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Abstract

We provide a natural topology for a cone metric space and a noncompactness measure is defined for this
space, which enables us to extend existing results for mappings and set-valued mappings defined on classical
metric spaces. Moreover it is proved that the topology of any uniform topological space is generated by a
cone metric. (©2016 All rights reserved.
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1. Introduction

It has been proven by Huang and Zhang in [19] that, the fixed point theory based on cone metric spaces
is not a banal extension of the classical theory based on metric spaces. Indeed, these authors introduced
an example of contraction, on a cone metric space, which is not contraction in a standard metric space.
As in [II, B [4] [©, 10, 22] 24], 29| [31], this has led some authors to publish numerous papers both on fixed
point theory as on properties of cone metric spaces. However, it has not been paid attention enough to
the topology of these spaces. Indeed, by making use of sequences, some concepts such as closed set and
the completeness of these spaces are defined. In general, results of these works are obtained by means of
sequential properties of the cone metric, but without reference to the topology of the corresponding space,
which is often not explicitly defined.

Email address: raul.fierro@pucv.cl, raul.fierro@uv.cl (Raul Fierro)

Received 2015-12-27



R. Fierro, J. Nonlinear Sci. Appl. 9 (2016), 2680-2687 2681

The main aim of this paper is providing a natural topology for a cone metric space. We prove that this
topology is generated by a uniformity. Reciprocally, it is proved that the topology of any uniform space
is generated by a cone metric. Of course, the topology of a cone metric space depends strongly on the
topological vector spaces where the cone metric takes its values. For instance, when this latter topology
is locally convex, the topology of the cone metric space so is. One of the advantages of having a topology
for the spaces under our study, is that the precompact sets can be characterized by means of their cone
metrics. Indeed, in this paper a noncompactness measure is defined for these spaces and precompactness of
sets is characterized by this measure, which also enables us to define condensing mappings and condensing
set-valued mappings. Originally, this type of measure was introduced by Kuratowski in [20] allowing to
characterize relatively compact sets in complete (classical) metric spaces. Other authors such as [I8] 25]
have characterized relatively compact sets in locally convex spaces. In [13], a noncompactness measure is
defined for cone metric spaces with normal cone in a Banach space. However, these authors do not prove
that the noncompactness measure of a compact set equals zero.

The Banach contraction theorem allows to prove that a non-expansive self-mapping defined on a bounded,
closed and convex subset of a Banach space has an approximate fixed point. Furthermore, if this subset
is compact, then the non-expansive self-mapping has a fixed point. A proof of these results is given, for
instance, in Chapter 3 of [17]. By making use of a general result, introduced in this work, and a version of
the Nadler theorem in the context of cone metric spaces, we prove that non-expansive set-valued mappings
with respect to cone metric, have also approximate fixed points. Moreover, when a set-valued mapping has
compact domain, it has a fixed point.

Another application, of the main results of this paper, is an extension of a fixed point theorem by Darbo
in [I1], which is proved in the context of cone metric spaces.

The paper is organized as follows. The topology of a cone metric space is introduced in Section [2l Also
in this section, it is proved that cone metric spaces are uniform topological spaces and the noncompactness
measure on these spaces is presented. In Section [3| the main results are stated and proved. Finally, Section
[] is devoted to some applications to approximate and fixed points.

2. Preliminaries

Let E be a complete topological real vector space with 6 as zero element and usual notations for addition
and scalar product. A cone is a nonempty closed subset P of E such that P N (—P) = {0} and for each
a>0,aP+ P C P. Given a cone P of F, a partial order is defined on F as x < y, if and only if, y —x € P.
We denote by & < y whenever x < y and x # y. Moreover, the notations x < y means that y — x belongs
to int(P), the interior of P. As natural, the notations x > y, x = y and z > y mean y < z, y < x and
y < x, respectively. In what follows, it is assumed that P is a cone of E. We refer to [2] for notations and
facts, about ordered vector spaces.

Remark 2.1. For each a,b,c € E such that a < b < ¢, we have a < c.

A cone metric space is a pair (X,d), where X is a nonempty set and d : X x X — FE is a function
satisfying the following two conditions: i) for all x,y € X, d(z,y) = 0, if and only if, x = y, and ii) for all
r,y,z € X, d(z,y) 2 d(z,2) + d(y, 2).

In what follows, (X,d) and P stand for a cone metric space and the cone defining the order on F,
respectively.

Remark 2.2. Note that for all x,y € X, d(z,y) = 0, and d(z,y) = d(y, z) (see also [9]).

Next, we define a topology on X based on its cone metric d. Let C be a base of neighborhoods of 8 and
for each C' € C, we denote
Uo={(z,y) € X x X :d(z,y) € C},

Bx ={Uc:CeC}and Uy ={U C X x X : IV € Bx,V C U}. Without loss of generality, in the sequel,
we assume every C € C is balanced, i.e. for each o € R such that |a| < 1, we have aC C C. Notice that Ux
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is a uniformity on X, if and only if, Bx is a fundamental system of entourages. Theorem below shows
that indeed (X,Ux) is a uniform space.
As usual, the diagonal of X is defined as A = {(z,y) € X x X : xz = y}.

Theorem 2.3. The family Bx is a fundamental system of entourages for the uniformity Ux on X. Le.,
Bx is a filter base satisfying the following three conditions:

(i) A =cecUcs
(ii) for each U € Bx, there exists V € Bx, such that V. C U™!;
(iii) for each U € Bx, there exists W € Bx, such that W oW C U.

Proof. Conditions (i) and (ii) follow directly from the definition of cone metric. Let us prove condition (iii).
Let U € Bx and C € C satisfy U = Ug. Hence, there exists B € C such that B+ B C C. Let W = Upg and
(x,y) € WoW. There exists z € X such that (z,z) € W and (z,y) € W and consequently d(z, z) € B and
d(z,y) € B. Thus d(z,y) < d(z, z) + d(z,y) € B+ B C C and accordingly W oW C U.

From (i), ¢ Bx. Let A, B € C and C € C such that C C AN B. Hence Us C Uy N Up. Consequently,
Bx is a filter base on X x X, which concludes the proof. O

In what follows, we consider the space X endowed with the topology generated by Ux. Hence, a base
for the topology of X is given by means of the family {Ucla];a € X,C € C}, where Ucla] = {x € X :
d(xz,a) € C'}. Moreover, it is worth noting that X satisfies the first countability axiom, whenever E does it.
In particular, when F is metrizable, X is 1° countable.

Remark 2.4. Notice that for each € > 6 and a € X, the ball B(a,e) = {z € X : d(z,a) < €} is an open
set. However, in general, it is easy to give examples showing that the family of all balls is not a base for the
topology of X. Consequently, the topology generated by {B(a,¢€) : € > 0}, is, in general, weaker than the
topology of X generated by Ux. In [9], this weaker topology has been considered to prove some results.

For each A C X and C € C, we denote Uc[A] = J,c4 Uc[z]. A subset B of X is said to be bounded,
if there exists an (order) upper bounded C' € C such that B x B C Ug. We denote by 2% the family of all
nonempty subsets of X, by B(X) the family of all bounded subsets of X, by C(X) the family of all closed
and nonempty subsets of X and CB(X) = C(X) N B(X). A subfamily H = {Hc}cec of CB(X) x CB(X) is
defined as follows:

Heo = {(A, B) S CB(X) X CB(X) A C Uc[B] and B C Uc[A]}

It is well known, see [§] for instance, that H is a fundamental system of entourages for a uniformity on
CB(X). The topology on CB(X) induced by H is referred to as the H-topology. Let K(X) denote the family
of all nonempty compact subsets of X. Since K(X) C CB(X), we consider (X) endowed with the induced
‘H-topology. In [27] is proved that K(X) is H-complete, if and only if, (X,Ux) so is.

In accordance with the uniformity generating the topology of X, a subset D of X is precompact, if for
each C' € C, there exist x1,...,2, € X such that D C Ugfx;] U --- U Uglz,]. Moreover, a filter F on X
is a Cauchy filter (c.f. [7]), if for each C € C, there exist A € F such that A x A C Ugz. We define a
noncompactness measure as follows: for D € B(X), Mx (D) denotes the family of all C' € C such that there
exist x1,...,z, € X satisfying D C Ug[z1]U--- U Ug[z,]. Accordingly, (c.f. [7]), D € B(X) is precompact,
if and only if, Mx (D) = C. Thus, Mx(-) is a noncompactness measure.

It is easy to see the following three properties hold:

a) Mx(B) C Mx(A) whenever A C B, (B € B(X)).
b) Mx(AUB)=Mx(A)NMx(B), (A, BeB(X)).

c) Mx(4) = Mx(4), (AeB(X)).
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d) Mx(A) CC+ Mx (UclA), (AeB(X),C Q).

Let D C X and B be a filterbase in X. We say that B converges to D, in the H-topology, if and only if,
for each C' € C, there exists B € B such that B C U¢[D] and D C Ug[B].

3. Main results

We have seen that a cone space enjoys of a Hausdorff uniform structure. The next result states that any
Hausdorff uniform space has the topology induced by a cone metric.

Theorem 3.1. Let (X,U) be a Hausdorff uniform space, i.e. (\;c, U = A. Then, there exists a cone metric
d: X x X = FE generating the topology of X.

Proof. Tt is well-known that the uniformity I is generated by a family of separating pseudo metrics {dy}rea
on X. Let E = R? be the real vector space of all functions from A to R, endowed with the usual operations
of addition and scalar multiplication. By considering E with the product topology and defining P =
{r € E:VX € A,zy > 0}, we have P is a cone of F and a cone metric d : X x X — F is defined as
d(z,y) = {dx(z,y)}xen- A local base for E is given by the family C of the all sets having the form

Cr,. . xn(a,e)={zrecE: max lzy, —an| <€}, Ao AN €A, €>0, ackE.
SIST

It is easy to see that {Uc; C € C}, where Uc = {(z,y) € X x X : d(z,y) € C}, is a fundamental system of
entourages generating the uniformity /. Therefore, d is a cone metric generating the topology of X. O

Theorem 3.2 below extends a classical result (Theorem 1’) by Kuratowski in [20].

Theorem 3.2. Let B C CB(X) be a filter base on X and D = (\gcz B. Suppose (X,Ux) is complete and
Upes Mx(B) = C. Then, the following two conditions hold:

(i) D is compact and nonempty,
(i) B converges to D in the H-topology.

Proof. Since D is closed, X is complete and Mx (D) = C, we have D is compact. Let F be the filter
generated by B, i.e., F = {A C X : 3B € B,B C A}. In order to prove D is nonempty, let F* be a
ultrafilter such that 7 C F*. Let C € C and C’ € C such that C' + C' C C. By assumption, there exist
B e Band zy,...,z, € X such that B C Ugr[z1]U---UUgr[x,]. Since B € F* and F* is a ultrafilter, there
exists i € {1,...,r} such that Uc[z;] € F* (see Corollary in Section §6.4, Chapter I in [7], for instance).
Thus, Uer[zi] X Uer[zi] € Ue and consequently, F* is a Cauchy filter, which converges to some point z* € X.
But, {2*} = Nper- F € Nper F = Nges B and therefore D is nonempty.

Next, we prove the convergence of B to E in the H-topology. Suppose there exists C' € C such that
for any B € B, BN Uc[D]¢ # 0. Consequently, B = {B N Lc : BN Uc[D]} is a filter base on Ugx[D]°.
Moreover |Jg.gMx(B) 2 Ugep Mx(B) = C and Uc[D] is complete. These facts imply from (i) that
0 # Npeg B = Npes BN Uc[D]® = DN Uc[D]°, which is a contradiction. Therefore, there exists B € B
such that B C Ug[D] and the proof is complete. O

Example 3.3. Let f: X — X be a continuous mapping and for each C' € C denote Bo = {z € X : f(x) €
Uc[z]}. Suppose (X,Ux) is complete and B = {B¢;C € C} is a filter base satisfying |Joce Mx(Bc) = C.
Then, from Theorem [3.2] the set of the all fixed points of f is compact and nonempty. Moreover, B converges
to this set in the H-topology.

LC 4+ Mx (UclA]) = {C + C": C' € Mx (Uc[A]}
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Corollary 3.4 (Kuratowski [20]). Let (X, d) be a complete metric space, ax be the noncompactness measure
on X, {Bn}nen be a decreasing sequence of nonempty, closed and bounded subsets of X and D = (), cy Bhn-
Suppose lim,,_, oo ax(By,) = 0. Then, the following two conditions hold:

(i) D is compact and nonempty,
(ii) B converges to D in the Hausdorff metric.

Proof. Let C = {(—¢€,€) : ¢ > 0} and C € C. Hence, there exists € > 0 such that C' = (—e¢,€). Let ngp € N
such that ax (Bp,) < €. Hence, C' € Mx(B,,) and consequently (J,,cy Mx (Br) = C. Therefore, conditions
(i) and (ii) follows from Theorem (3.2, which completes the proof. O

Remark 3.5. Note that whether B is countable, in Theorem in order to (\pcgB is compact and
nonempty, it suffices that X is sequentially complete, with respect to the uniformity Ux.

Let T: D C X — 2% be a set-valued mapping. We say that T is condensing, if for each A C D such
that A € B(X) and Mx(A) # C, we have T'(A) € B(X), Mx(A) C Mx(T(A)) and Mx(A) # Mx(T(A)).
A subfamily D of 2¥ is said to be stable under intersections, if for any D’ C D, we have () pep D €D.

Theorem 3.6. Suppose (X,Ux) is complete. Let D be stable under intersections subfamily of CB(X),
DeDand T : D — 2P be a condensing set-valued mapping. Then, there exists C € D, a compact subset of
D, such that T(C) C C.

Proof. Let zp € Dand ¥ = {K € D:2p € K C D and T(K) C K}. Due to D € ¥, we have ¥ # (). Let
B = Ngex K and C = {xg} UT(B). We have T'(B) C (g T'(K) € B and 29 € B. Moreover, since B
is closed, C C B. Thus T(C) C T(B) C C, C € ¥ and B = C. Since D is stable under intersections, we
have C' € D. From properties b) and c), we obtain Mx(C) = Mx(T(B)) = Mx(T(C)) and due to T is
condensing, we have M x(C) = C. Since C' is closed, we have C' is compact and the proof is complete. [J

Example 3.7. Suppose X is a complete topological vector space. Hence, under conditions and notations
stated in Theorem [3.6] D can be chosen as the family of all nonempty convex sets and consequently, there
exists a compact convex subset C' of X such that T'(C') C C. This fact, in case the Schauder conjecture were
correct (see The Scottish Book [21], Problem 54), would imply the existence of a fixed point of T', when T
is a single-valued mapping.

4. Applications to approximate and fixed points

In this section, the cone P is assumed to be normal (c.f. [2]), i.e. for each C € C, and z,y € C, one has
{zeE:2 222y} CC. LetT:DC X — 2% be a set-valued mapping. A point x* € D is said to be
a fixed point of T, if * € Tx* and T is said to have an approximate fixed point (see [4}, 12, 14} 26|, 30] for
related concepts), if for any C' € C, there exists € X such that Tx N Ug[z] # (. The set of all fixed points
of T is denoted by Fix(T).

A concept extending the classical Hausdorff metric is stated as follows. For x € X and A, B € CB(X),
we define s(z, B) and s(A, B) as follows:

s(z,B) = U{e>0:d(x,b) <€}

beB

and

s(A,B) = (] s(a,B)n () s(b, A).

a€A beB

Let k> 0and T : X — CB(X) be a set-valued mapping satisfying

kd(z,y) € s(Tz, Ty), for all z,y € X. (4.1)
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As in [5] [6l 10, 22| 28], we say T is a contraction whenever k£ < 1. In this work, the set-valued mapping
T is said to be non-expansive, whenever is satisfied with £ = 1. In [16l, 24, B1], other definitions of
contraction for set-valued mappings are given in the context of cone metric spaces. Also, these definitions
are based on extensions of the classical Hausdorff metric.

The following lemma is stated and proved in [28] (see also [6]) whether E is a locally convex space and
in [31] whether E is a Banach space. Since we are not assuming these conditions and the completeness
condition stated here is different, we give an explicit proof, which is simple and similar to that given by
Nadler in [23], for set-valued contraction with respect to the classical Hausdorff metric.

Lemma 4.1. Suppose (X,Ux) is complete and let T : X — CB(X) be a contraction. Then, T has a fized
point.

Proof. Let 29 € X and z1 € T'zg. Since kd(xp,x1) € anT:ro s(z,Tz1) C s(x1,Tx1), there exists zo € Tz
such that d(x1,x2) < kd(xg,x1). It follows by induction that there exists a sequence {x,}nen in X such
that, for each n € N, 2,41 € Tz, and d(2p41, Tnt2) =2 kd(Zy, Zn41). Hence, for each n,p € N, d(zy,, 2n4p) =<
{E"/(1 — k)}d(xo,z1) and since E is normal, {z,}nen is a Cauchy sequence with respect to Ux. Thus,
there exists * € X such that {x,, },en converges to z*. On the other hand, kd(zy11,2*) € s(Tx,, Tx*) and
hence there exists y, € Tx* such that d(x,41,yn) = kd(zpi1,2*). Accordingly, d(z*,y,) = d(z*, xp41) +
kd(xp41,2%). Let C,C’" € C and N € N such that C' + ¢’ C C and d(z,,z*) € C’' for all n > N. We have,
d(z*, xpy1) + kd(zps1,2*) € C" + kC’ C C and since FE is normal, d(z*,y,) € C, for all n > N. This proves
that {yn }nen converges to x* and due to T'z* is closed, we have z* € Tx*, which completes the proof. [

Next, we assume X is a vector space endowed with a cone norm on F. That is, there exists a function
|- |l : X — E satisfying the following three conditions: (a) for all z € X, ||z|| = 0 implies x = 0, (b) for
all z € X and X € R, || \z|| = |A|[|z]|, and (c) for all z,y € X, ||z + y|| =< ||z]| + ||y|]|- We denote by d the
cone metric induced by || - || and, in what follows, for A, B € CB(X), s(A, B) is defined in terms of this cone
metric.

Since F is normal, it is easy to see that the topology of X, generated by Ux, makes continuous its vector
space operations. Consequently, with respect to this topology, X turns out a topological vector space.

Theorem 4.2. Suppose (X,Ux) is complete, D is a nonempty closed convex and bounded subset of X and
T : D — 2P is a non-expansive set-valued mapping. Then, T has an approzimate fized point.

Proof. For a fixed zp € D and € > 0, we define T, : D — 2P by T.x = ez + (1 — €)Tz. Notice that T, is well-
defined and, for any z,y € X, s(Tex,T.y) = (1 — €)s(Tx, Ty). Consequently, (1 — €)d(z,y) € s(Tex, Tey),
i.e. T. is a contraction. It follows from Lemma [4.1] that there exists z. € D such that z. € T.z.. Let
Ye € Tx such that z. = €zo + (1 — €)y.. We have ||z — ye|| = €||z0 — ye|| =< €c, where ¢ is an upper bound
of {d(u,v) : u,v € D}. Since E is normal, for each C' € C we can choose € > 0 such that ||z, —y.| € C.
Therefore, Txe N Uc[x] # 0 and the proof is complete. O]

Given T: D C X — 2P and C € C, we denote B¢ [T] = {x € D : Tz N Uc|x] # 0}.

Theorem 4.3. Suppose (X,Ux) is complete, D is a nonempty closed conver and bounded subset of X,
T :D — K(D) is a non-expansive set-valued mapping and | Joce Mx (Bc[T]) = C. Then, Fix(T') is compact
and nonempty.

Proof. From Theorem B¢ [T is nonempty and hence, By = {B¢[T]; C € C} is a filter base of closed sets.
On the other hand, | Jo oo Mx(Bc[T]) = C holds due to the assumption and c) in Section [2, Consequently,

Theorem M implies that (e Be[T] # 0. Since Fix(T) = (Noee BelT] , it suffices to prove that

M Belt] = () Bl (4.2)

ceC ceC
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In order to obtain , we prove that for each C' € C, there exists C' € C such that Be/(T') C Be[T]. Let
C € C and choose C' € C satistying C' + C’" C C. Let y € Ber(T) and suppose that Ty N Ug[y] = 0. Since
Ty = Neoee Uc[Ty] and Ty is compact, there exists C” € C such that Ucn[Ty] N Ucly] = 0. Notice that
for each = € Uer[y], Uer[z] C Ucly]. Let o € Uen[y]. Hence d(x,y) € s(Tz,Ty) and thus, for each z € Tx
there exists b € Ty such that d(z,b) < d(z,y). Since d(z,y) € C” and E is normal, we have d(z,b) € C".
Consequently, for each x € Ugn|y|, we have Tx C Ucn[Ty| and by defining V,, = Uer[y] N Uew[y] we obtain
that, for each x € V), Te N Ucr[z] C Ucn[Ty] N Ucly] = 0, i.e. Vyy € Ber(T), which is a contradiction.

Therefore, Bo/(T') C Beo(T') and the proof is complete. O

Corollary 4.4. Suppose D is a nonempty compact and convex subset of X and T : D — K(D) is a
non-expansive set-valued mapping. Then, Fix(T) is (compact and) nonempty.

Remark 4.5. Suppose C is a base of neighborhoods of § consisting of convex sets. Hence, {Uc[0];C € C} is
a base of convex neighborhoods of 0 € X. Consequently, X is a locally convex space whether F so is.

For each D C X, let Q(D) be the family of all nonempty compact convex subsets of D.

Lemma 4.6. Suppose E is a locally convex space, C € Q(X) and let T : C — Q(C) be a continuous
set-valued mapping. Then, T has a fixed point.

Proof. Tt directly follows from Theorem 2 by Fan in [15]. O]

The following result extends, to locally convex spaces and for continuous multi-functions, a known
theorem by Darbo in [11].

Theorem 4.7. Suppose E is a locally convex space and (X,Ux) is complete. Let D be a nonempty bounded
closed and convex subset of X and T : D — C(D) be a condensing multi-function with convex images. Then,
T has a fized point.

Proof. Let D be the subfamily of CB(X) consisting of all convex subsets of X. Since D is stable under
intersections, Theoremimplies that there exists a compact and convex subset C' of X such that T'(C') C C.
Since C' € Q(X) and for each z € C, Tz € Q(C), it follows from Lemma 4.6 that 7" has a fixed point, which
completes the proof. O
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