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Abstract

In this paper, we gives an upper bound estimation of the spectral norm for matrices A and B such that the
entries in the first row of n x n r-circulant matrix A = Circ,(aq,as, ..., a,) and n X n symmetric r-circulant
matrix B = SCirc,(ay,as,...,a,) are a; = P; or a; = P? or a; = P,_; or a; = P2, where {P;}3°, is

Padovan sequence. At the last section, some illustrative numerical example is furnished which demonstrate
the validity of the hypotheses and degree of utility of our results. (©2016 All rights reserved.
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1. Introduction and preliminaries

The r-circulant matrices plays an important role in many branches of applied mathematics such as signal
processing, coding theory, image processing and linear forecast.

Definition 1.1. An n X n matrix A is called an r-circulant matrix if it is of the form

ay az -+ Gp-1 (%)

ran a1 o Gp-2 4p—1
A= ;

raz ra4 - ai a9

ras ras - TQp al

where r,a;, € Cfor allt =1,2,...,n.
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The elements of the r-circulant matrix are determined by its first row elements aq,as,...,a, and the
parameter r, thus we denote A = Circ, (a1, ag,...,a,). Especially when r = 1, we write Circ(ay,ag,...,a,)
instead of Circy(aq,as,...,a,), that is,

ap a2 -+ QAp-—1 Qan

an ap -+ Gp—2 0Aan-—-1
Circ(ay,ag,...,an) =

az Qa4 --- al a9

as as -+ an ai

and it is called a circulant matrix.

Definition 1.2. An n x n matrix is called a symmetric r-circulant matrix if it is of the form

ai az - Gp—1 G,
a9 as e (07%% rajy
A= ,
Gp—-1 Gp -+ TAn-3 Tap—-2
n TGl TAp—2 TAp_1
where r,a; € C for alli =1,2,... n.

The elements of the symmetric r-circulant matrix are determined by its first row elements a1, ao, ..., a,
and the parameter r, thus we denote A = SCirc,(a,as,...,a,). Especially when r = 1, we write
SCirc(ay, as, . .., a,) instead of SCircy (a1, ag, ..., ay), that is,

ai az -+ Ap-1 an
a9 az - Qp al
SCirc(ay, az,...,a,) =
ap—-1 Aan -+ (ap-3 0ap-—2
Gn ap -+ ap-2 GQp—1

and it is called a symmetric circulant matrix.

Example 1.3. Let

-3 1 4 0 2 -3 1 4 0 2
2 -3 1 4 0 6 -3 1 4 0
A=| 0o 2 -3 1 4 |,B=| 0o 6 -3 1 4 |,
4 0 2 -3 1 12 0 6 -3 1
1 4 0 2 -3 3 12 0 6 -3
-3 1 4 0 2 -3 1 4 0 2
1 4 0 2 -3 1 4 0 2 -9
c=|4 0 2 -3 1 |,D=| 4 0 2 -9 3
0 2 -3 1 4 0 2 -9 3 12
2 -3 1 4 0 2 -9 3 12 0
Then A = Circ(—3,1,4,0,2), B = Circs(—3,1,4,0,2), C = SCirc(—3,1,4,0,2) and B = SCircs(—3,1,4,0,2).

Next, we give the concepts of the spectral norm, the maximum column length norm and the maximum
row length norm of arbitrary matrix.

Definition 1.4. Let A = (aij)mxn be a matrix, where a;; € C for all i € {1,2,...,m} and j € {1,2,...,n}.
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1. The spectral norm of the matrix A is defined by

R . H
| Alls == lrgiég;/\z(fl A),

where \;(A7 A) is the eigenvalue of A A and A is the conjugate transpose of matrix A.

2. The maximum column length norm of the matrix A is defined by

Here we give the following important lemma about the spectral norm, the maximum column length norm
and the maximum row length norm which is proved by Mathias [2] in 1990.

Lemma 1.5 ([2]). Let A, B and C be m x n matrices. If A= BoC, where BoC is the Hadamard product
of B and C, then
[Alls < r1(B)ei(C) (1.1)

and
[Alls < [[Blls[IC][s- (1.2)

In recent years, several mathematicians were concerned with r-circulant matrices associated with a
number sequence. For example, Solak [4, 5] and Shen and Cen [3] calculated and estimated the Frobenius
norm and the spectral norm of a circulant matrix where the elements of the r-circulant matrix are Fibonacci
numbers and Lucas numbers. More recently, He et al. [I] approximated upper bound of the spectral norm
of a r-circulant and symmetric r-circulant matrices where the elements of these matrices are Fibonacci
numbers and Lucas numbers.

Inspired by the recent work, we gives an upper bound estimation of the spectral norm for r-circulant and
symmetric r-circulant matrices with Padovan sequences. Some illustrative numerical example is furnished
which demonstrate the validity of the hypotheses and degree of utility of our results.

2. Main results

Firstly, we give the concept of Padovan sequence {P,}>2, which is defined by

0, n =20,
p,=1 1, n=1,2,
P35+ P,2, n=3,4,5,...-

If we start by zero, then the Padovan sequence is given by

10 11 12
9 12 16

n‘O
0

1 2345607809
P,jO01 11223457 21)

Remark 2.1. The Padovan sequence {P,}22, satisfies the following properties:

n n
1. > P;= > P,= P,15— 2 for each fixed n € N;
s=0 s=1
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2. Y P?=YP'=p2,-P?

n—1 "

P2_, for each fixed n € N with n > 3.

Figure 1: Spiral of equilateral triangles with side lengths which follow the Padovan sequence

Now, we give an upper bound estimation of the spectral norm for r-circulant and symmetric r-circulant
matrices with Padovan sequences.

Theorem 2.2. Let A = Clirc,(P1, Ps,...,P,) be an r-circulant matriz such that {P,}52, is a Padovan
sequence. Then the following assertions hold:

n, n=12,

\/n n+2 n _PT%—?,]’ n=34,...;

1. If |r] < 1, then ||A]|s < {

; _— Vnn—1D)|r)2 +n, n=1,2,
2. r| > 1, then <
flrl= I4lls \/[( \r|2+1][P o — P2, — P2 ], n=3/4,...-
Proof. Since A = Circ,(P1, Py, ..., P,) is a r-circulant matrix, it is of the form
Pl PZ U Pn—l Pn
rP, P -+ Py Py
TP3 7‘P4 ce P1 P2
TPQ T‘Pg e T‘Pn P1

Setting the matrices B and C are

P 1 -+ 1 1 P P - P14 P
r P -1 1 P, P -+ P, P
B=| ¢ ¢ oon o |, C=]
T r P1 1 P3 P4 P1 P2
r r r P1 P2 P3 Pn P1

Now we obtain that A = B o C, where B o C' is the Hadamard product of B and C. It is easy to see that

n(B)=max | |bz-j\2={ Vi r <1, (2.2)

1<i<n S (n—=1)|r2+1, |r|>1

n=1,2,
_ 2 _ 2 _
“ 1%32%\/ > leyl* = \ ZP \/P2+2—P2 — P2, n=34,.. . (2:3)
1<i<n s=1 n—

By using inequality . in Lemma |1.5 u from (2.2 | and (| ., we obtain the following results.

and
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n7 n= ) 9
o If |r| < 1, then we get ||A|ls <
I 141 VPR = PP = P2yl n=3.4,..;
Vn(n —1)|r]2 +n, n=12,
o If |r| > 1, then we get || Alls < \/[(n DI + 1][P2+2 P2 P2 n=34 .
n n— n—sl’ » Tyt
O
Corollary 2.3. Let A = Circ,(PE, P3,...,P?) be an r-circulant matriz such that {P,}>, is a Padovan
sequence. Then the following assertions hold
n? n=12,
1. If |r| < 1, then ||A||SS{ n[P2 L~ P2 n=3.4,...;
n— 9y ? AR
T 2 + n, n=12,
2 01, then s < (i Mz FUP2, — P2y~ P2, n=34,....
n n— n—aol? [

Proof. Tt is easy to see that A = Circ,(PZ, PZ,...,P?) = Bo B, where B = Circ,(Py, P»,...,P,) and Bo B
is the Hadamard product of B and B. From inequality (1.2)) in Lemma and Theorem we get this
result. O

By similar the proof in Theorem we get the following results for symmetric r-circulant matrix.

Theorem 2.4. Let A = SCirc,(Py, Ps, ..., P,) be a symmetric r-circulant matriz such that {P,}>2 is a
Padovan sequence. Then the following assertions hold:

r lAls <3 e
1. If|r| < 1, then |Allg <
\/ [P’r%—i—Q P?% 1 Pg—fﬁ]? n:37477
If |r hen || A V(=1 +n, n=12,
2. r| > 1, then s <
VI = DI+ 1[P2, — P2 — P2 ], n=34,....
Proof. Since A = SCirc,(Py, Py, ..., P,) is a symmetric r-circulant matrix, it is of the form
Pl P2 e Pn—l Pn
P2 Pg e Pn ’I“Pl
Po1 P, -+ rmPi3 TPy
Pn TPl te T‘Pn_g T‘Pn_l
Setting the matrices B and C are
P 1 - 1 1 P P --- P, P,
1 1 tee 1 TPl P2 P3 tee Pn P1
B=| : ¢ oo |, o=
1 1 s r r Pn—l Pn tee Pn_g Pn_Q
1 r2 -+ r r P, P --- P,o P,

Now we obtain that A = B o C', where B o C' is the Hadamard product of B and C. It is easy to see that

_ v, Il <1,
n(B)=max | > Ibyl*= { =D P+L, Il =1 (24)
1<5<n
n=1,2,
c1(C) = max | Z |2 = ZPQ 5 2 B (2.5)
1sisn\[ 52, ~ \/P o~ P2 —P2, n=34,....

By using inequality . in Lemma |1.5 u from (2.4 | and (| ., we obtain the following results.

and
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n[PgJr2 — P2

n—1

n7
o If |r| < 1, then we get || Alls < { \/ “PE n=3.4,...;

1 h A v =Dl +n, n=bz
o If |r| > 1, then we get <
"= et Ills = \/[(n Dr? + [P, — Pooy — Plgl, n=3,4,...-

O

Corollary 2.5. Let A = SCirc,(P%, P3,...,P2) be a symmetric r-circulant matriz such that { P}, is a
Padovan sequence. Then the following assertions hold:

n? n=1,2
1. If |r| < 1, then ASS{ ! o
flri 14l n[P2.,— P2, —P2,], n=34,...;
n(n —1)|r|? +n, n=1,2,
. > <
2 a2 L then WAl < { TS e 0T

Next, we give second main result in this work.

Theorem 2.6. Let A = Circ,(Py, P1,...,P,_1) be an r-circulant matriz such that {P,}2, is a Padovan
sequence. Then the following assertions hold:

" TP = ne b
1. If |r| < 1, then |Al|s <
Vi = 1P2, = P2y = P2J, n=4,5,...;
(n_l)‘T’7 n:172737

2. If |r| > 1, then ||A|ls <
| [A] {an—UVHV%J—Ri2—Ri$ n=4,5,...-

Proof. Since A = Circ, (P, Py, ..., P,—1) is a r-circulant matrix, it is of the form
P() Pl e Pn—2 Pn—l
rPp1 Py - Phz Phoo
7"P2 ’I”Pg s P() P1
rPy rPy --- rP,1 B

Setting the matrices B and C are

P 1 -~ 1 1 Ph P - P,y P,
r B -~ 1 1 P,y Py -+ P33 Puo
B = . . . . . 7 C = . . .
T PQ 1 P2 P3 s Pg Pl
T ce r P() P1 P2 ce Pn—l P()

Now we obtain that A = B o C', where B o C' is the Hadamard product of B and C. It is easy to see that

B vn—1, Ir] <1,
= 2 ~{ VomwE, e 20

vn—1, n=12,3,
— 2
“ ﬁﬁiw leis * = E:P {\ﬁﬂH—fﬁ P2, n=45,.. . (2.7)
1<i<n

By using inequality . in Lemma |1.5 u from and , we obtain the following results.

and
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n—1, n=1,23,
o If |r| < 1, then we get || Alls < \/[ e

2~ Py — P2, n=4,5,..;

(n_l)”r‘? n:172a3a

o If |r| > 1, then we get || Alls <
VI = DIrPIP2, = P2y = P2J, n=4,5,....

O

Corollary 2.7. Let A = Circ,(P§, P?,...,P2_}) be an r-circulant matriz such that {P,}°% is a Padovan

n—
sequence. Then the following assertions hold

(n—1)% n=1,23,

. <
L AfIr} <1, then f[Alls < { [n—1[P2, — P2, — P2 ], n=4,5...;

n—1)%r|?, n=1,23,
(”—1)\7’!2][133“—Pg_g—P2_4], n=4,5...-

n

2. If [r| > 1, then || Alls < { E

Proof. Tt is easy to see that A = Circ,(P2, PZ,...,P2_,) = Bo B, where B = Circ,(Py, Py, ..., P,—1) and
B o B is the Hadamard product of B and B. From inequality (|1.2)) in Lemma and Theorem we get
this result. ]

By similar the proof in Theorem we get the following results for symmetric r-circulant matrix.

Theorem 2.8. Let A = SCirc,(Py, P, ..., P,_1) be a symmetric r-circulant matriz such that {P,}2, is a
Padovan sequence. Then the following assertions hold:

1o s <{ " n=123,
1. If |r| <1, then s <
\/[n—l][P§+1—P3_2—Pg_4], n=4,5,...;
07 n = ]_’
2. Ifr| > 1, then |Als < { V(=D —2)r?+1], n =23
I =22+ 1[P2 — P2, = P2,], n=45,....
Proof. Since A = SCirc, (P, P1, ..., P,—1) is a symmetric r-circulant matrix, it is of the form
Fo Py o Pho Py
P b o P, r Py
Pn—2 Pn—l ce TPn_4 TPn_g
Poy Py - TPy3 TPy

P() 1 o1 1 PO P s Pn_g Pn—l

1 1 e 1 TPO Pl P2 e Pn,1 Po
B=| : ¢ oo fLo=

1 1 e T r PR,Q Pn,1 c Pn,4 Pn,3

1 Y’P() e T r Pn—l P() tee Pn_g Pn_z

Now we obtain that A = B o C, where B o C' is the Hadamard product of B and C. It is easy to see that

vn—1, Ir| <1

ri(B) = max > bil2=1 0, 2 Ir|>1andn=1, (2.8)
1<j<n (n=2)|r?+1, |r|>1and n=2,3,...
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n-l1 n— n=123,
c1 = max c P2 = 2.9
1sjsn \/ 1;71‘ ul = Z ’ { \/ n+l P? ,— P2, n=4,5... (29)

By using (1.1) in Lemmau from } and (| ., we obtain the following results.

n—1, P2,
»Hirl< L thenweget Alls < f Ty p

and

2 2 2 _ .
n+1_PTL—2_P’rL—4]7 7’L—4,5,...,

0, n=1,
o If || > 1, then we get ||[Af|s < { V(n—1)[(n—2)[r[*+1], n=2,3,
\/[(n — Q)P4 1[P2,, — P2 ,— P2,], n=45,...-

n

Corollary 2.9. Let A = SCirc,.(P2, P, ..., P2_)) be a symmetric r-circulant matriz such that {P,}°% is

a Padovan sequence. Then the following assertions hold:

n—1)? n=1,2,3
1. If |r] <1, then ASS{( ’ 1499
4 145 <4 o= 1jip2,, - P2, - P2 n=t5...
07 nzl,
2. If [r| > 1, then |Alls < ¢ (n—1)[(n —2)|r|* + 1], n=23,

[(n—2)[r2 + 1)[P2y, — P2y~ P2,), n=4,5,...-

n

3. Examples

Example 3.1. Let A= Circ,(P1, P, ..., Py,) be an r-circulant matrix and A= SCirc, (P1, Pa, ..., P,) be a
symmetric r-circulant matrix, in which {P il 0 denotes the Padovan sequence. It is easy to find that the
upper bounds for the spectral norm of A and A from Theorems ﬂ and . (see in Tables 1, 2 and 3).

Table 1 Numerical results for |r| <1

n upper bound for the spectral norm from Theorems lﬁl and lﬂl
2 2

3 V9=3

4 V28 ~ 5.29150
5
6
7

V55 & 7.41620
v 120 ~ 10.95445
V252 ~ 15.87451

Table 2 Numerical results for r = —2,2

n upper bound for the spectral norm from Theorems and
2 V10 ~ 3.16228

3 V27 =~ 5.19615

4 V91 ~ 9.53939
5
6
7

V187 =~ 13.67479
V420 =~ 20.49390
V900 = 30
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Table 3 Numerical results for r = —3,3

n upper bound for the spectral norm from Theorems lﬁl and lﬂl
2 V20 ~ 4.47214

3 V57 ~ 7.54983

4 V196 = 14
5
6
7

V407 ~ 20.17424
V920 ~ 30.33150
V1980 =~ 44.49719

Example 3.2. Let A = Circ, (P, P1,...,P,—1) be an r-circulant matrix, in which {P,}72, denotes the
Padovan sequence. It is easy to find that the upper bounds for the spectral norm from Theorem (see in
Table 4,5,6).

Table 4 Numerical results for |r| <1

n upper bound for the spectral norm from Theorem
1
2
V9=3
V28 ~ 5.29150
V55 ~ 7.41620
V120 ~ 10.95445

N O U W N

Table 5 Numerical results for r = —2,2

n upper bound for the spectral norm from Theorem
2
4
V36 =6
V112 ~ 10.58301
V220 ~ 14.83240
/480 a2 21.90890

N O U W N

Table 6 Numerical results for r = —3,3

n upper bound for the spectral norm from Theorem
3
6
V81 =9
V252 = 15.87451
V495 = 22.24860
V1,080 ~ 32.86335

N O O W N
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