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Abstract

In this paper, we investigate the general solution of a new quadratic functional equation. We prove that
a function admits, in appropriate conditions, a unique quadratic mapping satisfying the corresponding
functional equation. Finally, we discuss the Ulam stability of that functional equation by using the directed
method and fixed point method, respectively.
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1. Introduction and Preliminaries

In 1940, an important talk presented by S. M. Ulam has led to intense work on the stability problem of
functional equations [21]. Ulam posed the problem, in short, ” Give condition in order for a linear mapping
near an approximately linear mapping to exist.” In the following year, Hyers gave an partial answer to
the problem [6]. Since then, various generalizations of Ulam’s problem and Hyers’ theorem have been
extensively studied and many elegant results have been obtained [1, 18, 14, 19, 13, 15, 9, 11, 2]. The theory
of nonlinear analysis has become a fast developing field during the past decades. Functional equations
have substantially grown to become an important branch of this field. In [7], the authors deal with a
comprehensive illustration of the stability of functional equations, and then, the further research has been
presented [3]. Very recently, most classical results on the Hyers-Ulam-Rassias stability have been offered
in an integrated and self-contained version in [8]. It is worth noting that among the stability problem of
functional equations, the study of the Ulam stability of different types of quadratic functional equations is
an important and interesting topic, and it has attracted many scholars [20, 12, 10, 4, 16, 17].
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The functional equation
fle+y)+ flz—y) =2f(z) +2f(y),

is called a quadratic functional equation. Every solution of the quadratic functional equation is a quadratic
mapping. A mapping B : X x X — Y is called biadditive if

B(z1 + z2,23) = B(x1,23) + B(x2,3),

and
B(z1,x2 + x3) = B(x1,x2) + B(x1,23)

for all x1, 29,23 € X. If B(x1,x2) = B(z2,21), then we say that B is symmetric.
Now we recall a fundamental result in fixed point theory.

Theorem 1.1 ([5]). Let (X,d) be a complete generalized metric space and let J : X — X be a strictly
contractive mapping with Lipschitz constant L < 1. Then for each x € X, either

d(J"z, J" ) = oo

for alln > 0 or, there exists an ng such that
(i) d(J"x, J"1x) < oo for all n > ny.
(1) the sequence {J"x} converges to a fized point y* of J;
(1ii) y* is the unique fixed point of J in the set Y = {y € X | d(J™z,y) < co};
(iv) d(y, y*) < 127 d(y, Jy) for ally € Y.

In this paper, we introduce a new functional equation:
faty—2)+flatz—y)+fly+tz—a)=fla—y +fl@—2)+ flz—y)+ fl@)+ fly) + f(z). (1.1)

The aim of this paper is to discuss the general solution and then establish the Ulam stability of (1.1).
More precisely, we discuss the Ulam stability of (1.1) by applying the direct method and the fixed point
method, respectively.

Throughout this paper, let X and Y be a real vector space and a Banach space, respectively.

2. General solution of Eq.(1.1)

In this section, we discuss the general solution of (1.1) in a real vector space.

Lemma 2.1. Let f : X — Y be a mapping. If f satisfies (1.1) for all x,y,z € X, then f is a quadratic
mapping.

Proof. Let z =y =2z =01n (1.1), we obtain f(0) =0. Plug x =y,z =0in (1.1), we get
fQ2z) =3f(x) + f(-=) (2.1)

Plug y = 22,2z =z in (1.1), we get

f2x) = 2f(x) + 2f(—x) (2.2)
Subtracting (2.2) from (2.1) gives f(x) = f(—x), which means f is an even mapping. Thus by (2.1), we
have f(2x) = 4f(x).

Plug z =0 in (1.1), since f is even, we have

flx+y)+ flx—y)=2f(z) +2f(y)

Hence, f is a quadratic mapping. O
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Theorem 2.2. Let f: X — Y be a mapping. Then f satisfy (1.1) if and only if there exists a symmetric
biadditive mapping B : X x X —'Y such that, f(x) = B(x,z), for allz € X.

Proof. (<) Assume there exists a symmetric biadditive mapping B : X x X — Y such that f(z) = B(z,x)
for all x € X. Now we show that B satisfies (1.1). Indeed,

Blzx+y—z,o+y—2)=B(x,x+y—2)+Bly,r+y—2)— B(z,z+y—2)
:B(:c,x)+B(y,y)+B(z,z)+QB(x,y)—QB(y,z)—QB(QS,Z),

B(:r—i—z—y,x—i—z—y):B(x,x—i—z—y)—i—B(z,x—i—z—y)—B(y,x—i—z—y)
= B(z,2) + By, y) + B(2,2) — 2B(z,y) - 2B(y, 2) + 2B(x, 2),

Bly+z—z,y+z—2)=Bly,y+z—z)+B(z,y+2z—2)— B(z,y+ 2z —x)
:B(x,:c)—l—B(y,y)—i—B(z,z)—2B(x,y)+23(y,z)—2B(m,z),

Bz —y,x —y) = B(z,v —y) — B(y,z — y)
= B(z,z) + B(y,y) — 2B(z,y),

B(x —z,x —2z) = B(z,z — z) — B(z,2 — 2)
= B(z,z) + B(z,z) — 2B(z, z),

B(z—y,z—y) =B(z,2—y) = By, 2 —y)
= B(y,y) + B(z,2) = 2B(y, 2),

Hence,

Blz+y-zr+y—2)+Bla+z-yr+z2-y)+Bly+z-—zy+tz—1)=

B(x—y,gj—y)—{—B(l‘—z,aj—z)—I—B(z—y,z—y)—l—B(x,x)—|—B(y,y)+B(z,z),
which implies that B and thus f satisfy (1.1).
(=) Let
i = LOHIED T~ i)

for all z € X. Then f(x) = fo(x)+ fo(z). Set B(z,x) = fe(x). Since f satisfies(1.1), it follows from Lemma
2.1 that f is even and a quadratic mapping. Therefore, we obtain a symmetric biadditive mapping B such
that f(z) = B(z,x). O
3. Stability of Eq.(1.1) with direct method

In this section, we study the Ulam stability of (1.1) by employing the direct method. Define

Dyf(x,y,2) = fla+y—2)+ fla+z-y)+ fly+2z—2)

3.1
~fay)— @ - 2) — fe )~ F@) - )~ ) oy
Theorem 3.1. Let ¢ : X2 — [0,+00) be a function such that
O(x,y,2) = Z4k<p(2_kx, 27Fy, 27k 2) < 00 (3.2)
k=0

for all x,y,z € X. Assume that f : X — Y is a mapping satisfying
H qu(x,y, Z) ||S 80(%% Z) (33)

for all z,y,z € X. Then, Q(x) = limy, 00 4" f(57 ), ewists for each x € X and defines a unique quadratic
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mapping Q : X — Y such that

| 7(@) - Q) 1< ®(5.5,0) (3:4)

forallz e X.

Proof. Plug z =y = 2z = 0 in (3.3). Since ®(0,0,0) = 332, 4%¢(0,0,0) < oo implies that ¢(0,0,0) = 0, we
get f(0) =0, and then, plug x = y,z = 0 in (3.3), it follows that

| f(22) —4f(z) < o(z,2,0) (3.5)
for all z € X. Replacing = by § in (3.5), we obtain

r T

| £@2) = 4£(5) 1< (5.

5:5:0) (3.6)

Replacing z by 5= and multiplying both sides by 4"=1in (3.6), we have

T

|47 ) — 4" () 1< 4, o 0) (37)
for all z € X and n € N. Consequently (3.6) and (3.7) together give
n—1
| £@) =47 F() 1< Y- 45 5 0) (3.8)
=0

for all x € X and any positive integer n. Hence, for any k& € N, we have

X xr X
457 () — 45" F ) = 44 ) £ (o) — 4" ) |
n—1 x T
et
<4y Ao(oar g 0) (3.9)
=0
1] x x
_ k+i+1
= 1 2 o g )
=0

By condition (3.2) we obtain limy_,, Y7 AR o (Sfrr, grirr, 0) = 0. Therefore, the sequence {47 f (35 )}
is a Cauchy sequence in Banach space Y. Thus one can set

Q(x) = lim 4"f( )

n—o0

for all x € X.
We want now to prove that @ is a solution of (1.1). Replacing z,y, z by 57, 5%, 57, in (3.3), respectively,
and, multiplying both sides by 4™, we get

4”Hﬂ$+y Z) PR PR — f(5Y) — f(5E) — FOY) — F(E) — f(&) — f(&) |

Since limy, o0 4”@ (5%, 55, 57) = 0, the function @ satisfies (1.1). From (3.8) we obtain

n—1
x x

,%wwwWHKMZ¥%www
or equivalently,

| /(@) - Q@) < 2(35. 3.0) (3.10)
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for all z € X.Thus we have obtained (3.4).
To complete the proof, it remains to show the uniqueness of ). Assume that there exists another one,
denoted by R: X — Y such that Q(z) # R(x). Then

I Q(x) — R(x) || = 4™ || Q(27) R( n) |
n x x x
<4 Q(5;) = £ n)\l*-llf(§g)-—13(§g)\D (3.11)
1 . Ry T
< §4 +1<I>(2n+1’ 2n+1’0)
Since limp o0 4" ® (557, 5757,0) = 0, we have Q(z) = R(z) for all z € X. O

Corollary 3.2. Let X be a real normed space, and let p > 2, 8 > 0. Assume f : X — Y is a mapping
satisfying
| Do f(z,y, 2) [I< O = 1"+ [Ty I+ 1 2 )

for all x,y,z € X. Then there exists a unique quadratic mapping Q : X — 'Y such that both (1.1) and

0
| f(z) = Q(z) [|< -1 _9 | [P
hold for all x € X.

Proof. The proof follows from Theorem 3.1 by taking

e(x,y,z) =0(| z [P+ [Ty [P+ 1| = ")
for all z,y,z € X. O

Theorem 3.3. Let ¥ : X3 — [0,4+00) be a function such that

o0

1
(z,y,2 Z 4—k¢ 2kz 2Fy 2F2) < 00 (3.12)
k=0

for all z,y,z € X. Assume that f : X — Y is a mapping with f(0) =0 and satisfies
” qu(xvyvz) ||§ ¢($,y,2) (313)
for all x,y,z € X. Then
2n
Q(x) = lim f(2"z)

n—oo 4N

exists for each x € X and defines a unique quadratic mapping Q : X — Y such that

| £(x) ~ Q@) 1< {¥(,,0) (3.14)
forallxz € X.
Proof. Plug x = y,z = 0in (3.13), and, as f(0) =0, we get
| f(22) —4f(2) < ¢(z,2,0)
or equivalently, . .
| 3FC2) ~ [@) 1< J(a,2,0) (315)
forall z € X.
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Replacing by 2"~z in and multiplying both sides by 4"%1 (3.15), we have

| 2/ (2') — G @) < (e, 2, 0) (3.16)

for all x € X and n € N. Thus it follows from (3.15) and (3.16) that

| @) H_§j4 Y2 w2 1,0)
= (3.17)
~ 1 Z ET/J ‘z, 2, 0)
i=
for all x € X and any positive integer n.
We now prove the sequence {f } is a Cauchy sequence. For any k € N, by (3.17), we have
| g F(2H0) = e f (@) || = o | 3 (2 a) — (@) |
1 &1
i+k 1+k
< Z Y@ e, 27, 0) (3.18)
L
Z Z Z+k¢} 2Z+kﬁlf 2Z+l€ O)
It follows from (3.12) that limjg_,. 4kw( y, 2k ) = 0, and, the last expression of (3.18) tends to zero

f

as k — oo. Consequently, the sequence {=7
Y. Thus we define

Q) = tim L2270

n—oo 4N
for all x € X.

We want now to prove that @ satisfies 1.1. Replacing x,y, z by 2"z, 2"y, 2"z, in (3.13), respectively, and,
dividing both side by 4", we get

4% 2%z +y =2+ fR2"(x+ 2=y + [2"(y + 2 — )] = f2"(z — y)]

—f12"(@ = 2)] = f2"(z —y)l = f(2"2) = f(2"y) = F(2"2) || < 4%1/)(2”93, 2"y,2"z).

Since limy,_, 4”4%1/1(27%, 2"y, 2"z) = 0, the function @ is a solution of 1.1.
From (3.17) we have

n—1

1 (L

_ _ < 3 - _ 7 7

lim H —f(2"x) — f(x) ||< nhrrolo4 ‘EO 4izp(2 z,2'z,0),
1=

that is, X
| Q@) — f(@) £ ;¥ (2,0

for all x € X. Thus (3.14) holds.

Finally, we need to show that @) is unique. Suppose @' : X — Y is another different solution of (1.1).
Thus

I Q(z) — Q'(x) || = i | Q(2"z) — Q'(2") ||
(@@ ) - F2") || + || F2) — Q(2") |) <

1 (3.19)

4n\I’(2":c, 2"x,0).

N |

_4n
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Since limy, o0 2 ¥(2"2, 2"z, 0) = 0, we have Q(z) = Q'(z) for all z € X. O

Corollary 3.4. Let X be a real normed space, and let 0 <p <2, § > 0. Assume f: X — Y is a mapping
with f(0) = 0 satisfying
I Dof(z,y,2) <Oz P+ [y 1P+ 1 21

for all x,y,z € X. Then there exists a unique quadratic mapping @ : X — Y such that both (1.1) and

26
| F@) = Q@) 1< g 12 P

hold for all x € X.

Proof. The proof follows from Theorem 3.3 by taking
ey, z) = 0(l z [[” + [y [I” + 1] = [I”)

for all z,y,2z € X. O

4. Stability of Eq.(1.1)with fixed point method
Using the fixed point method, the Ulam stability of (1.1) have been investigated in this section.
Theorem 4.1. Let ¢ : X3 — [0,+00) be a function with Lipschitz constant L < 1 such that

Ty z L

90(57 > 5) < Z@(l‘??/, z) (4.1)

for all x,y,z € X. Assume that f : X — Y is a mapping satisfying

H qu(x7y7 Z) ”S 30(x7y7 Z) (42)
forall x,y,z € X. Then
-
Q(z) = lim 4"f(;;)
exists for each x € X and defines a unique quadratic mapping @ : X — Y such that

L

| £(e) = Q) IS =yl .0 (43)

forallx € X.

Proof. Set S={g|g:X — Y,g(0) = 0}. Define d(g1, g2) = inf{C > 0 ||| g1(x) — g2(x) [|< Cp(x,z,0)} for
all z € X, where inf ) = +oc0.

Claim that (S,d) is complete. Suppose {g,} is a Cauchy sequence in (S, d), then for every ¢ > 0, there
exists N € N such that for all n,m > N, we have d(g,, gm) < €, thus for each x € X, we get

| gn(@) = gm(2) || < ep(x, x,0). (4.4)

Fix zp € X, we obtain {g,(zo)} converges, which means that for each z € X, {g,(x)} converges. Set

lim g,(z) = g(z),

n—oo

where g: X — Y.
We want now to prove that {g,} converges to g in (S,d). Note that

| 9n(2) — 9(x) = lim_[| gu(2) — g(@) | < cp(,2,0) (n > N)
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for all € X. Therefore, {g,} uniformly converges to g and g € S. Hence (S, d) is complete.
Consider a linear mapping T : .S — S with

for all x € X. Let g1, g2 € S such that d(g1, g2) = . Then

x T
| Tg1(z) — Tga(z) || =4 || 91(*) —925) |
<4
6s0(2 > =.0)
S LE(p(a’:? :B’ O)’
which implies that d(T'g1,Tg2) < Le = Ld(g1, g2). Note that from (3.6) and (4.1), we have
x
I f(z) = Tf (@) | =l fz) = 4f(5) |
T T
< 90(5 §a0)
< 4@(3; x,0).

Therefore, d(f,Tf) < %. By Theorem 1.1 , there exists a mapping @) : X — Y satisfying the following:
(1) There exists a unique fixed point @ of T, i.e., Q(z) = 4Q(%).
(2) d(T™f, f) — 0 as n — oo. Thus we define Q( ) = limy, 00 4" f(57) for all z € X.

(3) d(f,Q) < 2£d(f,Tf). Since d(f,Tf) < %, we get d(f,Q) < (lL—L) and (4.3) holds.
Finally, we want to prove that @ is a quadratlc mapping. Replacing x,y, z by 2%,2%,2% in (4.2),

respectively.
| fO2) + F(F ) + F(557) = FOt) — f50) — FOR) — f3) — f(g) = F(&) |
< ¢l5m om o)-
Then
A" || fOE) + F(HE) + F(55E) — fO) = F(52) = FO) — fge) = F(3R) — f(50) |
<405, 375 37):

Since limy, 00 4™@ (5%, 37, 37) = 0, the function @ satisfies (1.1) and hence is quadratic. This completes the

proof.
O

Theorem 4.2. Let ¢ : X3 — [0,4+00) be a function with Lipschitz constant L < 1 such that

T y z

for all x,y,z € X. Assume that f : X — Y is a mapping satisfying

| Dgf(x,y,2) |< ¢(2,y,2)

for all x,y,z € X. Then

Q@) = Tim 127

n—oo  4M

exists for each x € X and defines a unique quadratic mapping Q) : X — Y such that

L
| 7#) = Q) I gy gy, 0

forallz e X.
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Proof. Define
S={glg: X —Y,g(0) =0},

and introduce
d(g1,92) = inf{C > 0 [[| g1(x) — g2(z) [|< CY(z,2,0)}

for all x € X, where inf () = +oo.
Consider a linear mapping 1" : S — S with

Ty(r) = 9(2)

for all x € X.
The rest of proof is similar to the proof of Theorem 4.1.
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