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Abstract

In this paper, we prove a common fixed point theorem for a family of non-self mappings satisfying generalized
contraction condition of Ciric type in cone metric spaces (over the cone which is not necessarily normal).
Our result generalizes and extends all the recent results related to non-self mappings in the setting of cone
metric space. (©2015 All rights reserved.
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1. Introduction and Preliminaries

The existing literature of fixed point theory contains many results enunciating fixed point theorems for
self-mappings in metric and Banach spaces. Recently, Huang and Zhang [9] generalized the concept of a
metric space, replacing the set of real numbers by ordered Banach space and obtained some fixed point
theorems for mappings satisfying different contractive conditions. Subsequently, the study of fixed point
theorems in such spaces is followed by some other mathematicians, see [1, 2 [1T], 14} 15, 17, 20} 25] 26].
The study of fixed point theorems for non-self mappings in metrically convex metric spaces was initiated by
Assad and Kirk [4]. Utilizing the induction method of Assad and Kirk [4], many authors like Assad [3], Ciric
5], Hadzic [7], Hadzic and Gajic [8], Imdad and Kumar [12], Rhoades [21} 22, 23] have obtained common
fixed point in metrically convex spaces. Recently, Ciric and Ume [6] defined a wide class of multi-valued
non-self mappings which satisfy a generalized contraction condition and proved a fixed point theorem which
generalize the results of Itoh [I3] and Khan [16].

*Corresponding author
Email addresses: xjhuangxwen@163.com (Xianjiu Huang), ncuxx1u@163.com (Xinxin Lu), ncuxwen@163.com (Xi Wen)

Received 2015-1-183



X. J. Huang, X. X. Lu, X. Wen, J. Nonlinear Sci. Appl. 8 (2015), 387401 388

Very recently, Radenovic and Rhoades [17] extended the fixed point theorem of Imdad and Kumar [12]
for a pair of non-self mappings to non-normal cone metric spaces. Jankovic et al. [I5] proved new common
fixed point results for a pair of non-self mappings defined on a closed subset of metrically convex cone metric
space which is not necessarily normal by adapting Assad-Kirks method. Huang et al.[I0] proved a fixed point
theorem for a family of non-self mappings in cone metric spaces which generalizes the result of Jankovic et
al. [I5]. Sumitra et al. [24] generalized the fixed point theorems of Ciric and Ume [6] for a pair of non-self
mappings to non-normal cone metric spaces. In the same time, Sumitra et al.’s [24] results extended the
results of Jankovic et al. [15] and Radenovic and Rhoades [I7]. Motivated by Sumitra et al. [24], we prove
a common fixed point theorem for a family of non-self mappings on cone metric spaces in which the cone
need not be normal and the condition is weaker. This result generalizes the result of Sumitra et al. [24] and
Huang et al.[10].

Consistent with Huang and Zhang [9], the following definitions and results will be needed in the sequel.

Let E be a real Banach space. A subset P of E is called a cone if and only if:

(a) P is closed, nonempty and P # {6};
(b) a,b€ R,a,b>0,z,y € P implies azx + by € P;
(c) PNn(—P)={0}.
Given a cone P C E, we define a partial ordering < with respect to P by x <y if and only if y —x € P.
A cone P is called normal if there is a number K > 0 such that for all z,y € E,

0 <z <y implies || z |[< K ||y [|.

The least positive number satisfying the above inequality is called the normal constant of P, while x < y
stands for y — = € intP (interior of P).

Definition 1.1 ([6]). Let X be a nonempty set. Suppose that the mapping d : X x X — F satisfies:

(d1) 6 < d(z,y) for all z,y € X and d(z,y) = 0 if and only if z = y;
(d2) d(z,y) = d(y,z) for all x,y € X;
(d3) d(z,y) < d(z,z)+d(zy) for all z,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.
The concept of a cone metric space is more general than that of a metric space.

Definition 1.2 ([9]). Let (X, d) be a cone metric space. We say that {x,} is:

(e) a Cauchy sequence if for every ¢ € F with 6 < ¢, there is an N such that for all n,m > N, d(zp, xm) <
G

(f) a Convergent sequence if for every ¢ € E with § < ¢, there is an N such that for all n > N, d(z,,z) < ¢
for some fixed x € X.

A cone metric space X is said to be complete if for every Cauchy sequence in X is convergent in X. It
is known that {x,} converges to x € X if and only if d(z,,x) — 6 as n — oo. It is a Cauchy sequence if
and only if d(z,, ) — 6(n,m — o0).

Remark 1.3 (]27]). Let E be an ordered Banach (normed) space. Then c is an interior point of P, if and
only if [—¢, c] is a neighborhood of 6.

Corollary 1.4 ([19]). (1) Ifa<bandb < c, then a < c. Indeed, c—a = (¢ —b)+ (b—a) > c—b implies
[—(c—a),c—a]l] D [—(c—b),c—b|.
(2) If a < b and b < ¢, then a < c. Indeed, c —a = (¢ —b) + (b —a) > ¢ — b implies [—(c — a),c — a] 2
[—(c—0b),c—b].
(3) If 6 < u < ¢ for each ¢ € intP then u=§6.
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Remark 1.5 ([14, [17]). If ¢ € intP,0 < a,, and a,, — 6, then there exists an ng such that for all n > ny we
have a, < c.

Remark 1.6 ([19, 20]). If E is a real Banach space with cone P and if a < ka where a € P and 0 < k < 1,
then a = 6.

Definition 1.7 ([I]). Let f and g be self maps on a set X (i.e., f,g: X — X). If w= fa = gz for some z
in X, then x is called a coincidence point of f and g, and w is called a point of coincidence of f and g. Self
maps f and g are said to be weakly compatible if they commute at their coincidence point; i.e., if fo = gx
for some x € X, then fgx = gfx.

2. Main result

The following theorem is Sumitra et,al [24] generalization of Ciric and Ume’s [6] result in cone metric
spaces.

Theorem 2.1. Let (X,d) be a complete cone metric space, C' a nonempty closed subset of X such that for
each © € C and y ¢ C there exists a point z € OC (the boundary of C') such that

d(z,z) +d(z,y) = d(z,y).
Suppose that f,g: C — X are two non-self mappings satisfying for all x,y € C'" with x # y,
d(gz,gy) < ad(fz, fy) + Bu + yv (2.1)

where u € {d(fz, gz),d(fy, gy)}, v € {d(fz,gx) +d(fy,9y),d(fz,gy) +d(fy,gx)}, and o, B, are nonneg-
ative real numbers such that

a+260+3v+ay<l (2.2)
Also assume that
(i) 0C C fC,gCNC C fC,
(ii) fx € OC implies that gz € C,
(iii) fC is closed in X.

Then the pair (f,g) has a coincidence point in C. Moreover, if pair (f,g) is weakly compatible, then f and
g have a unique common fized point in C.

Remark 2.2. From the proof of this theorem, it is easy to see that condition (2.2) can be weakened to
a+p+2y<1.

The purpose of this paper is to extend above theorem for a family of non-self mappings in cone metric
spaces with weaker condition.
We state and prove our main result as follows.

Theorem 2.3. Let (X,d) be a complete cone metric space, C a nonempty closed subset of X such that for
each x € C and y & C there exists a point z € OC' such that

d(z,z) +d(z,y) = d(z,y).

Suppose that {F,}5° 1,8, T : C — X are a family of non-self mappings satisfying for all i = 2n — 1,5 =
2n(n € N) and z,y € C with x # y,

d(Fiz, Fjy) < ad(Tx, Sy) + fu+ v (2.3)

where u € {d(Tx, F;x),d(Sy, Fjy)}, v € {d(Tz, Fix) + d(Sy, Fjy),d(Tx, Fjy) + d(Sy, Fiz)} and o, 3,7 are
nonnegative real numbers such that
a+pB+2y<1. (2.4)

Also assume that
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(I) 0C C SCNTC,F;CNC CSC, F;CNnC CTC,
(II) Tz € OC implies that Fyx € C, Sz € 0C implies that Fjx € C,
(III) SC and TC (or F;C and F;C) are closed in X.

Then

(1V) (F;,T) has a point of coincidence,
(V) (Fj,S) has a point of coincidence.

Moreover, if (F;,T) and (Fj,S) are weakly compatible pairs for all i = 2n —1,j = 2n(n € N), then
{Fn}221,S and T have a unique common fized point.

Proof. Let © € OC be arbitrary. Then (due to 9C C T'C') there exists a point o € C such that z = Txo.
From the implication if Txy € 0C, then Fizg € FiC N C C SC. Thus, there exist x1 € C such that
y1 = Sy = Fixg € C. Since y; = Fixg there exists a point yo = Fsx; such that

d(ylu y2) = d(F1$07 F2$1)'

Suppose y2 € C'. Then yo € FoC N C C TC which implies that there exists a point o € C such that
yo = T'xy. Otherwise, if yo ¢ C, then there exists a point p € C such that

d(Sx1,p) + d(p,y2) = d(Sw1,y2).
Since p € 0C C T'C there exists a point x5 € C' with p = T'zo so that
d(Sz1,Tz2) + d(Tw2,y2) = d(ST1,92).

Let y3 = F3xo be such that d(y2,y3) = d(Fax1, F3xa). Thus, repeating the foregoing arguments, one
obtains two sequences {z,,} and {y,} such that

(@) yon = FonTon—1,Y2n+1 = Fony12on,
(b) yon € C implies that yo, = T'za, or Y2, ¢ C implies that Tzy, € 0C and

d(szn—la TxQn) + d(TxQn) an) = d(SxZn—h an)'
(¢) yan+1 € C implies that yo,11 = Sxopt1 Or Yop+1 & C implies that Sxo,4+1 € OC and

d(Txop, Sxont1) + d(Sxant1, Yont1) = d(Tx2n, Yant1)-

We denote
Py =A{Txo; € {Txon} : Two; = y2i},
Py = {Txy; € {Txon} : Twoi # y2i},
Qo = {Swait1 € {Sxont1} : ST2+1 = Y2i+1}s
Q1 ={Sz2i11 € {Svant1} : Sw2it1 # Y2i41}-

Note that (Txo,, Stont1) € P1 X Q1, as if Txy, € Pp, then ys, # Tx, and one infers that Txs, € 0C
which implies that yon+1 = Fopy172, € C. Hence yop+1 = Swon+1 € Qp. Similarly, one can argue that
(Sxon—1,Tx2,) & Q1 x Pi.

Now, we distinguish the following three cases.

Case 1. If (T'xoy, Szont+1) € Po X Qo, then from ([2.3)

d(Txan, Stont1) = d(Font122n, Fonton—1) < ad(Txap, Ston—1) + Buzn + Yv2n,

where

ugpn, € {d(Tx2n, Font1xon), d(Stan—1, Fonxon—1)} = {d(Tx2n, yon+1), d(Sxan—1,Y2n) }
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van € {d(Txon, Font122n) + d(Sxon—1, Fonton—1), d(TT2n, FonTon—1) + d(Stan—1, Font122,)
= {d(Tx2n, Yon+1) + d(Sxon—1,y2n), d(STon—1, Yont1)}-
Clearly, there are infinitely many n such that at least one of the following four cases holds:
(1) If ugp, = d(Tx2n, Yon+1) and vap, = d(TTon, Yont1) + d(STan—1,Y2n), then
d(T'z2n, Stont1) < ad(Txon, Sxon_1) + Bd(TT2n, Y2nt1) + V(AT 220, Y2nt1) + d(ST20-1,Y2n))

= ad(Txon, Ston—1) + Bd(Tx2n, Stont1) + vd(T'Ton, Stont1) + Yd(STon—1, Txoy).

This implies that d(T'zay,, Srop+1) < 1f;z,yd(5$2n—17 Txon).
(2) If ugp, = d(Tx2n, Yon+1) and va, = d(Sx2n—1, Y2n+1), then

d(Txon, Stont1) < ad(Txopn, Ston—1) + Bd(TTon, Yon+1) + vd(ST2n—1, Y2n+1)

< ad(Tx2n, Stan—1) + Bd(Tw2n, yon+1) + Y(d(ST2n-1, y2n) + d(Y2n, Y2n+1))
= ad(Tw2n, Ston-1) + Bd(Tx2n, Stont1) + ¥d(STon—1, Ton) + Yd(T 20, ST2011)-

This implies that d(T'zay,, Srop+1) < lf;z,yd(Sl'Qn_l,T‘TQn).

(3) If ugy, = d(Szon—1,y2n) and voy, = d(Tx2p, Yon+1) + d(ST2n—1, y2r), then

d(Txon, Stont1) < ad(Txopn, Ston—1) + Bd(STan—1,Y2n) + Y(A(T22m, Yont1) + d(ST2n—1,Y2n))

= ad(Tran, Ston—1) + Pd(Sxon_1,Txon) + yd(Tx2m, STont1) + vd(STan—1,Tx2,).

This implies that d(T.%'Qn, Sx2n+1) S %ﬁjyd(s.%'gn_l, T.%‘Qn).
(4) If ugy, = d(Swan—1,y2n) and vo, = d(Szap—1,Y2n+1), then

d(Txap, Stont1) < ad(Txopn, Ston—1) + Ld(STan—1,Y2n) + Yd(ST2n—1, Y2n+1)

< ad(Txon, Sxon—1) + Bd(STan—1,Y2n) + V(d(ST2n—1, y2n) + d(Y2n, Y2n+1))
= ad(Txon, Stan—1) + Bd(Sxon—_1,Tx2n) + vd(Sx2n—1,Tx2,) + Yd(TT20n, STon+1)-

This implies that d(T.%'Qn, Sx2n+1) S %ﬁj}ld(sx’gn_l, T.T,'Qn).
From (1), (2), (3), (4) it follows that

d(T'zan, Stont1) < Ad(Sxan—1, Tw2n), (2.5)

where \ = max{%, %ﬁjﬁ} < 1 by (2.4)).

Similarly, if (Szan41, TTant2) € Qo X Py, we have
d(Sxont1, Tront+2) = d(Font12on, Fontoxont1) < Md(Txon, SToni1). (2.6)
If (Sxon—1,Txa,) € Qo X Py, we have
d(Szan—_1,Tx2,) = d(Fop_172n—2, Fonwon_1) < Ad(Tx2p—2, STon_1). (2.7)
Case 2. If (T'zop, Stont+1) € Po X Q1, then Sxo,11 € @1 and
d(Txan, Stont+1) + d(Szant1, Yont1) = d(Txon, Yon+1) (2.8)
which in turns yields

d(Txon, Ston+1) < d(Txon, Yon+1) = d(Y2n, Y2n+1) (2.9)

and hence
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d(Txop, Sxont1) < d(Yon, Yon+1) = d(Font122n, FonTon—1). (2.10)

Now, proceeding as in Case 1, we have (2.5 holds.
If (Sxop+1, Txont2) € Q1 X Py, then Txy, € Py. We show that

d(Sxont1, Txont2) < Ad(Txzopn, Ston—1). (2.11)
Using (2.8)), we get
d(Srony1, Trong2) < d(Sr2ny1,Yont1) + d(Y2nt1, TT2n42)

= d(Txon, Yont1) — A(Tx2m, STont1) + d(Yont1, TTony2). (2.12)

By noting that T'xop 42, Tzo, € Py, one can conclude that
d(yan+1, Toont2) = d(Y2nt1, Yon+2) = d(Font172n, Fonyotoni1) < Ad(T2on, Stoni1), (2.13)
and
d(Txon, Yon+1) = d(Yon, Yon+1) = d(Fon+122n, Fonton—1) < Ad(Sxon—1,T2y), (2.14)

in view of Case 1.
Thus,

d(Szopt1, Tront2) < Ad(Szon—1,Tx2,) — (1 — N)d(Tx2n, Sont1) < Ad(Sxon—1,Txon),

and we proved (2.11)).
Case 3. If (T'xop, Sxon+1) € P1 X Qo, then Sxo, 1 € Qp. We show that

d(Txgn, S$2n+1) S )\d(S.Z’Qn_l, T.Cl?gn_2>. (2.15)
Since T'x9, € P;, then

d(Szon—1,Tx2,) + d(Tx2m, y2n) = d(Sxan—1,Y2n)- (2.16)

From this, we get
d(Txon, Sxont1) < d(Tx2n, yon) + d(Y2n, STont1)

= d(Sz2n-1,Y2n) — d(Sz2n-1, TT20) + d(y2n, ST2n11)- (2.17)

By noting that Szo,41, Sxon—1 € Qo, one can conclude that
d(Yan, STan+1) = d(Y2n, Yont+1) = d(Font1Ton, Fonxon—1) < Ad(Sxon—1, Txay), (2.18)
and
d(Sxon—1,Y2n) = Ad(Yoan—1,Y2n) = d(Fon—_1T2n—2, Fonxon—1) < Ad(Szop—1,Txon—2), (2.19)

in view of Case 1.
Thus,

d(Tzoy, Sxont1) < Ad(Szap—1,Txon—2) — (1 — N)d(Szon—1,Tx2,) < Ad(Sx2n—1,TTom—2),

and we proved ([2.15]).
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Similarly, If (Sx2n+1,T$2n+2) € Qo X Py, then Txo,y0 € Pp, and

d(Szant1, Tront2) + d(Txon+2, Yont2) = d(STant1, Yan+2)-

From this, we have
d(Szont1, Tront2) < d(STont1,Yon+2) + d(yant2, TTonr2)

< d(Szont1, Yon+2) + A(Sxant1, Yont2) — d(Sxont1, Txon42)
= 2d(Sxan+1,Yont2) — Ad(Sxont1, Tx2n42)
= d(Szant1, Txont2) < d(STon+1, Y2n+2)-

By noting that Sz2,+1 € Qo, one can conclude that

d(Sxon+1, Tront2) < d(Sxant1, Yant2) = d(Font1T2n, Fontatont1) < Ad(Tx2n, STan+1), (2.20)

in view of Case 1.
Thus, in all case 1-3, there exists wa, € {d(Szon—1,Tx2,),d(Tx2,—2,Sx2,-1)} such that

d(Tw2y, Sxont1) < Awap
and exists wop+1 € {d(Sxan—1,TTay), d(T'x2pn, STont+1)} such that
d(Sxany1, Twont2) < AWapit.

Following the procedure of Assad and Kirk [4], it can easily be shown by induction that, for n > 1, there
exists wy € {d(T'zo, Sx1),d(Sz1,Tr2)} such that

d(TxQn,Sx2n+1) < )\ni%’IUQ and d(Sx2n+1,T.’L'2n+2) < Aws. (2.21)
From (2.21)) and by the triangle inequality, for n > m we have

d(Txon, Sxome1) < d(Txopn, Ston—1) + d(Swon—1,Tron—2) + - - + d(Tx2m+2, STom+1)

m

11—V
From Remark and Corollary (1) d(Tzap, Stom+1) < c.
Thus, the sequence {Txg, Sz1,Tx2,Sx3, - ,Sxon—1,Txon, STon_1, -} is a Cauchy sequence. Then,

as note in [§], there exists at least one subsequence {T'xay, } or {Sza,,+1} which is contained in Py or Qo

respectively and finds its limit z € C. Furthermore, subsequences {T'za,, } and {Sza,,+1} both converge

to z € C as C is a closed subset of complete cone metric space (X,d). We assume that there exists a

subsequence {T'z2y,, } C Py for each k € N, and T'C as well as SC are closed in X. Since {Txa,, } is Cauchy

sequence in T'C, it converges to a point z € TC. Let w € T~12, then Tw = z. Similarly, {Sza,,+1} being

a subsequence of Cauchy sequence {T'xg, Sz1,Tx2, Sx3, -+ ,Sxon—1,Txon, STon_1, -} also converges to z
as SC is closed. Using (2.3, one can write

<™ NS o A DYy, < wy — 0, as m — oo.

d(Fiw, z) < d(Fyw, Fjxon,—1) + d(Fjxon, -1, 2) < ad(Tw, STon,—1) + Buw + Y0uw + d(FjZon,—1, 2)

= ad(z, Swop,—1) + Puw + Y0 + d(FjTon,—1,2),

where
Uy € {d(Tw, Fiw), d(S:L'an_l, ijan_l)} = {d(z, Fiw), d(S{Ean_l, ijznk_l)},

VU € {d(Tw, Fiw) + d(ngnk_l, ij2nk—1)a d(Tw, Fj.rgnk_l) + d(Fiw, Sl’gnk_l)}
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= {d(z, F;w) + d(Szan,—1, Fjxon,—1), d(z, Fjzon,—1) + d(Fyw, Sxapn, —1)}.

Let 8 < c¢. Clearly at least one of the following four cases holds for infinitely many n.
(1) If uy = d(z, Fyw) and vy, = d(z, F;w) + d(Swan, -1, FjZon,—1), then

d(Fyw, z) < ad(z, Sxon,—1) + Bd(z, F;w) + y(d(z, Fiw) + d(Ston,—1, Fjzon,—1)) + d(Fjxan,—1, 2)

< ad(z, Swan,—1) + Bd(z, Fiw) + vd(z, Fw) + v(d(Sw2n, -1, 2) + d(2, Fjzon,—1)) + d(Fjxon,—1, 2)
= (a+ 7)d(z, Szon,—1) + (B +7)d(z, Fyw) + (v + 1)d(Fjzan, -1, 2)

o+ +1
= d(Fw, z) < 3 j d(z,Sxon,—1) + I—’Y}ﬁd(ﬂxznk_l’ 2)
a+y c v+1 c
< + =q
L=f—y2r52 1= B—vyo

(2) If uy = d(z, Fyw) and vy, = d(2, Fjzon,—1) + d(Fyw, Sxop,—1), then
d(Fiw, z) < ad(z, Swon,—1) + Bd(z, Fiw) + y(d(z, Fjxon,—1) + d(F;w, Stan, 1)) + d(Fjzon, 1, 2)

< ad(z, Ston,—1) + Bd(z, Fyw) + vd(z, Fjxon,—1) + v(d(Fiw, z) + d(2, Ston,—1)) + d(Fjzon, -1, 2)
— (04 7)d(z, S2amg 1) + (B + 1)d(z, Fiw) + (3 + Dl(Fyrome 1, 7)

o+ +1
= d(Fw,z) < T 51 d(z,Sxon,—1) + 11/6 —d(Fjzan,—1,2)
a4y c v+1 c
< + =q
T—B -2 " T-B -yl

(3) If wy = d(Szon,—1, Fjon,—1) and vy, = d(z, Fiw) + d(Sxon, —1, FjTon,—1), then
d(Fiw, z) < ad(z, Swon,—1)+Bd(STon,—1, Fjron,—1)+y(d(z, Fjw)+d(Swon, -1, Fjwon,—1))+d(Fjxon, -1, 2)

< ad(z,Son,—1) + B(d(Sxon,—1,2) + d(2, Fjxon,—1)) + vd(z, Fiw)
+y(d(Swon,—1,2) + d(2, Fjzon,—1)) + d(Fjzan, -1, 2)

= (a+ B +7)d(z, Sxon,—1) +vd(z, F;w) + (B + v+ 1)d(Fjzan,—1, 2)

a+ B+ B+~v+1

1o d(z, STan,—1) + B

a+B8+y ¢ B+v+1 ¢
< —+ = C:
5+ _ BHy+1 ’
1= 2%77 1—=v 2%

= d(Fiw, Z) < d(ijan—ly z)

(4) If wy = d(Sxan,—1, Fjzron,—1) and v, = d(z, Fjzon,—1) + d(Fjw, Sxap,—1), then
d(va Z) < Old(Z, Sxanfl)_}'/Bd(Sl‘anfla Fj$2nk—1)+’7(d(27 Pj_ijnkfl)_{_d(Ewa Sankfl))_{_d(ﬁ?f’Ianfl) Z)

< ad(z, Sx?nkfl) +B(d(5$2nk*1a Z) + d(Z, F}'.%’anfl)) —|—’yd(z, ijQTLk*l)
+y(d(Fjw, 2) + d(z, Ston,—1)) + d(Fjzon,—1, 2)
= (a+ B +7)d(z, Swon,—1) +vd(z, Fw) + (B + v + 1)d(Fjzon, -1, 2)

a+pf+ +y+1
= d(Fw, z) < $d(z, STon,—1) + &d(ijan,l, 2)
1—7 1—7
+B+ Fy41
< atbty c + brn ¢ =c.

— +8+ — Bty+1
1—7y 299202 1—y 2572
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In all the cases we obtain d(F;w,z) < ¢ for each ¢ € intP, Using Corollary Corollary (3) it follows
that d(Fyw,z) = 0 or F;w = z. Thus, F;w = z = Tw, that is z is a coincidence point of F;, T

Further, since Cauchy sequence {Txo, Sz1, T2, Sxs, -, Sxon_1,TTon, STon_1,- -} converges to z € C
and z = Fw,z € F;CNC C SC, there exists b € C' such that Sb = z. Again using , we get

d(Sb, F;b) = d(z, F;b) = d(Fyw, F;b) < ad(Tw, Sb) 4+ By + Y0y = By + YVu,
where
Uy € {d(Tw, F;w), d(Sb, Fjb)} = {0,d(Sb, F;b)},
vy € {d(Tw, F;w) 4+ d(Sb, F;b), d(T'w, F;b) 4+ d(Sb, F;w)} = {d(Sb, F;b), d(z, Fjb)} = {d(Sb, F;b)}.
Hence, we get the following cases:
d(Sb, F;b) < 6 + vd(Sb, F;b) = ~vd(Sb, F;b) and d(Sb, F;b) < (8 + ~)d(Sb, F;b)

Since0 <y <pf+v<1—-a—+v<1, using Remark and Corollary (3), it follows that Sb = F}b,
therefore, Sb = z = F}b, that is z is a coincidence point of (Fj, S).

In case F;C and F;C are closed in X, then z € F;CNC C SC or z € F;CNC CTC. The analogous
arguments establish (IV) and (V). If we assume that there exists a subsequence {Szap,+1} C Qo with T'C
as well SC are closed in X, then noting that {Sz2,,+1} is a Cauchy sequence in SC, foregoing arguments
establish (IV) and (V).

Suppose now that (F;,T) and (Fj, S) are coincidentally commuting pairs, then

2=Fw=Tw= Fiz=FTw=TFw=Tz and z=F;b=5Sb= Fjz=F;Sb=SF;jb= 2S5z

Then, from ,
d(Fiz,z) = d(Fiz, Fjb) < ad(Tz,Sb) + fu + yv = ad(F;z, z) + fu + v,
where
u € {d(Tz, F;z),d(Sb, F;b)} = {d(Fiz, Fiz),d(z, z)} = {0},
v € {d(Tz, F;z) + d(Sb, F;b),d(T'z, Fjb) + d(Sb, Fiz)} = {0,d(Fiz, z) + d(z, F;z)} = {0,2d(Fiz, 2)}.
Hence, we get the following cases:
d(Fiz,z) < ad(Fz,z) and d(Fiz, z) < ad(Fz, z) + 2vd(Fiz, z) = (o + 27y)d(z, F;2)

Since 0 < a < a4+ 2y < 1—- 4 <1, using Remark and Corollary (3), it follows that F;z = z.
Thus, Fiz=2=Tz

Similarly, we can prove Fjz = z = Sz. Therefore 2z = F;z = F;z = Sz = Tz, that is, z is a common
fixed point of F),, S and T.

Uniqueness of the common fixed point follows easily from . O

Remark 2.4. Setting F; = F' and F; = G in Theorem we obtain the following result:

Corollary 2.5. Let (X,d) be a complete cone metric space, C' a nonempty closed subset of X such that for
each x € C and y & C there exists a point z € OC' such that

d(z,z) +d(z,y) = d(z,y).
Suppose that F,G,S,T : C — X are two pairs of non-self mappings satisfying for all x,y € C with x # vy,
d(Fz,Gy) < ad(Tz,Sy) + fu + v (2.22)
where u € {d(Tx, Fx),d(Sy,Gy)}, v € {d(Tz, Fx) + d(Sy, Gy),d(Tz,Gy) + d(Sy, Fx)}, and o, B, are

nonnegative real numbers such that
a+pB+2y <1 (2.23)

Also assume that
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(I) 0C C SCNTC,FCNC CSC,GCNC CTC,
(II) Tx € OC implies that Fx € C, Sz € OC implies that Gx € C,
(III) SC and TC (or FC and GC) are closed in X .

Then

(IV) (F,T) has a point of coincidence,
(V) (G, S) has a point of coincidence.

Moreover, if (F,T) and (G, S) are weakly compatible pairs, then F,G,S and T have a unique common fized
point.

Remark 2.6. 1. Setting F; = F; = f and T'= S = g in Theorem one deduces Theorem [2.1] due to Ciric
and Ume’s [0] with o + 8+ 2y < 1.
2. Setting F; = Fj = f and T'= S = Ix in Theorem [2.3| we obtain the following result:

Corollary 2.7. Let (X,d) be a complete cone metric space, and C' a nonempty closed subset of X such that
for each x € C and y & C there exists a point z € OC such that

d(z,z) +d(z,y) = d(z,y).
Suppose that g : C — X satisfying for all x,y € C with x # vy,

d(fz, fy) < ad(z,y) + Pu+7,

where
u € {d(z, gv),d(y, gy)}, v € {d(x, gx) + d(y, gy), d(, gy) + d(y, gx)},

and «, B,y are nonnegative real numbers such that o + 8+ 2y < 1 and g has the additional property that
for each x € 0C, gx € C, then g has a unique fized point in C.

We now list some corollaries of Theorems

Corollary 2.8. Let (X,d) be a complete cone metric space, C a nonempty closed subset of X such that for
each x € C and y & C there exists a point z € OC' such that

d(z,z) +d(z,y) = d(z,y).
Let {F,}52,,8,T : C — X be such that for alli=2n—1,j =2n(n € N) and z,y € C with x # vy,
d(Fiz, Fyy) < ad(Tx, Sy), (2.24)

where o € (0,1).
Suppose, further, that {F,}>2,,S,T and C satisfy the following conditions:
(I) 0C C SCNTC,F,CNC CSC,F;CNCCTC,
(II) Tz € OC implies that Fyx € C, Sz € 0C implies that Fjx € C,

(III) SC and TC (or F;C and F;C) are closed in X.
Then

(IV) (F;,T) has a point of coincidence,
(V) (Fj,S) has a point of coincidence.

Moreover, if (F;,T) and (F},S) are weakly compatible pairs for all i = 2n — 1,5 = 2n(n € N), then
{Fn},S and T have a unique common fized point.
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Corollary 2.9. Let (X,d) be a complete cone metric space, C' a nonempty closed subset of X such that for
each x € C and y &€ C there exists a point z € OC' such that

d(z,z) +d(z,y) = d(z,y).
Let {F,}° 1,5, T : C — X be such that for alli =2n—1,7 =2n(n € N) and x,y € C with  # y,
d(Fyx, Fjy) < ~(d(Tx, Fix) + d(Sy, Fjy)), (2.25)
where vy € (0, 3).
Suppose, further, that {F,}>2 1,5, T and C satisfy the following conditions:

(I) 0C C SCNTC,F,CNC CSC, F;CNnCCTC,
(II) Tx € OC implies that Fyx € C,Sx € OC implies that Fjx € C,
(III) SC and TC (or F;C and F;C) are closed in X.

Then

(1V) (F;,T) has a point of coincidence,
(V) (Fj,S) has a point of coincidence.

Moreover, if (F;,T) and (F;,S) are weakly compatible pairs for all i = 2n — 1,j = 2n(n € N), then
{Fn}2,S and T have a unique common fized point.

Corollary 2.10. Let (X,d) be a complete cone metric space, C' a nonempty closed subset of X such that
for each x € C and y & C there exists a point z € OC such that

d(z,z) +d(z,y) = d(z,y).
Let {F,}3°1,8,T : C — X be such that for alli=2n—1,j =2n(n € N) and z,y € C with x # vy,
d(Fix, Fyy) < y(d(Tz, Fyy) + d(Fyz, Sy)), (2.26)
where v € (0, 3).
Suppose, further, that {F,,}>2 1,5, T and C satisfy the following conditions:

(I) 0C C SCNTC,F,CNC CSC, F;CNnCCTC,
(II) Tz € OC implies that Fyx € C, Sz € 0C implies that Fjx € C,
(II1) SC and TC (or F;C and F;C) are closed in X.

Then

(IV) (F;,T) has a point of coincidence,
(V) (Fj,S) has a point of coincidence.

Moreover, if (F;,T) and (F;,S) are weakly compatible pairs for all i = 2n —1,j = 2n(n € N), then
{Fn}021,S and T have a unique common fized point.

Remark 2.11. Setting F; = F; = f and T'= S = g in Corollary we obtain the following results:

Corollary 2.12. Let (X,d) be a complete cone metric space, C a nonempty closed subset of X such that
for each x € C and y & C there exists a point z € OC such that

d(z,z) +d(z,y) = d(z,y).

Let f,g: C'— X be such that
d(fz, fy) < ad(gz, gy), (2.27)

for some o € (0,1) and for all x,y € C. Suppose, further, that f,g and C satisfy the following conditions:
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(I) 90C C gC, fCNC C gC,
(II) gx € OC implies that fx € C,
(III) gC' is closed in X.

Then the pair (f,g) has a coincidence point in C. Moreover, if pair (f,g) is weakly compatible, then f and
g have a unique common fized point in C.

Corollary 2.13. Let (X,d) be a complete cone metric space, C a nonempty closed subset of X such that
for each x € C and y & C there exists a point z € OC such that

d(z,z) +d(z,y) = d(z,y).

Let f,g: C — X be such that
d(fz, fy) < v(d(fz, gz) + d(fy, 9y)), (2.28)

for some ~ € (0, %) and for all x,y € C. Suppose, further, that f,g and C satisfy the following conditions:

(I) 0C C gC, fCNC C gC,
(1I) gz € OC implies that fx € C,
(III) gC' is closed in X.

Then the pair (f,g) has a coincidence point in C. Moreover, if pair (f,g) is weakly compatible, then f and
g have a unique common fixed point in C.

Corollary 2.14. Let (X,d) be a complete cone metric space, C' a nonempty closed subset of X such that
for each x € C and y & C there exists a point z € OC such that

d(z, 2) +d(z,y) = d(z,y).
Let f,g: C — X be such that

d(fz, fy) < v(d(fz,gy) + d(fy, gx)), (2.29)
for some v € (0, %) and for all z,y € C. Suppose, further, that f,g and C satisfy the following conditions:

(I) 0C C ¢gC, fCNC C gC,
(II) gx € OC implies that fx € C,
(II1) gC' is closed in X .

Then the pair (f,g) has a coincidence point in C. Moreover, if pair (f,g) is weakly compatible, then f and
g have a unique common fized point in C.

Remark 2.15. Corollaries are the corresponding theorems of Abbas and Jungck from [I] in the
case that f, g are non-self mappings.

3. Illustrative examples

The following example shows that in general F},, S and T satisfying the hypotheses of Theorem [2.3] need
not have a common coincidence justifying two separate conclusions (IV) and (V).

Example 3.1. Let E = C1([0,1],R),P = {¢ € E : ¢(t) > 0,t € [0,1]},X = [0,+00),C = [0,2] and
d: X x X — E defined by d(z,y) = |z — y|p, where p € P is a fixed function, e.g., ¢(t) = e'. Then (X, d)
is a complete cone metric space with a non-normal cone having the nonempty interior. Define F;, F;, S and
T:C— X as

4 4
Fix:x+5,i:2n—1, ij:x2+g,j:2n, Tz =52z and Sz =52%z¢eC.
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Since 0C = {0,2}. Clearly, for each x € C and y ¢ C there exists a point z = 2 € 9C such that
d(xz,z) + d(z,y) = d(x,y). Further, SCNTC = |0, 20} [0,10] = [0,10] D {0,2} = 0C, F;,CNC =
[%,E] 0,2] =[3,2] C SC, F;CNC =[3,%]n[0,2] = [2,2] C TC, and, SC, TC, F;C and F;C are closed
in X.

Also,

4 4
TO:0€6C:>FiO:5eC, S():Oeé?Oz>FjO:5eC.

T(%):2€aC:>Fi(§):geC, S(\/g)zzgacjpj(\/g)zgec_

Moreover, for each z,y € C,
d(Fz, Fjy) = u—yr¢—5<szw

that is (2.3) is satisfied with « = 1,8 =~ = 0.

Evidentally, 1 = T(3) = Fy(3) # § and 1 = S( )

Fi(Z)
points are not common fixed points as F;T(1) # TF;(3) and SF
of weakly compatible property in Theorem [2.3]

£ L 7 Notice that two separate coincidence
(

7) 55 ( \/5) which shows the necessity

Next, we furnish an illustrate example in support of our result. In doing so, we are essentially inspired
by Imdad and Kumar[12].

Example 3.2. Let £ = C'([0,1],R),P = {¢o € E : ¢o(t) > 0,t € [0,1]},X = [1,400),C = [1,3] and
d: X x X — E defined by d(z,y) = |z — y|p, where p € P is a fixed function, e.g., ¢(t) = e'. Then (X, d)
is a complete cone metric space with a non-normal cone having the nonempty interior. Define F;, F;, S and
T:C— X as

gt if 1<2<?2

po_ | T i <2 <2
L = 4 if2<3§'§3’

nn—l—l if 2<x< ] 2n 1(n 1), Tx {

P [ EE 1< <2
=N n 4 if 2<a<3

e > e
%1 it 2c2<3 2n(n>1), and Sz {

Since 0C = {1,3}. Clearly, for each x € C and y ¢ C there exists a point z = 3 € 9C such that
d(z,z) + d(z,y) = d(z,y). Further, SCNTC = [1,64] N [1,16] = [1,16] D {1,3} = 9C, F,CNC =
(1,310 [1,3] € SC and F;CNC = [1,%7]N[1,3] C TC.

Also,
T1=1€0C=Fl=1cC, S1=1€0C=F;1=1¢cC.
-1 -1
T(V3)=3€dC = Fi(V3) = \/gn +1€0, S(V3)=3€dC = F;(V3) = \/gn +1ecC.
Moreover, if z € [1,2] and y € [2, 3], then
d(Fir, Fiy) = L2 —op= 1224 12" =4 L (T, Sy)
W) =W SO_n|:62+2| _n]:v2+2| n(z? + 2) ol
Next, if z,y € (2, 3], then
d(Fiz, Fjy) =0 =« - d(Tx, Sy).
Finally, if z,y € [1,2], then
1 Iﬁ—wﬂ |z —y\ 1
d(Fiz, Fjy) = —|2* — 4’| = = d(Tx, S
( T ]y) 7’L|x ) ’()0 n|$2+y3| n]m2+y3| n($2+y3) ( L, y)



X. J. Huang, X. X. Lu, X. Wen, J. Nonlinear Sci. Appl. 8 (2015), 387401 400

’ 2

Moreover 1 is a point of coincidence as Tl = F;1 as well as S1 = F}1 whereas both the pairs (Fj,T") and
(Fj,S) are weakly compatible as TF;1 =1 = F;T1 and SFj1 =1 = F;S1. Also, SC,TC, F;C and F;C are
closed in X. Thus, all the conditions of the Theorem are satisfied and 1 is the unique common fixed
point of Fj, F;, S and T. One may note that 1 is also a point of coincidence for both the pairs (Fj,T") and
(F},S).

Therefore, condition ([2.3)) is satisfied if we choose o = max{n(x21+2), n($21+y3)} e (0,H),=~v=0
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