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Abstract

In this paper we present a new extension of coupled fixed point theorems in metric spaces endowed with
a reflexive binary relation that is not necessarily neither transitive nor antisymmetric. The key feature in
this coupled fixed point theorems is that the contractivity condition on the nonlinear map is only assumed
to hold on elements that are comparable in the binary relation. Next on the basis of the coupled fixed
point theorems, we prove the existence and uniqueness of positive definite solutions of a nonlinear matrix
equation. (©2015 All rights reserved.
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1. Introduction and Preliminaries

Existence and uniqueness of fixed point in partially ordered sets has been considered in [15], where some
applications to matrix equations are presented. In [6], Bhaskar and Lakshmikantham defined the concept
of coupled fixed point and discussed the existence and uniqueness of solution for a periodic boundary value
problem. During the last few decades, many authors discussed on coupled fixed point results in various
spaces and considered this concept to study nonlinear differential equations, nonlinear integral equations
and matrix equations (see, [1I, [8, 12} 13| [16] 17, 18, 19} 20]).

In this paper, we discuss some results on the existence and uniqueness of coupled fixed points in metric
spaces endowed with a reflexive relation and some applications to nonlinear matrix equations. Throughout
the paper X will be a topological space and R is a a reflexive relation on X. We start our consideration

*Corresponding author
Email addresses: moh.asgari@iauctb.ac.ir; msasgari@yahoo.com (Mohammad Sadegh Asgari),
baharak82mousavi@gmail.com (Baharak Mousavi)

Received 2014-9-22



M. S. Asgari, B. Mousavi, J. Nonlinear Sci. Appl. 8 (2015), 153162 154

by giving a brief review of the definitions and basic properties of coupled fixed point in metric spaces. For
more informations we refer to [5] [6].

Notation 1.1. Let X be a nonempty set and let f: X x X — X be a mapping. Then
(i) We will denote fO(z,y) =z and f"(z,y) = f(f" (z,y), [" " (y,x)) for all z,y € X,n € N.

(1) The cartezian product of f and g is denoted by f x g, and defined by
fxg(@y) = (f(2,9),9(y,2)).

Definition 1.2. Let X be a nonempty set and let f : X x X — X be a mapping. Then an element
(xz,y) € X x X is called a coupled fixed point of f, if f(z,y) = z and f(y,z) = y and an element = € X is
called a fixed point of f, if f(x,z) = z. We will denote the set of all the coupled fixed points of f by Fy
and the set of all the fixed points of f by F.

2. Main results
In this section we will prove the coupled fixed point theorems with respect to a reflexive relation.
Definition 2.1. Let X be a topological space and let f,g: X x X — X be two map. Then

(1) An element (z,y) € X x X is called a coupled attractor basin element of f with respect to (z*,y*) €
X x X, if f*"(z,y) — «* and f"(y,z) — y*, as n — oo and an element x € X is called an attractor
basin element of f with respect to z* € X, if f"(z,x) — z*, as n — oo. We will denote the set of all
the coupled attractor basin of f with respect to (z*,y*) by A‘Ji($*, y*) and the set of all the attractor
basin of f with respect to 2* € X by Ag(x*).

(1) The mapping f is called orbitally continuous if (z,y), (a,b) € X x X and f™(x,y) — a, f™(y,z) — b,
as k — oo imply f™*(z,y) — f(a,b) and f**(y,2) — f(b,a) as k — ooc.

171) The mappin is called a Picard operator, if there exists z* € X such that:
pping P

(1) Fy={z"}.
(2) As(*) = X.

Also f is called a weakly Picard operator, if the sequences { f™(z, x) }nen convergent for all z € X and
the limits (which may depend on x) are a fixed point of f.

Definition 2.2. Let X be nonempty set and let R be a reflexive relation on X, for every (z,t) € X x X
we define
Xp(z,t) ={(z,y) € X x X : 2Rz A tRy}.

Note that (x,y) € Xgr(z,t) if and only if (¢,2) € Xgr(y,z) and if (z,y) € R, then (z,y) € Xgr(y, ).
Definition 2.3. Let X be nonempty set and let R be a reflexive relation on X, f: X x X — X.

(1) We say that f has the mixed R-monotone property on X, if f x f(Xgr(z,y)) C Xg(f x f(z,y)) for all
(x,y) € X x X.

(7i) An element (z,y) € X x X is called a R-coupled fixed point of f, if f x f(z,y) € Xg(z,y).

(7i7) A sequence {(xn,Yn)}neny € X x X is called a R-monotone sequence, if (zy,,yn) € Xp(zn—1,Yyn—1) for
alln € N.

We begin with the following theorem that establishes the existence of a coupled fixed point for a orbitally
continuous function f: X x X — X with respect to a reflexive relation R on topological space X.
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Theorem 2.4. Let X be a topological space and R be a reflexive relation on X. Assume that f: X x X — X
s a mapping having the following property:

(1) For each (x,y),(z,t) € X x X there exists a (u,v) € X x X such that (x,y), (2,t) € Xgr(u,v).
(i1) There exists (xo,y0), (x*,y*) € X x X such that (xo,y0) € As(x*,y*).
(¢4i) For each (z,y), (2,t) € X x X if (x,y) € Xr(z,t) and (2,t) € Ap(z*,y*) then (z,y) € Ap(x*,y*).

Then A¢(z*,y*) = X x X. Moreover, if f is orbitally continuous then, it is also a Picard operator and
Fy = {z*}.

Proof. Let (z,y) € X x X be arbitrary, then from (i) there exists (z,t) € X x X such that (z,y), (zo,y0) €
Xr(z,t). From (xo,y0) € Xr(z,t) we have (t,2) € Xr(yo,x0) and from (ii) and (iii) we get that (z,t) €
A¢(z*,y*), also from (z,y) € Xg(z,t),(2,t) € Af(z*,y*) and (iii) we obtain (x,y) € Ag(z*,y*), thus
Af(z*,y*) = X x X. Now, let f be an orbitally continuous mapping, then (i) follows that f(z*,y*) =
¥, f(y*,2*) = y*. Also, from (y*,2*) € As(a*,y*) we get that * = y*. Therefore Af(2*) = X, which this
shows that the operator f is Picard. O

Remark 2.5. Note that the assumption (i74) in Theoremis essential. To see this, let X = N with discrete
topology 7. Suppose that R is the division relation on X and f : X x X — X be defined by f(x,y) = =.
Then for every (z,y),(z,t) € X x X, (z,9),(2,t) € Xgr([z, 2], (y,t)), where [.,.] and (.,.) are the least
common multiple and the greatest common divisor on X. Also, Af(x,y) = {(z,y)} for all z,y € X and
there exists (x,y) € Xg(2,t) and (2,t) € Af(a,b) such that (z,y) ¢ A¢(a,b). Moreover, f is continuous and
Fy =N, thus f is not a Picard operator.

In the following theorem we prove Theorem 2.1 in [6] for a orbitally continuous mapping with respect to
a reflexive relation on the metric space X.

Theorem 2.6. Let (X, d) be a metric space and R be a reflexive relation on X. If f : X x X — X is a
mapping such that:

(1) f having the mized R-monotone property on X.

(1) (X,d) be a complete metric space.

(#i7) f having a R-coupled fized point, i.e., there exists (xg,yo) € X x X such that f X f(xo,y0) € Xr(xo,Yy0)-
)

(tv) There exists k € [0,1) such that:

d(f(x,y), f(2,1) <

g[d(:r, z) +d(y,t)], VY(x,y) € Xr(2,1).

(v) f is an orbitally continuous mapping.
Then:

(a) There exist x*,y* € X such that f(z*,y*) = x* and f(y*,z*) = y*.

(b) The sequences {xn}nen and {yntnen defined by xpi1 = f(zn,yn) and ynt1 = f(yn,Tn) converge
respectively to x* and y*.

(¢) The error estimation is given by:

e () ")} € s o 0). 70) + (0. 0). 0)
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Proof. Since f x f(xo,v0) € Xr(x0,%0), so from (7) it follows that

(f*(z0,%0), F* (10, 20)) € Xr(f(x0,¥0), f(y0,20))-

Further, we can easily verify that for any n € N

(f™(z0,0), [ (40, 20)) € Xr(f*(z0,%0), f* ' (40, 20)). (2.1)

Now, we claim that, for n € N

A(F™ 0, y0), £ (0, 0)) < 5 A (o, y0), 20) + (o, 70), o)
AP (o, 20), 7 (0, 20)) < [T (0, 0), 20) + S (o, 0), )]

(2.2)

Indeed, for n = 1, using (ii7) and (iv), we get
d(f*(z0,0), f(x0,30)) = d(f(f (w0, %), f (40, %0)), f (0, y0))
[d(f(x0,Y0), z0) + d(f(¥0, T0), yo)]-

IN
N | 7

Similarly.

d(f* (o, z0), f (Yo, z0)) = d(f (yo, z0), f* (Yo, z0))
= d(f(yo, o), f(f (0, 70), f(0,%0)))

[d(f (Y0, %0),%0) + d(f (w0, Y0), T0)]-

f
f

Now, assume that (2.2)) holds. Using (iv) we get

d(f" (o, y0), f" (0, 90))
= d(f(f" o, v0)s £ (0, 70))s (™ (0, 90), f™ (40, T0)))

< S o,0), "o, o)) + AL o, 20), £ (0, 70))]
knJrl

<

-2

Similarly, we can show that

[d(f(z0,Y0), x0) + d(f (Yo, Z0), yo)]-

(" (yo, o), [ (w0, v0)) < [d(f (Yo, 20),y0) + d(f (0, Y0), Z0)]-

This implies that {f"(zo, yo) }nen and {f™(vo, xo) }nen are Cauchy sequences in X. Because, if m > n, then

m—1
d(fm(x(% y0)7 fn(x()a y0)) < Z d(fj+l(x07 y0)7 fj(x07 y0)>
j=n
e
- 2
B km — k™
C2(1 - k)
kn
<31k

[d(f(x0,y0),x0) + d(f(yo, o), yo)]

[d(f(x0,y0), x0) + d(f (Y0, o), Yo)]
[d(f (0, y0), z0) + d(f (Yo, Z0), yo)]-
Similarly, we can verify that {f"(yo, o) }nen is also a Cauchy sequence. Since X is complete, there exist

x*,y* € X such that f™(zo,y0) — «* and f"(yo,x0) — y*, as n — oco. Now the conclusion of theorem
follows from the orbitally continuous of f. O



M. S. Asgari, B. Mousavi, J. Nonlinear Sci. Appl. 8 (2015), 153162 157

Example 2.7. Let X = R with d(x,y) = |z — y| and consider the relation R on X by
tRy e 2 +z=9>+y.
Let f: X x X — X be defined by f(z,y) = 22 + x — 1. Then for any (z,y) € X x X,

XR(xvy) = {(lﬂay)’ (l‘, -y - 1)7 (_‘T - 17:1/)7 (—$ -1, -y - 1)}
f X f(XR(fL',y)) = {f X f(a:,y)} - XR(f X f(xay))

Thus f having the mixed R-monotone property on X. Moreover, f is continuous and there exists point
(1,-2) € X x X such that f x f(1,-2) € Xg(1,—2). So, the hypothesis of Theorem is satisfies.
Therefore, we conclude that f has a coupled fixed point in X x X. This coupled fixed points are (x,y) =

(1,1),(1,-1),(—1,1),(—1,-1).

Remark 2.8. Note that the assumption (iv), i.e., having a R-coupled fixed point for f in Theorem
is essential. To see this, let X = [1,00) with d(z,y) = |z — y| and consider the relation R on X by
1 1 _ _ 1

tRy < x+ 5 =y+,. Let f: X XX — X be defined by f(x,y) = x4+ . Then f has no coupled fixed
point and for any (z,y) € X x X,

1, ,1 11

X — — —_ - —

R(xay) {(J;,y)a(wvy):(xvy)?(xay)}

fx f(Xr(z,y) ={f x f(z,9)} € Xr(f x f(z,1)).

This shows that f having the mixed R-monotone property on X. Moreover, f is continuous and f X f(z,y) &
Xp(z,y) for all (x,y) € X x X. Also, the hypothesis of Theorem is satisfies.

The following theorem is an extension of Theorem 2.4 in [6] for a orbitally continuous mapping with
respect to a reflexive relation on X.

Theorem 2.9. In addition to the hypothesis of Theorem suppose that for every (z,y),(z,t) € X x X
there exists (u,v) € X x X such that (z,y),(z,t) € Xr(u,v). Then f is a Picard operator.

Proof. According to the proof of Theorem there exist z*, y* € X such that f(z*,y*) = «* and f(y*,2*) =
y*. Now, we show that As(z*,y*) = X x X. Let (z,y) € X x X be arbitrary, then (7) implies that there
exists (u,v) € X x X such that (z,y), (zo,y0) € Xr(u,v). From (x0,y0) € Xg(u,v) and (ii) it follows that
for n € N

(f"(0,y0), f" (W0, z0)) € XR(f"(u,v), " (v,u)).

Also by using (v) we have

A" (00 570, 0) < o [0, 0) + o),

n

A (0, 20), 5™ (0,0)) < a0, w) + d(yo, ).

From this and the fact that (xo,y0) € Af(z*,y*), it follows that (u,v) € Af(z*,y*). Also, from (z,y) €
Xg(u,v) we get that (x,y) € Ag(x*,y*), which this implies that Af(z*,y*) = X x X. Now as the proof of
Theorem [2.4] we obtain that f is a Picard operator. O

Theorem [2.6]is still valid for a mapping without the orbitally continuous property, assuming an additional
hypothesis on X. The following theorem is an extension of Theorem 2.2 in [6] with respect to a reflexive
relation on X.

Theorem 2.10. Let (X, d) be a metric space and R be a reflexive relation on X. Assume that f : X xX — X
is a mapping having the following property:
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(1) f having the mized R-monotone property on X.

)
(13) (X,d) be a complete metric space.
(7i1) f having a R-coupled fized point, i.e., there exists (xo,yo) € X X X such that f X f(zo,y0) € Xr(zo,y0)-
)

(tv) There exists k € [0,1) such that:

d(f(x,y), f(z,1) < Sld(x, 2) +d(y, )], V(z,y) € Xr(2,1).

|

(v) If a R-monotone sequence {(Zn, Yn)}nen — (x,y), then (n,yn) € Xr(x,y) for alln € N.
Then:
(a) There exist x*,y* € X such that f(z*,y*) = x* and f(y*,z*) = y*.

(b) The sequences {xn}nEN and {yn}neN defined by wpi1 = f(xnvyn) and Yny1 = f(ynvxn) converge
respectively to x* and y*.

(¢) The error estimation is given by:

Iggg}({d(xn,ﬂﬁ*),d(yn,y*)} < Q(fEk)[d(f(ﬂJo,yo),l‘o) +d(f(y0,%0),v0)]

Proof. Following the proof of Theorem we only have to show that f(z*,y*) = z* and f(y*,z*) = y*.
Since f™(xg,y0) — =* and f™(yo,x0) — y*, using (v), we get
d(f(a*,y*), &) <d(f(=*,y"), f* (@0, 90)) + d(f" (20, yo), 2¥)
= d(f(x*, y*)a f(fn(x()a y0)7 fn(y07 xO))) + d(fnJrl(an y0)7 x*)

< Sld(@*, (o, 90)) +d(y*, f* (9o, 20))] + d(f" (o, yo), ) = 0, (n — 00).

N |

This implies that f(z*,y*) = «*. Similar to the previous case, we can prove f(y*, z*) = y*. O

Alternatively, if we know that in Theorem [2.6| (resp. Theorem [2.10)), the element (z¢,y0) € X x X is
such that (xg,y0) € R, then we can also demonstrate that the components z* and y* of the coupled fixed
point are indeed the same.

Theorem 2.11. In addition to the hypothesis of Theorem (resp. Theorem , suppose that (xo,yo) €
X X X is such taht (zg,y0) € R. Then xz* = y*.

Proof. 1f (z9,y0) € R, then (z9,y0) € Xr(y0,Z0), so from the mixed R-monotone property of f, it follows
that (f(zo,v0), f(vo,20)) € Xr(f(yo,x0), f(x0,y0)). Further, we can easily verify that for any n € N,

(f" (o, y0)s F" (w0, 20)) € Xr(f" " (y0,20), " (w0, v0))-

Also by using the contractivity property of f, we obtain

d(f™(z0,90), f" (10, 20)) = d(f(f" (@0, y0), f* (o, 0)), f (S (y0, z0), f~ " (20, %0)))
< kd(f" N(zo,y0), [ (Yo, x0)) < -+ < K"d(x0,y0) — 0, (n — o0).

This implies that

¥ = lim f"(xo,y0) = lim f™(yo,20) =y".
n—oo n—oo
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3. An application

In this section, on the basis of the coupled fixed point theorems in section 2, we study the nonlinear
matrix equation

m k
X=Q+)> AiG(X)A; - > BjK(X)B;, (3.1)
i=1 Jj=1

where () is a positive definite matrix, A;, B; are arbitrary n X n matrices and G, KC are two continuous order-
preserving maps from #(n) into P(n) such that G(0) = K(0) = 0. In this section we will use the following
notations: M (n) denotes the set of all n x n complex matrices, H(n) C M(n) the set of all n x n Hermitian
matrices and P(n) C H(n) is the set of all n x n positive definite matrices. Instead of X € P(n) we will also
write X > 0. Furthermore, X > 0 means that X is positive semidefinite. Moreover, in H(n), if we define
X>Y (X >Y)as X >Y (X >Y). Then H(n) is a partially ordered set and for every X,Y € H(n)
there is a greatest lower bound and a least upper bound. Therefore, for any (X,Y), (A, B) € H(n) x H(n)
there exists (U,V) € H(n) x H(n) such that (X,Y),(A,B) € H(n)<(U,V). We also denote by ||.|| the
spectral norm, i.e., ||A]] = \/AT(A*A) where AT(A*A) is the largest eigenvalue of A*A. We will use the
metric induced by the trace norm |.[[; defined by [[A[l1 = >77_; s;(A), where s;(A), j =1, ,n, are the
singular values of A. The set H(n) endowed with this norm is a complete metric space. In [4], 5], 9] 5],
the authors considered matrix equations and established the existence and uniqueness of positive definite
solutions. Matrix equations of type Eq. often arise from many areas, such as ladder networks [2, [3],
dynamic programming [10} [14], control theory [7, [11].

The following lemmas will be useful in the study of the matrix equations, which is taken from [15].

Lemma 3.1. Let A >0 and B > 0 be n X n matrices, then 0 < tr(AB) < || Altr(B).
Lemma 3.2. Let A € H(n) satisfy A < I, then ||A] < 1.

In total of this section if, we define the mapping F : H(n) x H(n) — H(n) by
m k
F(X,Y)=Q+ )Y AiG(X)A; - Y BiK(Y)B, VX,Y € P(n), (3.2)
i=1 j=1

where @ € P(n), A;, Bj € M(n) and G, K are two continuous order-preserving maps. Then F is well defined
and having the mixed <-monotone property on #(n) and the fixed points of F are the solutions of Eq.(3.1)).
In the following theorem we first discuss existence of a coupled fixed point of F in H(n) x H(n).

Theorem 3.3. Let Q € P(n). Assume there is a positive number M such that:

(1) For every (X,Y) € H(n)<(U,V)

)

tr(G(U) — G(X))| < %]tr(U - X)

ltr(K(Y) — K(V))| < %’tr(Y V).

(i) o7, A A < M1, and Zﬁll B;B; < 41,.

(iii) S0, ATG(2Q)A; < Q and Yh_ BYK(2Q)B; < Q.
Then, there exist X*,Y™* € H(n) such that F(X*,Y*) = X* and F(Y*, X*) =Y".
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Proof. Let (X,Y) € H(n)<(U,V). Then G(X) < G(U) and K(Y) > K(V). Therefore

|F(U, V)= F(X,Y)|1 = tr(F(U,V) - F(X,Y))

[
WE

k
tr (A} (G(U) = G(X))A:) + ) tr(Bj(K(Y) = K(V))B;)
j=1

I
M 1

@
Il
—

k
(447 (GWU) = GXN) + D tr (B, By (K(Y) K (V)

= tr(( i A AN (GU) - g(X))) + tr(( Zf: B;B}) (K(Y) - IC(V)))

m k
< || Y aafigw) - g+ || 32 855 i) - Kl
i=1 =1
m A A ~  B;B*
< sz—leHHU—XHl +W”Y_V”1

IN

A
ST =Xl + 1Y = Vi),

m .
where \ = Qmax{ H Zizjl\/[AzA:

[t B:8;
== From (i7) and Lemma [3.2] we have A < 1. Thus, the
,V

contractive condition of Theorem [2.6|is satisfied for all (X,Y) € H(n)<(U, V). Moreover, F has the mixed
<-monotone property on H(n) and from (i), we have F x F(2Q,0) € H(n)<(2Q,0). Now from Theorem
there exist X*,Y™* € H(n) such that F(X*,Y*) = X* and F(Y*, X*) =Y". O
Theorem 3.4. Let Q € P(n) and 3.1, AIG(2Q)A; < Q and Y.5_ BIK(2Q)B; < Q. Then Eq. has
at least one positive definite solution in [F(0,2Q), F(2Q,0)].

Proof. Define the mapping S : P(n) — H(n) by

m k
S(X)=Q+ > AjG(X)A; - > B;K(X)B; VX € P(n).
i=1

j=1

Now, we claim that S([F(0,2Q), F(2Q,0)]) C [F(0,2Q),F(2Q,0)]. Indeed, if F(0,2Q) < X < F(2Q,0),
then we have X < 2@Q. Applying G, KC, we can easily obtain that

k m
> B (K(X) - K(2Q))B; < > AfG(X) A
j=1 i=1

m k
S AHG(X) ~6(2Q)) A < Y BIK(X)B;.
=1

J=1

This implies that, S maps the compact convex set [F(0,2Q), F(2Q,0)] into itself. Since S is continuous, it
follows from Schauder’s fixed point theorem that S has at least one fixed point in this set. However, fixed

points of S are solutions of Eq.(3.1]). O
Theorem 3.5. Under the assumptions Theorem the Eq. has an unique solution X € H(n).

Proof. Since for every X,Y € H(n) there is a greatest lower bound and a least upper bound, for any
(X,Y),(A,B) € H(n) x H(n) there exists (U,V) € H(n) x H(n) such that (X,Y), (A, B) € H(n)<(U,V).

o~

Therefore, we deduce from Theoremthat X*Y* € H(n)in Theoremis uniqueand X*=Y*=X. O
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Theorem 3.6. Let Q € P(n). Then under the assumptions Theorem

(7) Eq. has an unique positive definite solution X e [F(0,2Q), F(2Q,0)].

(13) The sequences {Xnnen and {Yytnen defined by Xo = 2Q, Yo =0 and

m k
Xp=Q+Y AG(Xo1)Ai =Y BiK(Yoo1)B;,

i=1 j=1

m k
Yo =Q+ Y AG(Ya-)Ai = Y BiK(X,-1)B
i=1 j=1

converge to X and the error estimation is given by

for all n € N, where A = 2max

n

[ X1 = Xolln + [IY1 = Yoll),

3

~ ~ A
_ — < —
Erlleaglc{HXn X1, Ve = X1} < 201 — )\)(‘

{ H iy AiAY ” >i1 BiB;
M ; M

Proof. By Theorem ﬂ, Eq.(3.1) has at least one positive definite solution in [F(0,2Q), F(2Q,0)] and by
Theorem this equation having a unique solution in #(n). Thus this solution must be in this set. Further,
the proof of (ii) follows from part (¢) of Theorem [2.6 O
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