on — 2*|}, (3.1)
Cht1= ﬂteA Cn-i-l(t)a
( Tni1 = projc,., (o),

for alln > 1, where {c,(t)} and {on(t)} are two sequences in [0, 1].
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In the sequel, we assume the sequences {,(t)} and {0, (t)} satisfy the following conditions

1

0<k<1—pn(t) <ult) < ——
1+n2+1

for all n € N.

Remark 3.2. Without loss of generality, we can assume that the Lipschitz constant > 1. If not, then T(t)
is nonexpansive for all t € A. In this case, Algorithm is trivial. So, in this article, we assume n > 1. It

is obvious that L <31 foralln>1.
140241 7

We prove the following several lemmas which will support our main theorem below.

Lemma 3.3. (5 Fiz(T(t)) C C, forn > 1 and {x,} is well defined.

Proof. We use mathematical induction to prove (},c5 Fiz(T(t)) C Cy,(t) for all n € N.
(i) Neea Fiz(T(t)) C Ci(t) = C is obvious.
(ii) Suppose that (,cx Fiz(T(t)) C Ci(t) for some k € N. Take u € (),cp Fiz(T(t)) C Ci(t).
From , we have by using that,

l2a(t) = ull® = on(t)(@n — 1) + (1 = 2nO)NTE((L — u(®))zn + G (OT()zn) — u)|”
= on(t)llzn — ull* + (1 = 2a@O)ITE)((1 = Ga ()2 + ()T () 20) — ul|? (3.2)
= on()(1 = en(®)llzn = TE)((1 = a(t))@n + () T(E)zn) .

Since u € (,cp Fiz(T(t)), we have from (1.2) that
IT()z — ull® < llo — ul® + |lz = T(t)z||? (3-3)
for all x € Cg(t).
From (2.2)) and (3.3]), we obtain

IT(E) (1 = sn(t))zn + n()T()zn) — u”2
< (1 = su()@n + (O T()zn — TE)((L = sult))an + u(6)T(t)an) ||
(L = a(®)zn + ()T ()2 — ul|?
= (1 = (@) (@n = T()((1 = en(t))zn + () T(t)zn))
+ () (T()zn — TE)((1 = Gu(t))zn + nlt )T(t)xn))HQ
{11 = 6 (t) (@n = u) + G (O(T(H)n — w)||?
= (1= ca(®))[l2n = TO((1 = a(®)) 2 + u(T(E)zn) |
+ I TE)zn — TE)((1 — () zn + () T(E)zn) |
— ()L = () l|lzn = T()anl* + (L = () [l2n — ull® + G (O T(E)2n — ul|?
= ()1 = su(®) |z — T(t)an |
< (1= s()llzn = ul® + (@) (llen — ull® + l|lzn — T(t)za?)
— ()1 = () [lzn — T(t)xn”Q
+ (1 =)z = TE)((1 — at))n + (&) T(t)zn) |
+ I TE)zn — TE)((1 = () zn + () T(E)zn) |
— () (1 = () lzn — T(t)xn||2-
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Note that T(t) is n-Lipschitzian for all ¢t € A. It follows that

ITE)((1 = u(t))an + su(®)T(D)zn) — ul®
< (1= au(®)llzn —ul® + () ([l — ull? + 20 — T(t)an|?)
— () (1 = () [lzn — T(t)anQ
+ (1 =)z = TE)((1 — a(t))n + (@) T(t)zn) |
+ ()|l — T(t)anl|?
— () (1 = () lzn — T(t)anQ
= llan —ull® + (1 = u®)llzn = TE((L = ()20 + u(O)T(H)2n) |
— ()1 = 26(t) = G (O)7P) |2 — T()zn*.

we have 1 — 2¢,(t) — ¢2(t)n? > 0. Substituting (3.4)) to (3.2)), we have

(3.4)

By condition ¢, (t) <

Ty
lzn(t) = ull® = on(®)llon — ull® + (1 = en(EITE((L = Ga(t))an + s (OT(H)zn) — ul®
— on()(1 = en(®)llzn = TE)((L — a(t)zn + () T() )|
< on(t)l|zn — ull® + (L = 0n(®))[llzn — ul®
+ (1= ()2 = TE)((1 = a(t))an + (O T(E)zn)|]
— on()(1 = on(®)llzn = TE)(L — a(t)zn + () T(t) )|
= [lzn = ull? + (1 = en ()1 = @(t) = en(t))llzn — TE((1 — u(t))zn
+ (T2
Since ¢, (t) + on(t) > 1, we deduce
120 (8) = ull < [lzn = ul]. (3.5)
Hence u € Cy41(t). This implies that

() Fiz(T(t)) C Cu(t)

teA

mFZZL' ﬂ(C =

teA teA
Next, we show that C,, is closed and convex for all n € N. It suffices to show that, for each fixed
but arbitrary t € A, C,(¢) is closed and convex for each n > 1. It is obvious that C;(¢) = C is closed
and convex. Suppose that Cg(t) is closed and convex for some k € N. For u € Cg(t), it is obvious that
2k (t) — ul| < || — ul| is equivalent to ||z (t) — zgl|? + 2(zx(t) — 2k, 7k — u) < 0. So, Cyy1(t) is closed and
convex. Then, for any n € N, C,(¢) is closed and convex. This implies that {z,} is well-defined. O

for all n € N. Therefore,

Lemma 3.4. {z,} is bounded.
Proof. Using the characterized inequality (2.1]) of metric projection, from z,, = projc, (zo), we have
(xg — Tp,xy —y) >0 for all y € C,.

Since (V,cp Fiz(T(t)) C Cy, we also have

(xo — Tp,xp —u) >0 forall ue ﬂ Fix(T(t)).
teA

So, for u € (e Fliz(T(t)), we have

0 < (xg—Zn,zn —u)
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= (xo — Tp, Tp — xo + To — u)

= —lzo — @]l + (z0 — 2, 20 — u)

< ~llzo = zal® + [lzo — @nl 2o — ul.
Hence,
lzo — zn|| < ||lxo — ul| for all ue ﬂ Fiz(T(t)). (3.6)
teA
This implies that {z,} is bounded. O
Lemma 3.5. lim, o ||Zp+1 — zp] = 0.

Proof. From x,, = projc, (zo) and x,11 = projc,., (zo) € Chq1 C Cyp, we have
(xo — T, Ty — Tpt1) > 0.
Hence,
0< <l‘0 — Tny Tn — xn+l>
= <-770 — Tn,Tn — o+ Xo — xn—&—l)
= _on - xn”Q + <£C0 — Tn, Ty — xn+1>
< —llwo — zall* + 20 — @nllllzo — T s,

and therefore
[0 — znll < [lzo — Znsall,
which implies that lim,,_,~ ||z, — x0|| exists. Thus,
Zns1 = @nl® = (@041 — 20) = (wn — o)
= [|#n41 — xOHQ — |2 — xOHQ — 2(Tnt1 — Tn, T — To)
< #ns1 — 2ol = l2n — @ol?
— 0.

Theorem 3.6. The sequence {x,} defined by (3.1 converges strongly to Projn, . Fiz(T()) (T0)-

Remark 3.7. Note that (),co Fiz(T(t)) is closed and convex. Thus the projection Proj, ., Fia(T(t)) 1 well
defined.

Proof. Since z,41 € Cp 11 C C,,, we have
[2n(t) = Zn41ll < |lzn — gl = 0.
Further, we have
12n(t) = znll < [l2n(t) = Zniall + 2041 — 2all = 0.
From , we have

[2n = TO)znl < [z — 20 @) + 20 (t) = T(@)zn|
< lzn = 20Ol + en@llzn = Tzl + (1 = 2n(O)IT)yn(t) = T(H)za|
< lzn = 20Ol + en()[[2n = T)zn| + (1 = en(®))nsn ()20 — T(t)n||
= [lzn = 2n (Ol + lon(t) + (1 = en(®))nsn(®)]lJ2n — T()zn].
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; _ 1 1 _ _ L
Since 0 < k <1 —g,(t) <u(t) < T 1—[on(t) + (1 = 0n(t))nsn(t)] > k(1 1+772+1) > 0. It follows
that
2 — T(t)aall < : 2 — a0
Tn — Tnl| > Tn — Zn
L —[on(t) + (1 = 0n(t))nsn(t)]
1
< — . .
A p— )||an zn(t)|| — 0 (3.7)
14+n2+1

Now (3.7) and Lemma guarantee that every weak limit point of {z,} is a fixed point of T(¢). That is,
W (Tn) C (ea Fiz(T(t)). This fact, the inequality (3.6)) and Lemma [2.2] ensure the strong convergence of
{zp} to projn,. Fiz(T(t))(Zo). This completes the proof. O]

Corollary 3.8. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let T : C — C
be an n-Lipschitzian pseudocontraction. Assume that Fix(T) # (0. Let {xn} be a sequence generated in the
following iterative process:

xg € H, chosen arbitrarily,

Cy = C,z1 = projc, (%0),

Yn = (1 = ¢p)xn + Ty,

Zn = nn + (1 = 00)Tyn,

Crt1 = {z" € Cp, [|l2n — || < || — 2™|I},

Tp41 = prOan+1 (l’o),

\

for all n > 1, where {¢,} and {on} are two sequences in [0,1]. Then {z,} generated by (3.8) converges
strongly to projpiyry(zo) provided ¢, and o, satisfy the conditions

1

Vi+n?+1

0<k<l-p, <<

for alln € N.

Remark 3.9. It is easily seen that all of the above results hold for a family of nonexpansive mappings.
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