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Abstract

In this paper, we introduce the notion of a cone which is a lattice ordered semigroup (l.o.s.g. cone) in a
real Banach space, obtain certain preliminary results on such cones and obtain a fixed point theorem on
a cone metric space with l.o.s.g. cone which eventually extends a result of Filipovic et. al. [M. Filipovié¢,
L. Paunovi¢, S. Radenovi¢ and M. Rajovi¢, Math. Compu. Model. 54 (2011), 1467-1472] to cone metric
spaces equipped with l.o.s.g. cone.(©2013 All rights reserved.

Keywords: Cone metric space, Comparison function, Lattice ordered semigroup, l.o.s.g. cone, Coincidence
point, Fixed point.
2010 MSC: 47TH10, 54H25.

1. Introduction

In 2007, Haung and Zhang [12] introduced the concept of cone metric spaces by replacing Banach space
instead of the set of real numbers as the co-domain of a metric. Later many authors (see [1]-[8] and [10]-]29] )
considered this concept and proved some fixed point theorems for contractive type mappings in cone metric
spaces.

In 2010, J.R. Morales and E. Rojas [20] proved fixed point theorems of T- Kannan and T- Chatterjea
contractions in cone metric spaces when the underlying cone is normal. Later M. Filipovic et.al.[I1] proved
these results without using the normality of the cone. In this paper, we introduce the notion of a cone
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which is a lattice ordered semigroup (briefly, l.o.s.g. cone) in a real Banach space and obtain certain basic
properties of l.o.s.g. cones. We also prove a fixed point theorem (Theorem 3.1) for cone metric space with
values in a l.o.s.g. cone.

We observe that our result is an extension and generalization of the result of Filipovic et.al. [11] to
l.o.s.g. cone valued cone metric spaces. We also provide two examples to show that hypothesis in Theorem
3.1 can not be further relaxed. The following definitions and results will be needed in what follows.

Definition 1.1. [I2] Let E be a real Banach space. A subset P of E is called a cone whenever the following
conditions hold.
(i) P is closed, nonempty and P # {0};
(ii) a,b € R,a,b >0 and z,y € P imply az + by € P;
(iii) P(=P) = {0}.
Given a cone P C F, we define a partial ordering < with respect to P by x < y if and only if y —x € P.
We write < y to indicate that = <y but x # y, while z < y will stand for y — x € Int P (Interior of P).

Definition 1.2. [12] Let X be a nonempty set. Suppose that the mapping d : X x X — E satisfies
(i) 0 < d(z,y) for all z,y € X and d(z,y) = 0 if and only if x = y.
(i) d(z,y) =d(y,z) for all z,y € X.
(iii) d(z,y) < d(x,z)+d(z,y) for all z,y,z € X.
Then d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 1.3. [II] Let (X, d) be a cone metric space. We say that {x,} is
(i) a Cauchy sequence if for every ¢ € E with 0 < ¢, there is a natural number N such that for all
n,m > N, d(xn, z,) < c.
(ii) a convergent sequence if for every ¢ € E with 0 < ¢, there is a natural number N such that for all
n> N, d(x,,z) < c for some fixed x in X.

A cone metric space X is said to be complete if every Cauchy sequence in X is convergent in X.

Definition 1.4. [11] Let (X, d) be a cone metric space and T': X — X be a mapping. Then

(i) T is said to be continuous if lim z, = z implies that lim Tz, = Tz for all {z,} in X.

(ii) T is said to be sequentially convergent if for every sequence {yn}, T(y,) is convergent implies {y,} is
also convergent.

(ili) T is said to be sub sequentially convergent, if for every sequence {y,}, T'(yn) is convergent implies
{yn} has a convergent subsequence.

M. Filipovic et.al. [11] proved the following fixed point theorem.

Theorem 1.5. [11] Let (X, d) be a complete cone metric space and P be a solid cone (that is, IntP # ¢), in
addition let T : X — X be a one to one continuous mapping and f : X — X aT- Hardy- Rogers contraction

o 5
that is, there exist a; > 0,1 = 1,5 with Y a; < 1 such that for all x,y € X
i=1

d(Tfz, Tfy) < ard(Tx,Ty) + ad(Tx, T fx) + asd(Ty, T fy) + asd(Tx, T fy) + asd(Ty, T fz)
Then

(1) For every xo € X the sequence {T f"xo} is Cauchy.

(2) There is vy, € X such that nh_}rr;o Tfrxg = Ugg-

(8) If T is sub sequentially convergent then {f™xzo} has a convergent subsequence.

(4) There is a unique ug, € X such that fugy, = tg,.

(5) If T is sequentially convergent then for each xo € X the iterate sequence {f"xo} converges to ug,.
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2. Preliminary results on lattices

Before going to prove the main result we need the following definitions and lemmas on lattices and lattice
ordered semigroups.

Definition 2.1. [9] A lattice is a partially ordered set S in which any two elements a,b € S have the
supremum (a U b) and the infimum (a N b).

Definition 2.2. Let (S, +) be a semi group and (S,U,N) be a lattice. Then (S,U, N, +) is called a lattice
ordered semi group if it satisfies the following conditions:

(i) a+(bUc)=(a+b)U(a+c); (aUb)+c=(a+c)U(b+c)

(i) a+(bNe)=(a+b)N(a+c); (anb)+c=(a+c)N(b+c) forall a,b,ceS.

Definition 2.3. [24] Let f,g : X — X be two mappings. If w = f(z) = g(x) for some z € X, then x is
called a coincidence point of f and g, and w is called a point of coincidence of f and g.

Definition 2.4. [24] Let (X, d) be a cone metric space with cone P. A non decreasing function ¢ : P — P
is called a comparison function if it satisfies

(i) ¢(0) =0and 0 < p(x) <z for all z € P\ {0}
(ii) If z € Int P then z — ¢(x) € Int P
(iii) li_}rn ©"(z) =0 for all z € P\ {0}.

Lemma 2.5. [20] Let (X,d) be a cone metric space with cone P. Assume that P is a lattice. Let ¢ be a
comparison function satisfying

(i) ¢ : P — P is a lattice homomorphism i.e. p(aUb) = p(a)Up(b) ¥V a,be P
(i) 0 < a, and a, — 0= xUay, — x for every x € P

Then a,b € P and b < p(aUb) = b < p(a).

Proof. Suppose a,b € P and b < p(aUb) = p(a) Up(d)
Then b < p(a) U p(b) (2.5.1)
Claim: For any positive integer k, b < ¢(a) U ©¥(b)
The result is true for £ =1 by (2.5.1).
Assume it to be true for k. Then b < p(a) U ¢*(b)

Now ¢(b) < (p(a)Ug(b)
= ¢’ (a) U™ (b)
< p(a) UtTH(D)
So that b < ¢(a) U @*+1(b)
.. By induction for every positive integer k, we have b < ¢(a) U " (b)
Thus our claim is established.
Now letting k — oo and using (ii) we get b < p(a) O

Lemma 2.6. [26] Let P be a cone in E. Suppose (P, <) is a lattice. Suppose a,b € P, and oo € R. Then
a>0= (aa)U (ab) = alaUb)
Proof. We may suppose that a > 0

Now0<a<aUband a>0 = af(aUb)—a)>0
= a(aUb)—aa >0
= alaUb) > aa

Similarly a(a Ub) > ab
soalaud) > (aa) U (ad)
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Further
1 1
aca<zandab<z = a< -—-zandb< —zx
« «

1
= aUb< —z
«

= alaUb) <z
c(aa) U (ab) = aaUbd)

O
Lemma 2.7. [26] Let P be a cone in E. Suppose (P,<,+) is a lattice ordered semigroup. Then
a,be P=aUbU (%) =aUb
Proof.
a+b b b a b
aubu(57) = au(3+3)u(5+3)
b a b . . . .
= aU (5 + (5 U 5)) (since P is a lattice ordered semigroup)
_ <9+9>U<é+(gué>>
o\2 2 2 \2 72
< (5+(u3)v 5+ (593)
- \2 2 2 2 2 2
= (ol (v
o\2 72 22
= (aUb) , (aUb) ( By lemma 2.6)
2 2
= aUb
< anU(a;b)
.-.aubu(a+b):aub
O

Lemma 2.8. [26] Let (X,d) be a cone metric space with cone P. Assume that P is a lattice ordered semi
group. Let ¢ be a comparison function satisfying

(i) ¢ : P — P is a lattice homomorphism. i.e. ¢(aUb) = p(a)U p(b) ¥V a,b € P
(i) 0 < a, and a, - 0= xUa, — x for allz € P.

Then a,b€ P and b < p(aUbU (%2)) = b < ¢(a)

Proof.

a+b
b < gp(anU( > ))
= ¢(aUb) (By Lemma 2.7)
= b < ¢(a) (By Lemma 2.5)
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3. Main results
Now we state and prove our main result.

Theorem 3.1. Suppose P is a cone in a real Banach space E such that

(1) P is a lattice ordered semigroup
(2) 0<a, and a, - 0=xzUa, —x foral xe€P.

Suppose ¢ is a comparison function such that ¢ : P — P is a lattice homomorphism and Y ©™(t) converges
on X fort e P. Suppose (X,d) is a complete cone metric space, T : X — X is a continuous mapping and
f: X — X is a mapping such that, for some comparision function o,

d(Tz, Tf(y)) -QF d(Ty,Tf(z)) }) (8.1.1)

AT f(2), T (y)) < p(maz{d(Tz,Ty),d(Tz,Tf(x)), d(Ty. Tf(y)),

for all x,y € P. Then
(3.1.2) xo € X = {Tf"x0} is a Cauchy sequence and hence converges
(3.1.3) If f*x = x for some n > 1 then T is constant on the sequence x, fx, f2a, - -
In other words Tx =T fox =Tf?x=---

(8.1.4) If T is sub sequentially convergent then
(i) Tf and T have a coincidence point.
(ii) Tf and T have a unique point of coincidence
(iii) If further T is one to one then f has a unique fized point.

Proof. Let xg € X and define the sequence of iterates by z, = f"xg for n =1,2,3,---
Now, from (3.1.1) we have

d(Tzp, Trns1) = d(Tf"xo, T " a0)

d(T ff" wo, Tf fM0)

cp(max{d(Tf”_lxg,Tf"xo),d(Tf”_lxg,Tf"xo),
d(Tf”lxo,Tf”“x(;) +d(T o, T fx0) })

d(Txp—1,Txy) + d(Txy, Txni) })
2

IN

d(TfnJ?O’ Tfn—’_lx())v

IN

% (max{d(Tacn_l, Txy),d(Txn, TTpt),

Hence by Lemma 2.8,
d(Txy, Txpy1) < go(d(Ta:n,l, Twn))

Consequently d(Txy, Txp+1) < " (d(Tzo, T21))
For € > 0 choose a natural number ng and a real number § such that

e—ple)+{ue FE:|u||<d} CIntP

Now there exists ng such that

n+k
1Y @™(d(Tao, Tz1))|| <6 forall n>ngandk=1,2,-
n+k
Z O"™(d(Txo, Tx1)) < € — p(e) <€ (3.1.5)

m=n
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forallmn >ngand k=1,2,---.

d(Txy, Trpyr) < d(Tzp,Trpyr) +d(Teps1, Tang2) + -+ d(Txpsk—1, TThik)
< @"(d(Two, Txr)) + " (d(Txo, Tr)) + - - - + " (d(T o, Tr))
< e—p(e) (By (3.1.5))
< €
Thus {T'f"zo} is a Cauchy sequence. Since (X,d) is a complete cone metric space, there is vy, € X such

that
lim T f"xg = v, (3.1.6)

n—oo

Thus (3.1.2) is established.
To prove (8.1.8), we use induction on n.

That is, if f"z = x for some n > 1, T is constant on the sequence z, fz, f2x,

Ifn=1, fr==x, and hence Tf"z =Tx forn=1,2,3,---
Thus the result is true when n =1

Assume that f"x = z for some n > 1 implies T is constant on the sequence z, fz, fz, - - -
Suppose f"ty = y. If f*y =y then by induction 7T is a constant on the sequence vy, fy, f?y,---
Now suppose "y # y = "'y and suppose d(Ty, T fy) # 0. Then by (3.1.1), we have

d(Ty, Tfy) = d(Tff"y, Tf*f"y)
= dTffy, Tf"y)
< cp(mam{d(Tf”y, Tf"“y), d(T f™y, Tf”“y), d(Tfn—Hy, Tfn+2y)’
d(T f"y, Tfn+2y) + d(TfnJrly, Tf”+1y) })

2
d(T ™y, T

(p(m { (T f', Ty), ( f2y, y)})

(d(T "y, T y))

©"(d(Ty,Tfy)) ( Since ¢(t) <t, V1 >0)

d(Ty, T fy)

AN VAN VAN VA

a contradiction.
S Ty=Tfy
That is, T is a constant on the sequence z, fz, f?z, - - -
Thus, by induction, (3.1.3) is established.
Now we prove (8.1.4). Suppose T is sub sequentially convergent. Then {f"x¢} has a convergent subse-
quence. So there are uy, and (z,,) such that
lim f™z¢ = ug,. Since T is continuous

1— 00

lim T f"xg = Tug, (3.1.7)

1—00

From (3.1.6) and (3.1.7) we have Tug, = vy,.
Now we show that T'fuy, = Tuz,.
Suppose T fuy, # Tug,. Then there exists M such that for ¢ > M we have

d(Tugy, T fug,)

d(Tugy, T tag) < 5 =€ (say)
Tugy, T fug
d(Tfni_lﬂfo,Tfni.ﬁUO) < d( U 02 fu 0) —¢
Tugy, T fug
d(TuxO,Tf""_lxo) < d(Ttay, T friay) —¢

2
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and
d(Tf”Fla:O,Tfuxo) < d(Tugy, T fug,) + € = 3¢ (say)

By using (3.1.1) we have
d(T fuzy, T x0) = d(Tfuxonyfni_lxo)

< cp(max{d(Tuxo,Tf”leo),d(Tuxo,TfuxO),
d(Tug,, Tf™ d(Tf tag, T fuy
d(T g, T fxg), (s, TS x0)+2( S w0, Tu 0)}>
€+ 3¢
<
< <p<ma:v{e,26,e, 2 })

— p(maz{e2¢})

= ‘p(d(TUIEO s Tfumo))
o d(T fugy, TfMxg) < o(d(T fugy, Tug,)) for i > M
On letting i — oo we get

d(T fug,, Tuzy) < @(d(T fug,, Tusz,)), a contradiction

ST fugy = Tug,
Consequently u,, is a coincidence point of 7" and T'f.
Thus (3.1.4)(¢) is established.
Suppose x and y are coincidence points of T f and T and Tz # Ty. Then

A(Tw,Ty) = d(Tfa,Tfy) < ¢(maz{d(Te,Ty),d(T,Tf()),d(Ty,Tf(y)),

d(Tz, Tf(y)) +d(Ty, Tf(z)) })
2

IN

p(d(Tz, Ty))
< d(Tx,Ty)

a contradiction
STfe=Te=Ty="T/fy.
Hence T'f and T have unique point of coincidence.

Thus (3.1.4)(ii) is established.

Now suppose further that 7" is one to one. Then clearly, by (3.1.4)(i) and (3.1.4)(i) f has a unique
fixed point. Thus (8.1.4)() is established.

Thus the theorem is completely proved. O

Note: If T is not one to one then f may not have unique fixed point when 7T is sub sequentially convergent
even in a metric space.

Example 3.2. Let X = R with the usual metric T' = 0 and f = I. Then T is not sub sequentially
convergent and (3.1.4) fails.

Example 3.3. Let X = {0, 1} with usual metric, 70 = T1 = 0, f(0) = 0, f(1) = 1 then T is sub sequentially
convergent but not one to one and (3.1.4) (i) fails.

Remark 3.4. By setting ¢(t) = At, 0 < A < 1 in Theorem 3.1 we have the generalized version of Theorem
1.5 when the underlying cone is a lattice ordered semigroup.
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