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Abstract

In this paper, we perform a further investigation for the unified family of the generalized Apostol-
Bernoulli, Euler and Genocchi polynomials and numbers introduced by El-Desouky and Gomaa (2014).
By using the generating function methods and summation transform techniques, we establish some new
formulas for this family of polynomials and numbers, and give some illustrative special cases. (©2016 All
rights reserved.
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1. Introduction

Throughout this paper, N, Ny, C and Cy denotes the set of natural numbers, the set of non-negative inte-
gers, the set of complex numbers and the set of complex number excluding zero, respectively. For a, A € C,
the classical Bernoulli polynomials By, (), the classical Euler polynomials E, (x) and the classical Genocchi

polynomials G,,(z) together with the generalized Apostol-Bernoulli polynomials Bﬁla) (x; \), the generalized
Apostol-Euler polynomials 5,({1) (z;A) and the generalized Apostol-Genocchi polynomials g,(f) (xz; \) are de-
fined by the following generating functions (see, e.g., [16, [I8] [19]):

t “ xt = a . "
</\et—1> e = 2:037(1 )($>)‘)mv (1.1)
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(lt| < 2m when A = 1; |t| < |log A| when X # 1;1% := 1),

2 “ Tt S (@) (. ﬁ
(MH) e —;Jé‘n (23 0) (1.2)

(|t| <™ when A = 1; || < |log(—\)| when A # 1;1% :=1)
and
26\ ot X ) tn
) et = (s \)— 1.3
<)\€t+1> € 7;)gn (‘Tv )Tl" ( )
(lt] <7 when A = 1; [t| < |log(—A)| when X\ # 1;1% :=1).

Hence, the classical Bernoulli polynomials B, (x), the classical Euler polynomials E,(z) and the classical
Genocchi polynomials G, (x) are given by

B(z) = BY(2;1), Ep(x) =&V (x;1) and Gn(z) = G (x;1), (1.4)

respectively. Meanwhile, the case « = 1 in , and gives the Apostol-Bernoulli polyno-
mials B, (z; ), the Apostol-Euler polynomials &,(x;A) and the Apostol-Genocchi polynomials G, (x;\),
respectively. In particular, B,(A) = B,(0; ), E,(A) = 2"E,(1/2; ) and G,(A\) = G,(0;\) are called
the Apostol-Bernoulli numbers, the Apostol-Euler numbers and the Apostol-Genocchi numbers, respec-
tively. Since the publication of the above works by Luo and Srivastava, numerous properties for the gen-
eralized Apostol-Bernoulli polynomials, Euler and Genocchi polynomials have been studied. We refer to
[, 7, [8, [15], 17, 20} 2], 25] for some related results on these Apostol-type polynomials and numbers.
In [24], 26], Ozden et al., constructed the following generating function:

217](511,]{62315

Bbet —ab

= Zyn,ﬂ(x;kaav b)ﬁ (15)

n!’
n=0

(|t| < 27 when 8 = q; |t| < log<ﬁ> when 8 # a; k, 8 € C; a,b € Cp).
a

It is obvious that the polynomials ), g(x;k, a,b) can be regarded as a generalization and unification of the

Apostol-Bernoulli polynomials, the Apostol-Euler polynomials and the Apostol-Genocchi polynomials. In

[23], Ozarslan further gave an extension of (1.5 in the following ways:

217k:tk « ot 0 () ) 5 " L6
Bbet—ab € _T;)yn’ﬁ(xﬂ 7a7 )m7 ( ° )

(|t|] < 27 when 8 = a; |t| < log(5> when 8 # a; k, B € C; a,b € Cy; 1% :=1).
a
Recently, El-Desouky and Gomaa [6] introduced a new unified family M,(Lr) (x; k,@,) of the generalized
Apostol-Bernoulli, Euler and Genocchi polynomials associated with a sequence of complex numbers @, =
g, 1, ...,0._1) by the following generating function:
Y g g g
(_1)rtrk2r(1fk) ett
(1 —apet)(1 —azet) - (1 —ap_et

tn
- (") (k. @) —
7= g_OMn (@k,a?«)n!, (1.7)

(|t| < 2w when a; = 1; |t| < |log(cy)| when o; # 1, Vi =0,1,...,r —1; k,r € C),

and showed that the generating function in (1.7]) can be used to give many types of polynomials including
the above mentioned polynomials as special cases. Moreover, they discovered some interesting relation-

ships between the unified family of polynomials ngr) (z; k,@,), the unified family of numbers M,(f)(k, a,) =
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Mér) (0; k,@,), the Stirling numbers, the generalized Laguerre polynomials, the Bernstein polynomials and
the generalized Eulerian polynomials.

Motivated and inspired by the work of El-Desouky and Gomaa [6], we perform a further investigation
for the unified family of polynomials M,(f) (z; k,@,) and the unified family of numbers MT(LT)(k, @y). By using
the generating function methods and summation transform techniques, we establish some new formulas for
this family of polynomials and numbers, and give some illustrative special cases.

2. The statements of results

Let n € N and let aq,...,a, be n indeterminates. We apply the familiar partial fraction decomposition
and let
1 G(k,l
=> Gk D (2.1)
(I —a1z)(1 —azz) - (1 —anz) = 1—apz

To determine the coefficients G(k, () in (2.1]). By multiplying both sides in the preceding identity by (1 —agz)
and take z — 1/ax, we obtain

G(k,1) = lim 1= axz =11 <1 - aj>_1. (2.2)

z_>f (1—a1z)(1 —agz) - (1 —anz)

It follows from and . that

1
(I —a1z)(1 —azz) - (1 —anz)

1 ﬁ( a;\ *
1- J) : (2.3)
Pt 1—arz il ag
J#k

If we replace z by €!, a; by a;_1 for 1 <i < mn, and n by r in (2.3]), we discover

_1\r4rkor(1—k) jxt r=1 o \rirkor(1—k) zt 71 A 1
(—1)"t""2 e :Z(l)tQ e H<1_a]> ’ (2.4)

(1 —apet)(1 —aget) -+ (1 — ap_1et) P 1 — ayet o a;
J#i
which means
(71)Tt7"k27“(1—k)6xt Zt(T Dk _tkol—k, mtﬁ21k a; ) -1 (2 5)
(1 —apet)(1 —aget) - (1 — ap_qet) 1 — et i a; ' ’
J#i

If we apply (1.7]) to (2.5 then we have

( n r—1 oo tn-l-(’r‘ Dk "~ 1 Lk aj -1
Zerkarj SN MV (s k) ——— ' 112 (w—1) . (2.6)
=0 n=0 7=0 v
J#i
Thus, by comparing the coefficients of ¢+ —1)k /n!in (2.6]), we get the following result.
Theorem 2.1. Let k,n € Ng. Then, for r € N,

7’—1

-1
() .f_(n+7"—1 1—k
M,y LTk, o) = ZM zyk, o H2 o 1),
1=0 7=0 ¢
JF#i
where a; # o when @ # j, Vi,j=0,1,...,r — 1.
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We now recall Euler’s elementary and beautiful idea in the discovery of his famous Pentagonal Number
Theorem: for infinite number of complex numbers x1, x9, x3, - -, (see, e.g., [1L B])

We shall make use of the finite form of (2.7)) to establish another formulas for the unified family of polynomials
Mér) (z; k, ). Clearly, the finite form of (2.7)) can be written as

(I4+z)(1+22)(14+23) - (1 +2) =(1 4+ 1) + 22(1 + 1) + 23(1 + 21)(1 + 22)

2.8
+- 4,14+ z1)A4+22) - (1+a,-1) (reN). (28)
It is trivial to see that for 1 < i < r, substituting x; — 1 for x; in (2.8)) gives
T
xl-'-xrfl:Z(l‘ifl)l‘l-'-l‘i,h (29)

=1

where the product z7 - - - 2;_1 is considered to be equal to 1 when ¢ = 1. If we take 2; = cj_1e’ for 1 <i <r
in (2.9) then we have

r—1 i—1
apay - 1€t —1= Z(aiet -1) H aje'. (2.10)

i=0 =0

It follows from ([2.10)) that
1 r—1:—1 a 6 -1 1
l

= . 2.11
(1 —apet)(1 —aget)--- (1 — ap_1et)  apaq - 16” -1 z;ll_!) aget — 1 1;[_1 aget — 1 (2.11)

Hence, multiplying both sides of the above identity by ¢"%27(1=k)ett gives

(_l)rtrkZT(l—k)ext 1 _(rt)k21—ke%~rt r—1li—1 _tkol—ket r—1 _tkol—k
=—- . (212
(1—apet)(1—azet)--- (1 —ap_1et) ¢ 1—apag - ap_1e iz; H)al 1 — aget ) 1 — et (2.12)
=0 |= =1

If we apply (1.7]) to (2.12]), we obtain
o o0 3.
v (. (rt)”

IORVEED &)l rkZZMﬁ <T,k,a0a1 o))

1= Oj_

(2.13)
() ) £
XHQZZM 1/60[1] HZM kozl '
= 71=0 I=i+1 j;=0
which together with the Cauchy product yields
00 1 r—1 oo n
M( x k, o < ( ) ‘ >7«ji
Z n T n! Tk: Z . . Z _ JOs J1s -5 Jr—1
n=0 i=0 n=0 “jo+j1++jr—1=n
J0,315-2Jr—1>0 (2.14)
. i—1 m
1 1)
xM;i)(T;k,aoay'-ar1>Hqu;l (L;k, ) H k‘ o >n!
1=0 I=i+1
where (rl Tz"_“ Tk) denotes by the multinomial coefficient given by
n n!
= ,T1,72,...,7k € Np). 2.15
<7“1,7“2 Tk> 7“1! '7’2!"'T’k! (n 1,72 "k 0) ( )

Thus, by comparing the coefficients of ¢"/n! in (2.14]), we obtain the following result.
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Theorem 2.2. Let k,n € Ng andr € N. If 8 = apgay - ap—1 then

1 n
M(T) k,a,) = < ' ) gi py ( & )
x “ Tk Z Z ]07]17"'7]7“71 " JZ ﬂ

1=0 jo+ji1+--+jr—
J05J1 50w esJr— 1>0

xHalM()lkal H k:al

I=i+1

It follows that we show some special cases of Theorem Since M,(f)(

equation (see, e.g., [6, Theorem 3.3]):

x; k, @, ) satisfies the difference

|
A MO + 1k, @) — MO (2 k, @) = 21*( ”'WMS“_‘;)(Q:; k,@r_1), (2.16)
n — .

which implies the following difference equation for Mél)(:c; k,a):

!
oMW (2 + 1k, a) — MY (2 k, o) = gl—kgn-k__T__ (2.17)
(n—k)!
So from ([2.17)), we have
. 7!
H alM(l) (x+ Lk, oq) = Z H M}ll)(w; k, o) H 21_]%“_]“,‘];’]9‘. (2.18)
TC{0,1,....i—1} €T €T (1 = k)!

Thus, by taking z = 0 in (2.18)), in light of Theorem we get the following result.
Corollary 2.3. Let k,n € Ng. Then, for r € N with n > k(r — 1),

r—1
M (3 k, @) :rik > (:) g(=k)(r=1-1) > (j ; " ; )rji
05J1y---5J2

i=0 Jotir+-+ii=n—k(r—1-i)
J05J15---,Ji >0

T
X M](il) <T;k:,aooz1 C Ol 1)1_[ k: ap).

It becomes obvious that the case = 0 in Corollary gives a relationship for the unified family of the
generalized Apostol-Bernoulli, Euler and Genocchi numbers as follows,

r — 1 r —k)(r—1—1 n ji
MO (k@) :Mz<i)2<1 K)(r—1-3) 3 < | j)Tﬁ

o1+ +]*n k(r—1—i) JO>J1s - - -
50,71 5-+-,Ji >0 (2.19)

X Mjgl)(k:, oo - O H (1 (k, ).
If we take r = 2 in Corollary 2.3] then for k,n € Ny with 0 < k <mn,
M2 (z; b, @p) = 2" 13k (Z) M (52” k,aoa1> 2!k Z ( )21M(1)< k a0a1>M£1_)i(k, ag).  (2.20)
On the other hand, let r € N. If we take «; = (g)b for 0 <i <7 —11in (1.7), one can get that for n € Ny,

r B b T T
M) <:Ek <a) = a" V") (x;k,a,0). (2.21)
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It follows from Corollary and (2.21)) that

r—1
r) ... 1 "\ 5(1—k)(r—1—i) bi n i
Y, sx;k,a,b) =— g <)2 a E . LT
7/3( ) rk 7 JOsJ1s -5 00

=0 JotjitAji=n—k(r—1—1)
J0sJ15---3i20 (2.22)
i—1
T
X yjivﬁr (7“; ka ar7 b> H y]175(07 k? a, b)
=0

If we take k =1 and a; = X for 0 < i <7 —11in (1.7, one can get that for n € Ny,
M (21, 0) = BO (23 0). (2.23)
Hence, by applying (2.23|) to Corollary we obtain
12 /r n
B (x; M) = = () < , >rﬁ < /\’“> B, ( 2.24
( ) TZO ? . . Z . ]07]17""] H ]l ( )
1= Jo+j1+-+ji=n—(r—1—1)
J0:J15--+,Ji 20

The case A = 1 in (2.24)) gives the corresponding expression for the classical Bernoulli polynomials of order
r (r € N) defined by Norlund [22]. See also [4, Ol [10] for a further exposition on the classical Bernoulli
polynomials of order r. If we take k = 0 and o; = —\ for 0 < i < r —1in (|1.7)), one can get that for n € N,

M (50, =X) = (—=1)7E (23 M), (2.25)
which together with Corollary [2.3] yields

55”@:;»:%(2)(-2)”1 3 ( " J)rﬁé’h(f-( 1)T1)\T>ﬁ5jl(0,)\). (2.26)

i=0 ]U+]l++]1:n ]05.717"' 1—0
J05J15--,320

In a similar consideration, if we take k = 1 and a; = —\ for 0 < i < r — 1 in (1.7), one can get that for
n € Ny,

M (251, -)) = (?) G\ (23 0. (2.27)

Thus, applying (2.27)) to Corollary gives

Gy (a; \) :ii (:)(—2)’"” > < 7 ,ji)Tji (2.28)

i—0 o4 ji=n—(r—1—i) JOsJ1y .-
J05J15++,Ji >0
T 1—1
RIS | (0! (2.29)
=0

In the following we present some formulas between the unified family of numbers M,S’")(k:,ar) and the
generalized Eulerian polynomials considered by Araci et al., [2]. We take z; = a;_1et™? for 1 < i < r in

(2.9) to obtain

r—1

aoal"'ar—lertlnb_lzz tlnb Ha €tlnb (230)
=0

It follows from ([2.30)) that

r—1 r—1i—1 tinb

1 are
11 ™ =1 apag - ertlnb 1 > 11 apetmb —1 H aletlnb : (2.31)

=0 =0 [=0 l=i+1
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By multiplying both sides of the above identity by (t1nb)™*2"(1=F) e get

(_1)r(t In b)TkQT‘(l*k)
(1 — Ozoetlnb)(l — aletlnb) - (1 — letlnb)
- 2.32
s Gt S o)
- nb L tmb _ 1"
aoal...ar_leTtn 1 P i ale —tlnb __ 1l:i+1 e n 1

Observe that

1 1 1-1
aellnb _ 1 a_1 patytimb(1-1) _ 1 (2.33)

Hence, with the help of (2.33)), (2.32) can be rewritten as

(=1)"(tIn b)rk2r(i=Fk)
(1 — ape!mb) (1 — aretmd) ... (1 — a,_jetind)
1

_ (tinb)rkarh) 1 — oo a1

: ago] Q] 1
apQy Q] — 1 67060041'-'0%11*1rtlnb(liiaoal”'ar—l) I
a1 Qpr—1
r—1 i—1 (234)
1 1-— (6%}

1; .
X Z(_l) L_ 1 hthb(l-a) _

r—1 1
1 . I o
lltlnb(kail) 1

I=i+1 e —

Since the generalized Eulerian polynomials A, (a,b) can be expressed by the generating function (see, e.g.,

[2)
1 —a
so by applying (1.7 and ( - ) to , we have
1 nin—rk 2r( —k) 1 rk r—1 > 1 (40‘005'1.:"0‘T*i rt)jz‘
> s (2 Sy, ,b) e
n! S apag ey — 1 — — Qo -+ Qe Ji!
1= Ji
i—1 oo ( -1 t)jl r—1 oo ( al t)jz
1— —1
[y X At < 1 o= > a5 (b) =i
—1 ¢ (87 1 Ji:
=0 o 71=0 l=i+1 71=0
(2.36)
It follows from ([2.36]) and the Cauchy product that
1 pyrgn—rk 2r(1—k) Inb)rk r—1 > N
I T e DOCLID ) (N DI (NI I
nl o agarar -1 5 n=0 Njo-+j1+-tgry=n WOl Ir=1
J0:J15--5Jr—120
Ji 1
e
apay e — 1 Qo -+ Qo (2.37)
1 Ji
XH—]_(O[[ 1) Ajl(al7b)
=0 oq
jl 1 tTL
A | —, b)) )—.
% H al—1<al 1> ﬂ(a;’ >>n'
l=i+1

Thus, by comparing the coefficients of " /n! in (2.37)), we get the following result.
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Theorem 2.4. Let k,n € Ng and r € N. If 8 = apgay - a—1 then

r—1
") = (n+rk r1-k) ( n > i
M k,ozr o . rJi
n+rk‘( ) Z Z JOsJ1y e vy Jr—1

1=0 jo+j1+-+Jjr—
JOsJ1seesJr— 1>0

B 4 1 , i—1 o ) ) r—1 a{’ | ) b
-\ B HW alad) ] oA aot):

=0 l=i+1

It is easily seen that if we take a; = —1 for 0 < ¢ < r — 1 in Theorem then

") = (—1)”+’" n+rk n )
M (k (07 ): . Z Z . . ) r]z

n+rk\" ST n-+rk

2 (Ind)» pr N st A J0sJ1y o5 Jr—1

JOsJ15eesdr— 1>0 (2.38)
‘ 1—1 r—1 ‘
x (=17 A5 (=1,0) [ =45 (=1,0) J] (-1 A;(=1,) (217).
=0 I=i+1

Note that for non-negative integer n (see, e.g., [2])

27+ (In b)" (1 — 27t

Ap(—1,b) = o Bui1, (2.39)
and 1 (g )t
2" (Inb)™

It follows from ([2.38), (2.39) and (2.40) that the unified family of the generalized Apostol-Bernoulli, Euler
and Genocchi numbers due to El-Desouky and Gomaa [6] can be explicitly expressed by the classical Bernoulli
numbers or the classical Genocchi numbers.

3. Concluding remarks

To conclude this paper, we remark that the topics explored in this paper are closely related to the
Frobenius-Euler polynomials of order r (r € N) given by the generating function:

1=\ ot HO@E = () "
(et—)\> e =e —ZHn ($|)\)E’

n=0

(|t| < ™ when A = —1; [t| < log(1/A) when X\ # —1),

with the usual convention about replacing (H) (z|\))" by Jie% ( |A) (see, e.g., [11L[12, 13, 14]). In particular,
the case x = 0 in the above generating function gives the Frobenius-Euler numbers of order r denoted by
H,(f)()\) = H,(f)(O])\). If one uses the same methods described in the second section, the corresponding
similar results on the Frobenius-Euler polynomials and numbers of order r to Theorems and
Corollary can be also established. The details are left as further investigations for the interested readers.
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