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Abstract

In this paper, we consider the concept of 2-distance on a complete, partially ordered G-metric space and
prove a fixed point theorem for (i, ¢)-Weak contraction. Then, we present some applications in integral
equations. (©2013 All rights reserved.
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1. Introduction and Preliminaries

The Banach fixed point theorem for contraction mapping has been generalized and extended in many
direction [[3]-[11]],[18],[20],[27]. Nieto and Rodriguez-Lopez [I§], Ran and Reurings [23] and Petrusel and
Rus [2I] presented some new results for contractions in partially ordered metric spaces. The main idea in
[18, 19, 23] involves combining the ideas of an iterative technique in the contraction mapping principle with
those in the monotone technique. In [7], Dutte, presented the concept of (v, ¢)-Weak contraction which
includes the generalizations Theorem (1.2) in [13] and Theorem (1.4) in [24]. Also, Mustafa and sims [I5]
introduced the concept of G-metric. Some authors [2, [14} [T6], 26] have proved some fixed point theorems
in these spaces. Aage [I], proved a fixed point theorem for weak contraction in G-metric space. Recently,
Saadati et al. [25], using the concept of G-metric, defined an Q-distance on complete G-metric space and
generalized the concept of w-distance due to Kada et al. [12].

In this paper, inspire of [12] we prove a fixed point theorem for (1, ¢)-Weak contraction in generalized
partially ordered metric spaces.
At first we recall some definitions and lemmas. For more information see [2, [7], 14, [15], 17, 22].
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Definition 1.1. ([15]) Let X be a non-empty set. A function G : X x X x X — [0, 00) is called a G-metric
if the following conditions are satisfied:
z,y,z) = 0if x = y = z (coincidence),
x,z,y) > 0 for all z,y € X, where z # y,
,2) < G(x,y, 2) for all ,y,z € X, with z # y,
z,y,z) = G(p{z,y, z}), where p is a permutation of x,y, z (symmetry),
z) < G(z,a,a) + Gla,y, z) for all z,y,z,a € X (rectangle inequality).

A G-metric is said to be symmetric if G(z,y,y) = G(y,z,z) for all z,y € X.

Definition 1.2. ([I5]) Let (X, G) be a G-metric space,

(1) asequence {z,} in X is said to be G-Cauchy sequence if, for each € > 0, there exists a positive integer
no such that for all m,n,l > ng, G(xyn, 2m,x;) < €.

(2) a sequence {x,} in X is said to be G-convergent to a point x € X if, for each £ > 0, there exists a
positive integer ng such that for all m,n, > ng, G(xm, n,x) < €.

Definition 1.3. ([25]) Let (X, G) be a G-metric space. Then a function  : X x X x X — [0, 00) is called
an ()-distance on X if the following conditions are satisfied:

(a) Qz,y,2) < Qzx,a,a) + Qa,y, 2) for all z,y,2,a € X,
(b) for any z,y € X, Q(z,vy,.),2x,.,y) : X — [0,00) are lower semi-continuous,
(c) for each £ > 0, there exists a 6 > 0 such that Q(z,a,a) < 6 and Q(a,y,2) < J imply G(z,y,2) < e

Example 1 : Let (X,d) be a metric space and G : X — [0, 00) defined by

G(z,y,z) = max{d(z,y),d(y, z),d(x, )},
for all z,y,z € X. Then Q = G is an ()-distance on X.

Example 2 : Let X = R and consider the G-metric G defined by

1
G($7y,2):§(‘$—y’+|y—2‘+’.’17—2|),

for all 2,9,z € R. Then Q : R? — [0, 00) defined by

1
Q(x7y7z):§(’x_y|+‘z_x’>v

for all x,y,z € R is an ()-distance on R.

For more examples see [25].

Lemma 1.4. ([25]) Let X be a metric space with metric G and ) be an Q-distance on X. Let xy,yn be
sequences in X, o, By be sequences in [0,00) converging to zero and let x,y,z,a € X. Then we have the
following:

(1) If Uy
(2) 1f
(3) 1f

(

(4) If Qzp,a,a) < ap for any n € N then x,, is a G-Cauchy sequence.

Ty ) < oy and Qzy,y, 2) < By for n €N, then G(y,y,2) < € and hence y = z;
Yns Tny Tn) < ap and Uz, Ym, 2) < Bn for m > n then G(Yn, Ym, 2) — 0 and hence y, — z;
Ty T,y 1) < Qo for any l,m,n € N with n < m <, then z, is a G-Cauchy sequence;



L. Gholizadeh, J. Nonlinear Sci. Appl. 6 (2013), 244-251 246

2. Main results

Definition 2.1. Suppose (X, <) is a partially ordered space and T': X — X is a mapping of X into itself.
We say that T is non-decreasing if for z,y € X,

r<y=T(z) <T(y).
Definition 2.2. Let ® = {¢|¢ : [0,00) — [0,00)} and ¥ = {¢|¢ : [0,00) — [0,00)} be the set of continuous,
non-decreasing functions with ¢=1(0) = ~1(0) = 0.

Theorem 2.3. Let (X, <) be a partially ordered space. Suppose there exists a G-metric on X such that
(X, G) is a complete G-metric space and ) is an Q-distance on X and T is a non-decreasing mapping from
X into itself. Suppose that

VT, Ty, Tz)) < p(Qz,y,2)) — o(Uz,y,2)), Ve<yzeX
where ¢ € ® and ¢ € V. Also, for every x € X
inf{Q(z,y,z) + Qz,y, Tr) + Uz, Tx,y) : x < Tz} > 0,
for every y € X with y # Ty. If there exists an xg € X with xg < Txg, then T has a unique fized point.
Moreover, if v =Twv, then Q(v,v,v) = 0.

Proof. If xg = Tz, then the proof is finished. Suppose that x¢g # Txg. Since zg < Ty and T is non-
decreasing, we obtain
2o < Txog < T?xo < ..<T"zg< ...

Now if for some n € N, Q(T"xg, T" 2o, T" 29) = 0 then,
PEOUT" g, T 2o, T 20)) < (AT w0, T o, T )
_ ¢(Q(Tnx0’Tn-i-le’Tn-ﬁ—le))’

therefore, Q(T™ Lz, T 229, T" 22¢) = 0, and by Part (c) of Definition (1.3),

G(T"xo, T 220, T" 220) = 0 and consequently 7"z = T" 22, which implies 7"z is a fixed point of T
If n is even, and T2z is a fixed point of T if n is odd, then proof is complete.

Otherwise Q(T"xg, T 'z, T 20) > 0, for all n € N and we have

DT w0, T o, T o)) < (T Lo, T o, T"0))
— HUT"  wg, T, T"x0)). (2.1)

Then,
w(Q(Tnxov Tn+1x07 Tn+1$0)) < ¢(Q(Tn_1x07 an()a Tnx(]))

Similarly,
Q/J(Q(Tn_lmo, Tnfl,‘o, TnIL‘())) S Q/J(Q(Tn_QJTo, Tn_lll,‘(), Tn_ll'o)).

This shows that {Q(T™zg, T" 2o, T" 1zg)} is non-increasing. Then, there exists r > 0 such that

lim Q(T”xQ,T”on,T”HxO) =7
n—oo

If r > 0, then ¢(r) > 0 and by taking n — oo on (2.1), we obtain

P(r) < o(r) — o(r),

which is a contraction. So,
lim Q(T"zq, T oy, T zg) = 0.

n—oo



L. Gholizadeh, J. Nonlinear Sci. Appl. 6 (2013), 244-251

247

We claim that {T"x} is a G-Cauchy sequence. Suppose {T"x} is not a G-Cauchy sequence. Then, there
exists € > 0 and subsequences {T"™ xo} and {T""*xy} such that ny is the smallest integer with ny > my > k

and

Then,

Q(ka.ro, Tnkxo, Tnkl‘o) > €.

QT+ xg, T g, T"’flmo) <e.

By Part (a) of Definition (1.3), we obtain

3

< Q(kaxO,Tnkxo,TnkJ}o)
< QT xg, T Lo, T Lag) + QT™ Ly, T 20, T 20)
<

e+ QT Lag, T o, T x20).

Thus,

Since,

Q(kailxo, Tnkilxo, Tnkill‘o)

lim Q(T"*xo, T xo, T xy) = €.
k—o00

< Q(kailxo, Tk xo, kaxg)
+ Q(kaxo, Tnkilx(), Tnkill’o),

< w(Q(kaxo,T"kmo,T”kxg))
< (T g, T g, T Larg)) — G(QUT™ ™ Larg, T Lawg, T o)

< YT Ly, T Lo, T Lag)),

then, we obtain

Again, we have

kli_)m QT™ g, T gy, T Lgg) = e
[o.¢]

Ple) < P(QUT™ xg, T 20, T™ 10))

< w(Q(ka_lfUm Tnk_lx(]a Tnk_lxo)) - ¢(Q(ka_11‘0, Tnk_lx(]a Tnk_lx()))‘

So, ¥(e) < ¢(e) — ¢(e), which is a contradiction. Therefore {T"zy} is a G-Cauchy sequence. Since X is

G-complete, {T™xy} converges to a point u € X. Now, for ¢ > 0 and by lower semi-continuity of €2,

and,

Q(T"zo, T™xo,u) < liminf Q(T"xg, Tz, T x0) < €,

p—o0

Q(T"xo, u, T' o) < liminf Q(T"xg, TP, T'ao) < e,

p—00

Assume that u # Tu. Since T"xy < Tz,

0 < inf{Q(T"x,u, T"xq) + UT"xq, u, T" 1 xq) + QT xo, T" 20, u) : n € N} < 3¢,

which is a contraction. Therefore, we have u = T'u.
To prove the uniqueness, let v be another fixed point of T, then

(2w, u,v))

<
<

Y(QTu, Tu, Tv))
Y(Qu,u,v)) — p(Q(u, u,v))
V(Q(u, u,v)),

m>n

[ >n.
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which is a contraction. Therefore, the fixed point u is unique. Now, if v = Tw, we have,
V(Qv,v,v)) = Y(QTv,Tv,Tv))
< P(Q(v,0,0)) = ¢(Q(v,v,0)).

So, Q(v,v,v) = 0. O
Example 2.4. Let X = [0, 1] and G(z, vy, z ) =3(|z—y|+|y—2|+|z—2]). Then (X, G) is a complete
G-metric space. Suppose Q(z,y,2z) =3(|z—y|+|z—a|), T(z) = %, ¢(t) = 3t and ¢(t) = 9¢. Then,
1
YT, Ty, Tz)) = (| Te =Ty |+[Tz~Tz|))
_ r_Y £_7r
R AN )

< w(*(|fﬁ—y|+|Z—$|))—¢(é(|x—y|+|Z—~”L‘D)
= ¢(Q($,y, Z)) _¢(Q($aya Z)),

also, for every x € X
inf{Q(z,y,z) + Qz,y, Tr) + Uz, Tx,y) : x < Tz} > 0,

for every y € X with y # T'y. So, by Theorem [2.3] 7" has a unique fixed point that is 0.
Denote by A the set all functions A : [0, +00) — [0, +00) satisfying the following hypotheses:

(i) A is a Lebesgue-integrable mapping on each compact subset of [0, +00),
(ii) for every € > 0, we have [; A(s)ds > 0,
(iii) ||A|| < 1, where ||A|| denotes to the norm of \.

Now, we have the following corollary.

Corollary 2.5. Let (X, <) be a partially ordered space. Suppose that there exists a G-metric on X such
that (X, G) is a complete G-metric space and Q is an Q-distance on X and T is a non-decreasing mapping
from X into itself. Suppose that for allx <y,z € X,

YT Ty T) $(O,7) Hw9,2)
/ A(s)ds < / A(s)ds — / Ms)ds,  (3.1)
0 0 0

where A € A. Also, for every xr € X
inf{Q(z,y,z) + QUz,y,Tx) + Uz, Tx,y) : « < Tx} >0,
for every y € X with y # Ty. If there exists an xo € X with xo < Tz, then T has a unique fized point.
Proof. Define v : [0, +00) — [0, +00) by (¢ fo s)ds, then from inequality (3.1), we have
V(T Ty, T2)) < A, 3, ) — (S, 3, ),
which can be written as
1Tz, Ty, Tz)) < P12z, y, 2)) — ¢1(Ux,y, 2)),

where ¥ = yo 1 and ¢1 = vy o ¢. Since the functions ;1 and ¢; satisfy the properties of ¢ and ¢, by
Theorem [2.3] 7" has a unique fixed point. O
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3. Application

In this section, we give an existence theorem for a solution of the following integral equations:

1
= / K(t,s,xz(s))ds +g(t), te]0,1]. (3.1)
0
Let X = C([0,1]) be the set all continuous functions defined on [0, 1]. Define G: X x X x X — R by
Gr,y,2) = llz =yl + lly — 2l + |z — |,
where ||z|| = sup{| z(t) |: t € [0,1]}. Then (X, G) is a complete G-metric space. Let = G. Then {2 is an
()-distance on X. Define an ordered relation < on X by
x<y iff =) <y(), Vte]l0,1].
Then (X, <) is a partially ordered set. Now, we prove the following result.

Theorem 3.1. Suppose the following hypotheses hold:

(1) K :[0,1] x [0,1] x RT — R* and g : [0,1] — R are continuous mappings,
(2) K is nondecreasing in its first coordinate and g is nondecreasing,
(8) There exists a continuous function G : [0,1] x [0,1] — [0,4+00) such that

| K(t,s,u) — K(t,s,v) |<G(t,s) | u—mv|,

for every comparable u,v € R™ and s,t € [0, 1] with sup,cp 1) fo (t,s)ds < %,

(4) There exist continuous, non-decreasing functions ¢, : [0,00) — (0,00) with ¥=1(0) = ¢=1(0) = 0
and (r) < P(2r) — ¢(2r) for all r € [0, 00).

Then the integral equation has a solution in C([0,1]).

Proof. Define Tx(t fo (t,s,x(s))ds + g(t). By hypothesis (2), we have that T is nondecreasing,.

Now, if
inf{Q(z,y,z) + Qz,y, Tx) + Uz, Tx,y) : x < Tz} =0,

for every y € X with y # Ty, then for each n € N, there exists x,, € C([0,1]) with x,, < Tz, such that

S

Q(l'myyxn) =+ Q(l'm%Txn) + Q(l’n, Tz, ) <

Then, we have

1
Q(xnayanEn): sup |$n y|+ sup ‘y T337L|+ sup |Tﬂ§n—ﬂjn|§*
t€[0,1] t€[0,1] t€[0,1] n
Thus,
Jim 2, (1) = y(?),
nhﬁngo Tx,(t) = y(t).
By the continuity of K, we have
y(t) = lim Tax,(t / K(t,s, hm $n( ))ds + g(t)
n—o0

1
_ /0 K(t,5,y(s))ds + g(t) = Ty(t).
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Which is a contradiction. Therefore,
lnf{Q(x7y7m) + Q(.’l]'7y,T$) + Q(.’L’,T.%‘,y) T S T.Z'} > 0.

Now, for z,y,z € X with = <y, we have
V(Q(Tz, Ty, Tz)) = (sup |[Tz(t)—Ty(t) |+ sup | Ty(t) —T=(t) |
te[0,1] t€[0,1]

+ sup | Tz(t) —Tx(t) |)
tel0,1]

1
( sup / | K(ts,2(5) — K(t,5,5(s)) | ds

tel0,1]

1
+ sup / | K(t,5,y(s)) — K(t, 5, 2(s)) | ds
telo,1] JO

1
+ sup / | K(t,s,2(s)) — K(t,s,z(s)) | ds)

te[0,1]

IN

1
< v ([ @.s) 126~ 006) | d5)+ s ([ 6000) 1 (6) — 2(6) | 9
te[o 1] te0,1] JO
— / G(t,5) | 2(s) — (s) | ds))
te€(0,1]
< Y(sup (| z(t) —y(t) | sup/Gts
t€(0,1] teo,1
+  sup (| y(t) — 2( sup/ G(t,s)d
t€[0,1] tel0,1]

+  sup (| 2(t) — =(t) sup/Gtsds
te(0,1] te[0,1]

< (e sup (| 2(t) —y(t) )+ = sup (| y(t) — 2(t) )+ = sup (| =() — a(t) )

2 te[0,1] 2 t€[0,1] 2 t€(0,1]
1
< 1/}(59(%, Y, Z)) < ¢(Q(337 Y, Z)) - ¢(Q($, Y, Z))
Thus, by Theorem there exists a solution u € C[0, 1] of the integral equation (3.1). O
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