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Abstract

The aim of this paper is to present a fixed point theory for S-contractions in generalized Kasahara spaces
(X, —,d), where d : X x X — s(Ry) is not necessarily an s(Ry)-metric.
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1. Introduction

In the mathematical literature, there are several papers in which fixed point results for S-contractions
defined on s(R)-metric spaces are given: N. Gheorghiu [§], P.P. Zabrejko and T.A. Makarevich [20], V.G.
Angelov [1], M. Frigon [7], I.LA. Rus [I5]. On the other hand, there are papers containing fixed point
theorems for generalized contractions defined in more general settings. For example, we mention the case of
generalized Kasahara spaces, see K. Iséki [11], S. Kasahara [12] and [13], I.A. Rus [I7], A.-D. Filip [5].

The aim of this paper is to present a fixed point theory for S-contractions in generalized Kasahara spaces
(X,—,d), where d : X x X — s(R;) is not necessarily an s(R )-metric.
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2. Basic notions and notations

Let X be a nonempty set.
We consider the set of all sequences of X denoted by

$(X) == {(zn)nen+ | 2 € X, n € N*}.

If (X, <) is an ordered set, we define the order relation <y as follows: for all (2 )nen+, (Yn)nen+ € s(Ry),
(Zn)nent <s (Yn)nen+ if and only if x,, < y,, for all n € N*. In addition, by (zn)nen <s (Yn)nen+ we
understand that (x,)nen <s (Yn)nen+ and x,, # yp, for all n € N*.

A functional p : X x X — s(R;) defined by (z,y) — (pm(2,y))men+ is called s(Ry)-metric if the
following conditions are satisfied:

(i) p(x,y) =0if and only if x =y, for all x,y € X;
(i) p(x,y) = p(y,z), for all 2,y € X;
(ZZZ) p(JE,Z) éS p(x,y) + p(ya Z)a for all T,y,z € X.

The couple (X, p), where X is a nonempty set and p is an s(R )-metric on X, is called s(R; )-metric space.
If (X, p) is an s(Ry)-metric space, then

® (zp)nen is a Cauchy sequence in X if and only if for all € := (&) men+ € s(R% ), there exists n. € N
such that for all n,p € N with n > n. we have p(xy,, Tnip) <s €, i€, pm(Tn, Tnip) < &m, for all
m € N*.

e we denote by % the convergence structure induced by p on X, defined as follows: for all (zy,)neny C X,

Tn 5 € X asn — oo if and only if p(zn, ) — 0 € s(R4) as n — 00,
ie, pm(xn,x) = 0 € R asn — oo, for all m € N*.

e the couple (X ,£>) is an L-space (more considerations on L-spaces can be found in the work of M.
Fréchet [6], I.A. Rus [14] and [I7], I.A. Rus, A. Petrusel and G. Petrusel [18](p.77)).

An s(Ry)-metric space (X, p) is complete (in the Weierstrass’ sense) if

for all (,)neny C X, Z P(Tn, Tnt1) <s +00 = (T )nen converges in X.
neN

The notion of generalized Kasahara space was introduced by I.A. Rus in [I7] as follows:

Definition 2.1. Let (X,—) be an L-space, (G,+, <, g) be an L-space ordered semigroup with unity, 0
be the least element in (G,<) and d : X x X — G be an operator. The triple (X, —,d) is a generalized
Kasahara space if and only if we have the following compatibility condition between — and d:

xn € X, Zd(xn7$n+1) < 400 = (Tn)nen converges in (X, —). (2.1)
neN

Notice that by the inequality with the symbol +oc in the compatibility condition (2.1)), we mean that

the series Z d(xy, Tpt1) is convergent in (G, +, g)
neN
We present bellow examples of generalized Kasahara spaces, where the functional d takes values in s(R.).



A.-D. Filip, J. Nonlinear Sci. Appl. 6 (2013), 117-123 119

Example 2.2. Let (X, p) be a complete s(R;)-metric space and d : X x X — s(R;) be a functional.

If there exists a real constant ¢ > 0 such that p(z,y) <, ¢ - d(z,y), for all z,y € X, then (X,5, d) is a
generalized Kasahara space.
Indeed, let us consider the sequence (xy,)neny C X such that

Z d(Tp, Tny1) <s +00, i.€., Z Ay (Tpy Tpy1) < 00, for all m € N*.
neN neN

Since there exists a real constant ¢ > 0 such that p(x,y) <, c¢-d(z,y), for all x,y € X, we have the
following estimations:

me(xn,an) < CZ A (T, Tny1) < +o00, for all m € N,
neN neN

i.e., the series Z Pm (T, Tpy1) is convergent in Ry, for all m € N*.

neN
It follows that, for all n,p € N, we have

n+p—1
Pm(Tn, Tnip) < Z pm(Tg, p+1) — 0 as n — oo, for all m € N*
k=n

which implies further that (z,),en is a Cauchy sequence in (X, p).
Since (X, p) is complete, it follows that (,)nen is convergent in (X, ).

Example 2.3. Let X :=[0,1] and p: X x X — s(R4) be a complete generalized metric on X, defined by
p(xz,y) = (|z —y|,0,0,...), for all z,y € X.
We consider the functional d : X x X — s(R;) defined by

d(z,y) = p(x,y), r#0and y # 0
’ (1,0,0,...), z=0ory=0

for all z,y € X. Then (X, i, d) is a generalized Kasahara space.

Let (X, —,d) be a generalized Kasahara space and f : X — X be an operator. Then the set of all fixed
points of f will be denoted by

Fr={zeX|z=f(x)}
Concerning the Ulam-Hyers stability of the fixed point equation z = f(x), we have the following defini-

tion:

Definition 2.4. Let (X, —,d) be a generalized Kasahara space, where d : X x X — s(Ry) is a generalized
quasimetric on X and let f : X — X be an operator. Then the fixed point equation

v = f(x) (2.2)

is said to be generalized Ulam-Hyers stable if there exists an increasing function ¢ : s(R;y) — s(Ry),
continuous at 0, with ¢(0) = 0 such that for any € € s(Ry) with €, > 0 for all m € N* and any solution
y* € X of the inequation d(f(y),y) <s €, there exists a solution z* of such that d(z*,y*) <s ¥(e).

In particular, if ¢(t) = C -7, for all t € s(R;) and C € M(R), then the fixed point equation is
called Ulam-Hyers stable.

Remark 2.5. More consideration regarding Ulam-Hyers stability can be found in [19], [9], [L0] and [16].
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We present next the notions and notations concerning infinite matrices which will be used in the following
section of this paper. More considerations on infinite matrices can be found in the work of R.G. Cooke [4].
We denote the set of all infinite matrices by

M(R) := {(ai)7° | aij € R, i,j € N'},

where
ailr a2 ais
(a17)° = a1 G2 a3
v/l 7 | a31 azz ass

is an infinite matrix of real values.
‘We consider the functional
[+ M(R) = Ry U {+o0}

defined by
|A]| ;== sup Z laij|, for all A € M(R).
1<i<o0
JEN*
It can be proved that ||-|| is a generalized norm on M (R).

An infinite matrix A € M(R) is called:

o row-column-finite if there exists only a finite number of nonzero elements in each row and column of
the matrix.

o Neumann matriz if we can define A™ for all n € N and the series Z A™ is termwise convergent.
neN

We recall also the following result:

Theorem 2.6 (R.G. Cooke [4]; I.LA. Rus, A. Petrugel and G. Petrusel [18] p.82). Let A € M(R) be an
infinite matriz. If A is row-column-finite and ||A|| < 1 then:

() A is a Neumann matriz;
(i) (I — A"t = Z A". (Here, I denotes the identity infinite matriz).
neN

Finally, if A € M(R) is an infinite matrix, then by A” we understand the transpose matrix of A.

3. A fixed point theory for S-contractions

In 1922 S. Banach [2] and in 1930 R. Caccioppoli [3] have given the well-known contraction principle for
a-contractions in complete metric spaces.

A similar result for S-contractions in complete s(R; )-metric spaces was given by I.A. Rus in [I5]. Our
alm is to give a fixed point theory for S-contractions in generalized Kasahara spaces (X,£>,d), where
p: X xX — s(Ry) is a complete generalized metric on X and d : X x X — s(Ry) is a functional.

Definition 3.1 (S-contraction). Let (X, -, d) be a generalized Kasahara space, where p: X x X — s(R,)
is a complete generalized metric on X and d : X x X — s(R;) is a functional. Let f : X — X be an operator
and S € M(R) be an infinite matrix. The operator f is called S-contraction if the following conditions are
satisfied:

(1) S is row-column-finite;
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(2) S is a Neumann matrix;

(3) Z S"d(x,y) converges, for all x,y € X;
neN
(4) d(f(.il?),f(y))T <s S d(LL‘,y)T, for all z,y € X.
Definition 3.2 (Operator with closed graph). Let (X, %, d) be a generalized Kasahara space, where p :
X x X — s(Ry) is a complete generalized metric on X and d : X x X — s(R;) is a functional. Let

f: X — X be an operator. Then f has closed graph if for any sequence (z,)neny C X and z*,y* € X the

following implication holds:

zn 5 2 and f(zn) Byt = fla*) =y
Our main result is the following one.

Theorem 3.3. Let (X,£>,d) be a generalized Kasahara space, where p : X x X — s(Ry) is a complete
generalized metric on X and d : X x X — s(Ry4) is a functional. Let f : X — X be an operator and
S € M(R) be an infinite matriz. We assume that:

(i) f:(X,5) = (X,2) has closed graph;

(i) f:(X,d) — (X,d) is an S-contraction.
Then the following statements hold:

(1) Fy#0;

(2) fM(x) = 2} € Fy asn — oo, forallz € X;

(3) Let a3} € Fy. If the functional d is a quasimetric (i.e., d(z,y) = d(y,z) =0 z =y for all z,y € X
and d satisfies the triangle inequality) and ||S|| < 1 then:

(3.1) d(z,2})" <s (I — S) Ld(z, f(x))7, for all x € X;

(3.2) d(z},2)" <s (I = 5)~ Yd(f(z), )7, for all x € X;

(3.3) d(f™(x),2})" <s (I = S)~'S™d(x, f(x))7, for all x € X;

(3.4) d(z%, f"(2))" <s (I = 9)~ LSnd(f(x),x)T, for all x € X;

(3.5) if (2n)nen C X is such that d(zn, f(2n)) B0 as n — oo then d(zn, x}) B0 asn— 00, i.e.,

the fixed point problem for the operator f is well-posed with respect to d;

(3.6) if g: X — X has the property that there exists 0 := (N )men+ € s(R%) for which d(g(z), f(x)) <s
n, for all x € X, then
ry, € Fy implies d(z,,7)" <s (I — S)~ iy

(3.7) the fized point equation x = f(x), for all x € X is Ulam-Hyers stable.

Proof. (1) & (2). Let 9 € X. We construct the sequence of successive approximations for f starting from
xo. Let (zn)nen be this sequence. Hence x, = f™(zo) for all n € N.
Since f is an S-contraction, we have the following estimations:

d(f(z0), f*(20))" <s S - d(wo, f(0))"
d(f*(x0), f*(20))" <s S - d(f(x0), f*(w0))"

d(f" (o), [ (w0))" <s S d(f" " (xo), f"(20)) -
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Hence, we can write for all n € N that

d(f" (o), " (20))™ <5 8- d(f" (w0), [ (20))T <5 S7A(F" (o), [ (20))”
SS e SS Snd(ﬂfo, f(IQ))T

Next we estimate

Zd Ty Tnt1)” Zd f™(x0), f M (x0)) ZS ~d(zo, f(x0))" <s +00.

neN neN neN

Since (X, LN ,d) is a Kasahara space, we get that the sequence (x,)nen is convergent 1n (X, ) Hence,
there exists an element z} € X such that x,, S x} as n — oo. Using the fact that f : (X, £) = (X, 5) has
closed graph, we obtain that 3:} € Fy.

(3). Let € X. Since d satisfies the triangle inequality, we have

d(w,23)" <, d(z, f(@))" +d(F@), f@})" <, d(z, (@) + Sd(z,a})"

and hence
d(w,23)" <s (I — S)Ytd(x, f(x)), for all z € X,

o (3.1) holds. Similarly we get (3.2).
We prove next (3.3). By taking = := f"(z) in (3.1), we have the following estimation

d(f"(x),25)7 <s (I = 9)~'d(f™(x), f*(2))7, for all z € X. (3.1)
On the other hand we have
d(f™ (@), " (@) <s S - (@), f1(2)T <s S22 (), [ ()T
<o ... <s S"d(z, f(z))7, for all z € X. (3.2)
By and we obtain
d(f™(x),23)7 <s (I = 8)7'S"d(=, f(x))", for all z € X,

0 (3.3) holds. By a similar procedure we obtain (3.4).

We prove next (3.5). Let (2p)neny C X such that d(zy, f(zn)) sEs)

~—% 0 as n — oo. By (3.1) we have

(R+)

d(zn, 23)" <s (I — SYrd(zp, f(2,))T — 07 as n — 0o

0 (3.5) holds.
We show now (3.6). Let zj, € F;. By (3.1) we have that

d(wy )7 <o (1= S) " d(ay, f(ap))” = (I = 8) dlg(ap), /(@)
Ss (I - S)_l

Finally, we prove (3.7). Let € := (e1,¢€9,...) € s(R) such that €, > 0, for all m € N*. Let y* € X be a
solution of the inequation d(f(y),y) <s €. Then

d(a”,y")" = d(f(x7),y")" < ( (@), f ( ))T+d(f(y*),y*)7

It follows that d(z*,y*)" <s (I — S)~e™. O
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