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Abstract

In this paper, we give some Jensen-type inequalities for ¢ : I — R, I = [o, 8] C R, where ¢ is a continuous

function on I, twice differentiable on I = (a, ) and there exists m = inf@” (z) or M = supy” (z).
zel zel

Furthermore, if ¢” is bounded on I , then we give an estimate, from below and from above of Jensen
inequalities.(©2012 NGA. All rights reserved.
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1. Introduction and main results

Throughout this note, we write I and I for the intervals [a, B] and (a, ) respectively —oo < a < f < +00.
A function ¢ is said to be convex on I if Ap(z) + (1 =X p(y) > ¢ (Az+ (1 —N)y) for all z,y € I and
0 < X\ < 1. Conversely, if the inequality always holds in the opposite direction, the function is said to be
concave on the interval. A function ¢ that is continuous function on I and twice differentiable on I is convex
on I if ¢" (x) > 0 for all z € I (concave if the inequality is flipped).

The famous inequality of Jensen states that:
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Theorem 1.1. ([1], [3]) Let ¢ be a convexr function on the interval I C R, x = (x1,22, -+ ,xy,) € I"
(n>2),letp;>0,i=1,2,---,n and P, =) | p;. Then

1 « 1 «
> iTi | < - i (T4) - 1.1
w(Pn;pw> Pﬂ;pw(x) (1.1)

If ¢ is strictly convex, then inequality in is strict except when r1 = xo = -+ = xy. If ¢ is a concave
function, then inequality in is reverse.

Theorem 1.2. [3] Let ¢ be a convex function on I C R, and let f :[0,1] — I be a continuous function on

[0,1]. Then 1 1
<p< / f(w)da:)é [ et @ (1.2)

If ¢ is strictly convex, then inequality in is strict. If ¢ is a concave function, then inequality in
1S Teverse.

In [2], Malamud gave some complements to the Jensen and Chebyshev inequalities and in [4], Saluja
gave some necessary and sufficient conditions for three-step iterative sequence with errors for asymptotically
quasi-nonexpansive type mapping converging to a fixed point in convex metric spaces. In this paper, we
give some inequalities of the above type for ¢ : I — R such that ¢ is a continuous on I, twice differentiable

on I and there exists m = inf@” () or M = supy” (). We obtain the following results:
zel xzci

Theorem 1.3. Let p : I — R be a continuous function on I, twice differentiable on I°, x = (z1,T9, - ,Tpy) €
I"(n>2),letp; >0,i=1,2,---,n and P, =", p;.

(i) If there exists m = inf " (x), then
zel

1 — 1 —
o ZPW (i) —¢ | 5 Zpil‘i
P, 4 Py =

2
m [ 1 9 1 &
> — | = E ir; — | = E i Tj . 1.3
=92\ P, - DiZ; (Pn - pszz) ( )

(@) If there exists M = supy” (x), then

zel
1 1 <
B D pie (@) — ¢ (Pn me)
i=1 i=1
M1 1 & ’
<= | = A g T . 1.4
Equalityz’nandholdif:vlzxg:--':xn orif ¢ () = az® + Bx+, a,B,7€R.

Theorem 1.4. Let ¢ : I — R be a continuous function on I, twice differentiable on I. Suppose that
f:la,b) — I and p : [a,b] — R are continuous functions on [a,b] .

(i) If there exists m = inf " (x), then
zel

fep@ e @)de (ffp@)f(x) dx>
Ji p(x) da [Pp(z) da
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b 2 b 2
s (L@ @) s <fap£fv)f(l‘) dx) | w5
2 Ja p(@)dz Jo p()dz
(i1) If there exists M = supy” (z), then
zel
Jep )¢ (f (x)de . (ffp(x) f (@) d:r:)
Jop () da Jip (@) de
b b 2
L Jop (@) (@) de <fap (=) (@ dw) | (1.6)
fa p(z)dz fa p(z)dz

Equality in and (@ hold if ¢ (x) = ax® + Bz +, a, 8,7 € R.

Corollary 1.5. Let ¢ : I — R be a continuous function on I, twice differentiable on I and let f:la,b] —
I be a continuous function on [a,b].

(7) If there exists m = inf " (), then
zel

z?(bfa/f(f(m))?dx(bia/:ﬂx)dx)Q). (17)

(@) If there exists M = supy” (), then

xel
bia/ab‘/’(f(x))dx—w<b_1a/abf(x)d:c>

<M (bia/abw))?dan— <b_1a/abf(w)dx>2>- (18)

Equality in and @ hold if ¢ (z) = ax® + Br 4+, a, B,v € R.

Corollary 1.6. Let ¢ : I — R be a continuous function on I, twice differentiable on ID, x = (x1,T2,"+ ,Tpn) €
I" (n>2), letp; >0,i=1,2,---,n and P, =Y | p;. If there exist m = infy” (z) and M = supy” (z),

(EEI JBEI
ml1& ( 1 & ?
2

5 | Zpixi |\ Zlh%)
2\ In i=1 Pn i=1

1 & 1 &
SOWHEEA ES o

" oi=1 " oi=1
M1 1 — 2

S (sz) | (19)
moi=1 moi=1

Equality in occurs, if ¢ (x) =az®+ Bx+7, a,B,7 €R.

then we have
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Corollary 1.7. Let o : I — R be a continuous function on I, twice differentiable on 12, and let f:[0,1] —

I be a continuous function on [0,1]. If there exist m = inf¢” (x) and M = supy” (x), then we have
zel zel

m (/Ol(f(x))de— (/Olfmdx)Q)

S/Olso(f(w))dw—w(/olf(x)dw>
< % (/01 (f (x))? dz — (/Olf(x)dx>2>. (1.10)

Equality in holds if ¢ (z) =ax®+ B+~ a,B,v€R.

Corollary 1.8. Let ¢ : I — R be a convex function on I, twice differentiable on Io, and let f:]a,b] — 1

be a continuous function on [a,b]. If there exists m = inf¢” (x), then
zel

bia/absf’(f(l’))dﬂf—w<bia/abf(:c)dx>

z?(bia/f(f(w»?dx—(bia/abf(xmxf)zo (L.11)

1 — 1 —
P ZPW (zi) — (P Zlh%)
" oi=1 " oi=1

and

2
ml 1< 1 &

> — | = iy — | — T > 0. 1.12

=92\ B, ;pzxz (Pn ;pz$z) =z ( )

Corollary 1.9. Let ¢ : I — R be a concave function on I, twice differentiable on f, and let f :[a,b] — I

be a continuous function on |a,b]. If there exists M = supp” (x), then
zel

bia/abw(f(x))dx‘P<b_1a/abf(x)d:c>

gf(bia/f(f(x))?dx(bia/abﬂm)dxf) <0 (113)

1 — 1 —
P sz‘sﬂ (zi) — ¢ (P szl‘z)
" oi=1 " oi=1

and

2
M1 & 1 &
cM 22 [ = 7 <0. 1.14
<5 |z ;pﬁcl <Pn ;pzwz> < (1.14)

Remark 1.10. In the above if ¢ € C? ([, f]) , then we can replace inf and sup by min and max respectively.
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2. Lemma
Our proofs depend mainly upon the following lemma.

Lemma 2.1. Let ¢ be a convex function on I C R and differentiable on I. Suppose that f : [a,b] — I and
p: la,b] — RT are continuous functions on [a,b]. Then

Jop(x) > [Pp(a (z)) dz 01
90( fp fmm)d:c | 2

If ¢ is strictly convex, then inequality in is strict. If ¢ is a concave function, then inequality in
18 reverse.

Proof. Suppose that ¢ is a convex function on I C R and differentiable on I. Then for each T,y € I , we
have

p(x)—py) = (@-y) ¢ (). (2.2)
Replace z by f (z) and set y = % in 1) we obtain

€T fp
¢ (f(z)) — < fp )

(@) f (2) ) (f p(x dx>
> x) — . 2.3
> (f( ) P p(@)da ¢’ o (2.3)

Multiplying both sides of inequality (2.3]) by p () we obtain

p(@) o (f () - p () (f plz d‘”)
f p(x

b
> <p @) F ) —p(@) L Zf’ o )go' (fa jilf‘;)é )(de) | (2.4)

By integration in ([2.4]) we obtain (2.1)). O

3. Proof of the Theorems

Proof of Theorem 1.3 - Suppose that ¢ : I — R is a continuous function on I and twice differentiable on
I. Set g (z) = ¢ (z) — Zz? leferentlatmg tW1ce times both sides of g we get ¢ (z) = ¢” () —m > 0. Then
g is a convex function on I. By formula , we have

g (Pln sz%) < Pln Zpig () (3.1)

which implies that
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Then, by (3.2) we can write

]_:l,n ZPNJ (i) — ¢ (;,n szxz)
i=1 i=1
1l &< 1 & ’
B Zpixi -5 Zpixi . (3.3)
i=1 i=1

If we put g (z) = —¢ () + 22, then by differentiating both sides of g we get ¢” (z) = —¢" (z) + M > 0.
Hence g is a convex function on I and by similar proof as above, we obtain

1 — 1 «
B D pie (@) — ¢ (P Zpi:ci)
=1 =1

2
M1 1 &
<—|= 22— | = T : 3.4
O

Proof of Theorem [1.4] Suppose that ¢ : I — R is a continuous function on I and twice differentiable on
I. Set g(z) = ¢ (z) — Za?. Differentiating both sides of g we get ¢g” (z) = ¢” (z) —m > 0. Hence g is a
convex function on I and by formula (2.1)) we have

<f p(r ) Jip(@)g (f (@) da 35)
Jip(a 2 p(2)do
which implies that
) (f p(2)f (@ dx> m (ffp(a:)f(x)dw>2
f p () 2 f:p(x dx
NIC ))dx_@ffp f( >> do (36)
- f p(z 2 [Ip( '

Then by (3.6)), we can write

fep@ e @)de (ffp@)f(x) dx>
S p(x) da [Pp(z) da

b 2 b 2
_m fapj(«b;((i;d); d _(fap( ) f(z)d ) ‘ (3.7)

2 ffp(a:)da:

If we put g (z) = ¢ (z) — & 22, then by differentiating both sides of g, we get g” (z) = ¢” (z) — M < 0. Thus,
g is a concave function on I and by a similar proof as above, we obtain

fep@ e @)de (f;p(a:)f(a:) dx>
J. (@) dz [2p (@) da

f( >>2dx ) <f Pl dx> | 338)
Jip

<

M Jyp@)
2

P
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