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Abstract

In this paper, we establish some new Hermite-Hadamard inequalities for s-convex functions via fractional
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1. Introduction and preliminaries
If f: I — R is a convex function on the interval I, then for any a,b € I with a # b we have the following

double inequality ,
b b
f<a—2|— >§bia/ f(t)dtgf@z);f(), (11)

This remarkable result is well known in the literature as the Hermite-Hadamard inequality.

Definition 1.1 ([7]). f: 1 C [0,00) — [0,00) is said to be s-convex in the second sense, or that f belongs
to the class K2, if the inequality

flaz+ (1 —a)y) <a’f(z) + (1 —a)’f(y) (1.2)

holds for all z,y € I, o € [0, 1] and for some fixed s € (0, 1].
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It can be easily seen that for s = 1, s-convexity reduces to ordinary convexity of functions defined on
[0, 00).

In [6], Dragomir and Fitzpatrick proved a variant of Hermite-Hadamard inequality which holds for the
s-convex functions.

Theorem 1.2 ([0]). Suppose that f : [0,00) — [0,00) is an s-convex function in the second sense, where
€ (0,1] and let a,b € [0,00), a < b. If f € L]a,b], then the following inequality holds

b
2y (50) < 2 [ 1w < LO2I0), (1.3

In [§], Iscan gave definition of harmonically convexity as follows:

Definition 1.3 ([§]). Let I C R\{0} be a real interval. A function f : I — R is said to be harmonically
convex, if

arazny) SHW+0-0/@ (14)

for all z,y € I and t € [0, 1]. If the inequality in ([1.4) is reversed, then f is said to be harmonically concave.
The following result of the Hermite-Hadamard type holds.
Theorem 1.4 ([§]). Let f: I C R\{0} — R be a harmonically convex function and a,b € I with a <b. If

f € L(a,b) then we have
2ab f(x )*—f()
f<a+b _b—a/ d < (1.5)

The definition of harmonically s-convex functions is proposed by Iscan in [@.

Definition 1.5 ([9]). Let I C R\{0} be a real interval. A function f : I C (0,00) — R is said to be
harmonically s-convex, if

Harazny) SO/W+0-0f@) (16)

for all z,y € I, t € [0,1] and for some fixed s € (0, 1]. If the inequality in is reversed, then f is said to
be harmonically s-concave.

The following Hermite-Hadamard inequality for harmonically s-convex functions holds.

Theorem 1.6 ([9]). Let f: I C (0,00) — R be a harmonically s-convex function and a,b € I with a < b.

If f € L(a,b) then we have
. 2ab f(z (a) + f(b)
2 1f<a+b /1 = s+1 (L.7)

In [4], Chen and Wu discussed Fejér and Hermite-Hadamard type inequalities for Harmonically convex
functions and presented the following inequality:

Theorem 1.7 ([4]). Let f: I C R\{0} — R be a harmonically convexr function and a,b € I with a < b. If
f € L(a,b) then we have

f( 2ab )/ / f(z) x)dr < f(a);_f(b) /ab p(x)dx, (1.8)

a+b 2

where p : [a,b] — R is nonnegative, integrable and satisfies

W) =r(az=) 19
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Some refinements of the Hermite-Hadamard inequality for convex functions have been extensively inves-
tigated by a number of authors (e.g., [1], [2], [3], [4] and [5]).

In [11], Pachpatte established two new Hermite-Hadamard type inequalities for products of convex
functions as follows.

Theorem 1.8. Let f and g be real-valued, nonnegative and convex functions on [a,b]. Then

/ F@)g(x)ds < M(a b) + 6N(a b), (1.10)

b—a

2f<“+b) (“'2”’ _b_a/ f@ da:—i—éM(a, b)+§N(a b, (1.11)

where M(a,b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).

Some Hermite-Hadamard type inequalities for products of two convex and s-convex functions are pro-
posed by Kirmaci et al. in [10].

Theorem 1.9 ([10]). Let f,g: [a,b] = R, a,b € [0,00), a < b, be functions such that g, fg € Lla,b]. If f
is convex and nonnegative on [a,b] and g is s-convex on [a,b] for some fized s € (0,1], then

1 1
_a/ fz < M) + g Ve (1.12)

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).

Theorem 1.10 ([10]). Let f, g : [a,b] = R, a,b € [0,00), a < b, be functions such that f, g and fg € L|a,b].
If f is s1-convex and g is so-convex on |a,b] for some fized s1,s2 € (0,1], then

1
/ f B 81+Sg+1M(a’b)+6(82+1’81+1)N(a7b)a (1.13)

b—a
where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).

Theorem 1.11 ([I0]). Let f,g: [a,b] = R, a,b € [0,00), a < b, be functions such that fg € La,b]. If f is
convez and nonnegative on [a,b] and g is s-convex on [a,b] for some fized s € (0, 1], then

a a b
21(50)e(50) < 515 [ e s et + e, g

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(a)g(b).

In [5], Chen and Wu discussed Hermite-Hadamard type inequalities for Harmonically s-convex functions
and obtained the following result:

Theorem 1.12 ([5]). Let f,g: [a,b] — [0,00), a,b € (0,00), a < b, be functions such that f, g, fg € L]a,b].
If f is harmonically si-conver and g is harmonically sy-convex on [a,b] for some fized s1, s € (0,1], then

flz [(1+4s1)T(s2+ 1)
T —— b b
/ 332 dz < 1451+ 52 M(a,b) + [(s1 + s2 + 2) (a,),

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).

Theorem 1.13 ([5]). Let f,g: [a,b] — [0,00), a,b € (0,00), a < b, be functions such that f, g, fg € L]a,b].
If f is harmonically si-convex and g is harmonically se-convex on |a,b] for some fized si,s2 € (0,1], then
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s1+ss—1 ¢ _2ab 2ab ab_ [ f(x)g(x) (1 +s)l(s2+1)
2 f( )g( >§b / S~—dx + M(a,b)

a+b a+b —a J, T [(s1 + s2+2)
1
S+ _N(ab),
so+s51+1 (a,0)

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(a)g(b).

Sarikaya et al. [12] proved the following interesting inequalities of Hermite-Hadamard type involving
Riemann-Liouville fractional integrals.

Theorem 1.14 ([12]). Let f : [a,b] — R be a positive function with a < b and f € Lla,b]. If f is a convex
function on [a,b], then the following inequalities for fractional integrals hold:

fla) + f(b)
5

a+b INa+1)
> )= 5 _a)e

f( (1.15)

[Jar f(b) + Ty f(a)] <

with o > 0.

We remark that the symbol J2 and Ji* f denote the left-sided and right-sided Riemann-Liouville frac-
tional integrals of the order o > 0 with a > 0 which are defined by

S d@) = g [ @00z

and

b
e f(a) = F(la) /z (t—2)* ' f()dt,  x<b,

respectively. Here, I'(«) is the Gamma function defined by I'(«) = fooo ettt
Chen and Wu [3] investigated the Hermite-Hadamard type inequalities for products of two h-convex
functions and established the following inequality:

Theorem 1.15. Let f € SX(h1,I), g € SX(ha,I), a,b€ I, a <b, be functions such that fg € L[a,b], and
hihg € L1]0,1], then the following inequality for fractional integrals holds:
()
(b—a)

1
[Jar fF(0)g(b) + I fa)g(a)] < M(a,b) /0 t* ha(8)ha(t) 4+ ha(1 — t)ho(1 — t)]dt
+N(a,b) /1 t* Ry (t)ha(1 — t) + hi (1 — t)ha(t)]dt,
0

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).

Theorem 1.16. Let f € SX(hy,1I), g € SX(ho,I), a,b € I, a < b, be functions such that fg € L1[a,b),
and hihs € L]0, 1], then the following inequality for fractional integrals holds:

1 a+by ra+b I(a) . . N
ahl(é)}m(%)f( 3 )9(55) = e e S D) + T f(a)g(@)

+ M(a,b) /0 A (a1~ 1)+ ha(1 — ha()dr

+ N(a,b) /01 t* Ay () ha(t) + hi(1 — t)ho(1 — t)]dt,

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).

In [I3], Set et al. established the following Hermite-Hadamard inequalities for s-convex functions in the
second sense via fractional integrals.
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Theorem 1.17 ([13]). Let f : [a,b] — R be a positive function with 0 < a < b and f € La,b]. If f is
s-convex in the second sense on [a,b] for some fized s € (0,1], then the following inequalities for fractional
integrals with o > 0 hold:

2 (U5) < g D 1) + @) < [+ e+ 0] LD g

where 8 is Buler Beta function.

In this paper, we obtain some new Hermite-Hadamard type inequalities for s-convex functions via
Riemann-Liouville fractional integrals. Several Hermite-Hadamard type inequalities for products of two
convex and s-convex functions are also established.

2. Main results

In order to prove our main theorems, we need the following fundamental integral identity including the
second order derivatives of a given function via Riemann-Liouville integrals which was established by Wang
et al. in [14].

Lemma 2.1 ([14]). Let f : [a,b] — R be a twice differentiable mapping on (a,b) with a < b. If " € L|a, ],
then the following equality for fractional integrals hold:

T(a+1), ., N fla)+ f(b)  (b—a)? [P (A—t)tl 4ol —1
S e f0) + 5 ) = KT - [; —*

Theorem 2.2. Let f : [a,b] — R be a twice differentiable mapping on (a,b) with a < b such that f" € L|a,b].
If | "] is s-convex on [a,b], then the following inequality holds:

F(ta+ (1 —t)b)dt. (2.1)

a+1), ., o a)+ f(b
sz @+ g ) - HO )
(b—a)/ 1 1 /" ()| + [£7(b)]
< — — 2 1 .
-2 (s+1 a+s+2 Bla+2,s+ )> a+1
Proof. From lemma 2.1] we get
atl) . . f(a) + £
\29m4@+%4ww—(g”\
a+1 + toH»l -1 ” (22)
t 1—1t)b)|dt.
S [ a1 o)
Because (1 — )%t + ¢+l <1 for any ¢ € [0,1] and |f”| is s-convex on [a, b], we get
a+1 a+1
— +1 — 1y
1—
/ Gt 17" (ta+ (1~ 1)) de
1 (1 — t)aJrl — ot " "
< s 1—1)° 2.3
_A (@ - ol (23)
1 1 £ (a)] + 1f"(b)]
- - - 2,5+ 1 .
<8—|-1 a+s+2 Plat2 s+ )) a+1
Now by , , we can obtain the desired result. OJ
Theorem 2.3. Let f : [a,b] — R be a twice differentiable mapping on (a,b) with a < b such that f" € L|a,b].
If | f"]9 is s-convex on [a,b] with ¢ > 1, then the following inequality holds:
a+1)

)Q)M%ﬂm+Jﬁfmﬂ_f@t;ﬂ)

< O () T (g plar 2 - Y (e 1 0m)
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Proof. From lemma and the power mean inequality for ¢, we have

sz o)+ ) - HO )
(b_a)2 1 @ a 17%
§2(a+1)[/0 (- (1=t —t H)dt}

1

X (/1(1 — (1 =) — )| (ta + (1 — t)b)\th> ‘
0

< M[/Ol(l — (1= ) ety ‘11

1
X(A(L%L%P“—ﬁ“XﬂWWW+ﬂ—wwﬁwmﬁy

»Q\’—‘

:§Zf§<aiﬁhéQi1—5@+ZS+D—Q+2+Q;OWMW+V<n0

which completes the proof. O

Theorem 2.4. Let f : [a,b] — R be a twice differentiable mapping on (a,b) with a < b such that f" € L|a,b].
If |f"| is s-convex on [a,b] with ¢ > 1, then the following inequality holds:

Fla+1) o fla)+f®)_ (b—a)’ 2 5 (1"l + £ (B)17N 7
2(b—a)a[‘]a*f(b)+‘]b*f(a)]_ 2 ‘< 2(a+1)<1_p(a+1)+1) ( s+ 1 ) ’
where 1 + 1 =1.
P q
Proof. From lemma [2.1] and using the Holder inequality, we have
S a0+ g (e - HHE
—a 2 1 . _ \a+1l _ ja+1
5“2)4(1“Cﬂ1t )1 (ta+ (1~ ey at
(b — a)2 ! o el p % ! " q %
52(oz+1)(/o (1—(1—t) 1y “) dt) (/0 I (ta + (1 — t)b)] dt) (2.4)
(b_ a)2 ! p(a p(a % ! " q %
gw(/o (1—(1—t)(+1)—t(+1> dt / | (ta + (1 — t)b)]| dt)
_ (b — a)2 2 % // q
—m(l m / F"(ta + (1 — £)b)| dt)

Because |f”|? is s-convex, we have

|f"(al? + | (b))
s+1 '

/l |f"(ta+ (1 —t)b)|%dt < (2.5)
0

Here we use

for any t € [0, 1], which follows from
(A—B)P < AP —

for any A > B >0 and p > 1. From (2.4]) and (2.5, we complete the proof. O]
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We note that the Beta and Gamma functions are defined, respectively, as follows
o0
I'(z) :/ e 't ldt, x>0,
0

1
Blx,y) = / (1— t)yfltxfldt, x>0, y>0,
0

and
I'(2)I(y)
I(x+y)

Theorem 2.5. Let f,g : [a,b] = R, a,b € [0,00), a < b, be functions such that g, fg € Lla,b]. If f is
convex and nonnegative and g is s-convex on |a,b] for some fixed s € (0, 1], then the following inequality for
fractional integrals holds:

Blz,y) =

oSl B)g(t) + - F(@)g(a)]
< <a+s+ : +ﬁ(a,s+2))M(a,b) + (ﬁ(a+ I,s+1)+ (a+s)(;+s+ 1)>N(a,b),
where M(a,b) = f(a)g(a) + F(blg(b), N(a,b) = f(a)g(8) + [(B)gla).
Proof. Since f is convex and g is s-convex on [a, b], then for ¢ € [0,1] we get
Flta+ (1= 0) < £f(@) + (1 — (), (26)
" glta+ (1 — ) < £g(a) + (1 - £)°g(b). 27)

From and (2.7)), we get
flta+ (1= t)b)g(ta+ (1 —1)b) <t f(a)g(a) + (1 = 1)1 f(b)g(b) + (1 — 1)*f(a)g(b) + (1 — 1)t f (b)g(a).
Similarly, we have
F(A=t)a+1tb)g(1 —t)a+1tb) < (1) fa)g(a) + 77 f(D)g(b) + (1 = 1)t"f(a)g(b) + t(1 — ) f (b)g(a).
So

Flta+ (1 —t)b)g(ta+ (1 — t)b) + f((1 — t)a + th)g((1 — t)a + tb)

< (T + (1= 1) )[f(a)g(a) + f(b)g(b)]
+ (1 =1)° + (1 =0)°)[f(a)g(b) + f(b)g(a)].

Multiplying both sides of above inequality by t*~!, then integrating the resulting inequality with respect to
t over [0, 1], we obtain

/1 7 f(ta + (1 — t)b)g(ta + (1 — t)b)dt + /1 (L= ta + th)g((1 — t)a + th)dt
0 0

G L (e R OV O

-3 _O; T (T2 F(b)g(b) + J& f(a)g(a)]

1

< [f(a)g(a) + f(b)g(b)]/ T (1= )t

0
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1
+ [f(a)g(b) + f(b)g(a)]/o TN (E(L = 6)° + (1= 6)t*)dt

= (s + Blaus +2) [f(@)g(a) + FB)g(b)]

a+s+1
1
(Bl s 1)+ s (@) + S B)g(a)]

1 1
= ((HS+1 +6(a,s+2))M<a,b)+ (ﬁ(a+1,s+1>+ (a+8)(a+s+1))N(a,b).
So
S B)g(0) + I F(@)g(a)]
1 1
- (O‘+8+1 +6(a,8+2))M(a’b)+ <B(a+l’s+1)+ (a+s)(a+s+1)>N(a’b)’
which completes the proof. O

Remark 2.6. Taking o = 1 in Theorem 2.5, we have

1 b 1 M(a,b) 1 N(a,b)
b_a/a f(@)g(x)dz < (is+2+5(1’5+2)>7+(5(2’8+1>+ (1+s)(s+2)) 2
1 1
= mM(a, b) + mN(aa b)

which is the result of (1.12)).
Remark 2.7. Choosing f(z) =1 for all = € [a,b] in Theorem [2.5| gives

1
2 1 1
a+8+1+ﬁ(a,s+ )+ B(a+1,5+1)

1
T @+ o)

- (- Jlr —+ By s +1) ) lg(a) + 9(0),

o)
(b—a)e

[Tt (®) + Ji-a(a)] < (

which is the right hand side of (1.16)).

Theorem 2.8. Let f,g: [a,b] = R, a,b € [0,00), a < b, be functions such that f, g, fg € Lla,b]. If f is
s1-convex and g is sg-convex on |a,b] for some fized s1, s € (0,1], then the following inequality for fractional
integrals holds:

[(a)
(b—a)*

1
o+ 81+ S2

T2 £ (B)g(8) + - Fla)g(@)]) < ( + Bla, 51+ 85 +1)) M(a,b)

+ (5(044- s1,82 + 1) 4+ B(a + s2, 51 + 1))N(a, b),

where M (a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).
Proof. Since f is sj-convex and g is sa-convex on [a, b], then for ¢ € [0, 1] we get
flta+ (1 =0)b) <t fa) + (1 —1)* f(D), (2.8)

and
glta+ (1 =1)b) <t*g(a) + (1 —t)*g(b). (2.9)
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From and (2.9), we get

f(ta+(1-t)b)g(ta+(1—t)b) <t f(a)g(a)+(1=1)" T2 £ (b)g(b)+™ (1=1)* f(a)g(b)+ (1 1)t £ (b)g(a).
Similarly, we have

F(A=t)a+tb)g((L—t)a+td) < (1—t)* 7 f(a)g(a)+t2 72 £ (b)g(b)+ (1)t f(a)g(b)+1™ (1—t)* £ (b)g(a).
So

f(ta+ (1 —t)b)g(ta + (1 — 1)b) + f((1 — t)a+ th)g((1 — t)a + tb)
< (T2 + (1= 1)) [f(a)g(a) + f(b)g(b)]
+ (1 =) + (1= 0)"2)[f(a)g(b) + f(b)g(a)].

Multiplying both sides of above inequality by t*~!, then integrating the resulting inequality with respect to
t over [0, 1], we obtain

/l 2" f(ta+ (1 — t)b)g(ta + (1 — t)b)dt + /1 (1= t)a+ th)g((1 — t)a + th)dt

0 0
- [ st [ G s

= 172, f(b)g(b) + T f(a)g(a)]

1
< [f(@)gla) + F(B)g(b)] /0 (R 4 (1 - o)y
1
(@) + FB)g(a)] /0 (N (1 — 0% 4 (1 — )12 dt
= (oo + Bl + s+ ) Fl@g(a) + SB)g0)

+ (Bla+ 51,52+ 1) + Bl + 52,51 + 1)) [ (@)g(b) + F(b)g(a)]

— (; + B(a, s1 + s2 + 1))M(a, b) + (B(Oé + 51,52+ 1) + Bla+ s2,51 + 1))N(a,b).

o+ S1+ S92
So
(g2, 50)g®) + - F@)g(@)] < (—— 4 Blasss + 524+ 1) )M (D)
(b—a)> o+ 81 + 82
+ (Bt s1,5 4+ 1) + Bla+ 52,51+ 1)) N(a,b),
which completes the proof. O

Remark 2.9. Putting o = 1 in Theorem [2.§) leads to

1 M(a,b)
a/ fl < (g AL s ) T

+ <5(1 + 51,82+ 1)+ B(1+ s2,81 + 1)) N(g, )
1

= ———M(a,b 1 1)N(a,b
s+ 8o+ 1 (CL, )+B(32+ , 81+ ) (CL, )7

which is the result of (1.13).
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Theorem 2.10. Let f,g:[a,b] = R, a,b € [0,00), a < b, be functions such that fg € Lla,b]. If f is convex
and nonnegative on [a,b] and g is s-convex on [a,b] for some fized s € (0, 1], then

a+b>g<a+b> Fa+1)

2 (55 )o("57) = g = e i S D90 + T f(a)g(@)

1 1
+ 5 M(a,)(Bla+ 1,5 4+1) + (a+s)(a+s+1))

X 1
+§N(avb)(ﬁ(o"8+2)+a+s+1>’

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(a)g(b).

Proof. We can write
atb _(1-tla+th tat(1-1)b
2 2 2 ’

SO

(55

Qf(ta+(1—t)b+ (1—t)a+tb>g<ta+(1—t)b+ (1—t)a+tb)

2 2 2
< opp|fta+ (L= 00) + F((1 = Da+ )| [glta+ (1= 0b) + g((1 ~ )+ )|
= oy [Fta (= O)glta+ (1= 1)) + F(1 ~ t)a+ )g((1 — t)a + )

+ f(ta+ (1—)b)g((1 — t)a +tb) + f((1 — t)a + th)g(ta + (1 — t)b)}

< 231+1 [f(ta + (L =t)b)g(ta+ (L —t)b) + f((1 — t)a + tb)g((1 — t)a + tb)}

+ { [t7(@) + (1= ) f®)] [ (1 - £)g(a) + £29(0)]

+ [ =Df @)+t ®)] [9(@) + (1 = £)°9(0)] }

= 231+1 [f(ta + (1= t)b)g(ta+ (1 —1)b) + f((1 — t)a+th)g((1 — t)a + tb)}

+ 251“ { [t =1 + (1 = 1) M(a,0) + [(1 = 1)+ 71| N (@, b>}.

Multiplying both sides of above inequality by t*~!, then integrating the resulting inequality with respect to
t over [0, 1], we get

150(557) [ s gl [ st - ot 0o

+/ 21 F((1 = t)a + th)g((1 —t)a+tb)dt}
0

+ 251+1 {M(a, b) /01 tHH(1 — 1) + (1 — t)t°]dt

N(a,b) /01 t (1 =)t 4 ts“]dt}.
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That is
S N9("50) = o[z S0+ I F@g(@]
1 ! a—1 S s
+25H{M(a,b)/0 t (1 = 1) 4+ (1 —t)t°]dt
1
+ N(a, b)/ t (1 — )t +t5+1]dt}.
0
From 1 1
a—1 _4\s _ s — a s
/0 =0+ (0= 0P = Blat s 1)+
and /1 A = ) 4+ 5t dt = B(a, s + 2) + 1
0 N ’ a+s+1’
we get
zsf(a —2k b)g(a —2|- b) - ;((baja;i [T £(b)g(b) + J& f(a)g(a)]
1 1
+ 5 M(a, ) (Bla+ 1,5+ 1)+ (a+s)(a+s+1))
+ %N(a, b) (ﬁ(a,s +2)+ a—i—(ls—i—l)’

which completes the proof.
Remark 2.11. Setting @ = 1 in Theorem then

21 (“)0(“F) < 5 [ H@roteras

. 1
+gM@d(B s+ )+ o)

2
+ %N(a, D (B(Ls+2)+ S+12)
b
=7 i " / f(z)g(z)dz + (S+1)1(S+2)M(a,b) + leer(a, b),

which is the result of ((1.14)).
Remark 2.12. Choosing f(x) =1 for all x € [a, b] in Theorem we have

29("57) < g 2 g(0) 4 5 g(@] + (Bl + 1)+ ) 1O
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