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Abstract

In this paper, we consider the degenerate q-Changhee numbers and polynomials. From the definition of
degenerate of q-Changhee polynomials, we derive some new interesting identities. c©2016 All rights reserved.
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1. Introduction

Recently, Changhee polynomials are defined by the generating function to be

2

t+ 2
(1 + t)x =

∞∑
n=0

Chn(x)
tn

n!
, (see [9][10][12]). (1.1)

In [10], the degenerate Changhee polynomials are defined by Kwon-Kim-Seo to be

2λ

2λ+ log(1 + λt)
(1 + log(1 + λt)

1
λ )x =

∞∑
n=0

Chn,λ(x)
tn

n!
. (1.2)

From (1.2), we note that
lim
λ→0

Chn,λ(x) = Chn(x), (for n ≥ 0).
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When x = 0, Chn,λ = Chn,λ(0) are called the degenerate Changhee numbers. In particular, limλ→0Chn,λ =
Chn, for n ≥ 0, are called Changhee numbers, (see [1]–[12]). Throughout this paper, we denote the ring of
p-adic integer, the field of p-adic number and the completion of algebraic closure of Qp by Zp, Qp and Cp,
respectively. The p-adic norm | · |p is normalized by |p|p = 1

p . Let q be an indeterminate with |1−q|p < p
− 1
p−1

and let UD(Zp) be the space of uniformly differentiable functions on Zp. For f ∈ UD(Zp), the p-adic q-
integral on Zp is defined by Kim to be

I−q(f) =

∫
Zp
f(x)dµ−q(x) = lim

N→∞

1

[pN ]−q

pN−1∑
x=0

f(x)qx(−1)x, (1.3)

where [x]−q = 1−(−q)x
1+q , (see [7][12]).

From (1.3), we note that

qnI−q(fn) + (−1)n−1I−q(f) = [2]q

n−1∑
i=0

(−1)n−1−iqif(i), (1.4)

where [x]q = 1−qx
1−q and n ∈ N, fn(x) = f(x+n). Recently, Kim-Mansour-Rim-Seo considered the q-Changhee

polynomials, Chn,q(x), which are given by the generating function to be

1 + q

q(1 + t) + 1
(1 + t)x =

∞∑
n=0

Chn,q(x)
tn

n!
, (see [9]). (1.5)

In this paper, we consider the degenerate q-Changhee polynomials and we derive some new and interesting
properties related to these polynomials and numbers.

2. Degenerate q-Changhee polynomials

Let us assume that λ, t ∈ Cp with | λt |p < p
− 1
p−1 . From (1.3), we have

q

∫
Zp
f(x+ 1)dµ−q(x) +

∫
Zp
f(x)dµ−q(x) = [2]qf(0). (2.1)

By (2.1), we get ∫
Zp

(1 + log(1 + λt)
1
λ )xdµ−q(x) =

1 + q

q(log(1 + λt)
1
λ + 1) + 1

=
qλ+ λ

q log(1 + λt) + qλ+ λ
=
∞∑
n=0

Chn,λ,q
tn

n!
,

(2.2)

where Chn,λ,q are called degenerate q-Changhee numbers.
From (2.2), we have∫

Zp
(1 + log(1 + λt)

1
λ )xdµ−q(x) =

∞∑
n=0

∫
Zp

(x)ndµ−q(x)
1

n!
(log(1 + λt)

1
λ )n

=

∞∑
n=0

∫
Zp

(x)ndµ−q(x)λ−n
∞∑
m=n

S1(m,n)
λm

m!
tm

=

∞∑
m=0

(
m∑
n=0

λm−nS1(m,n)

∫
Zp

(x)ndµ−q(x)

)
tm

m!
,

(2.3)



T. Kim, H.-I. Kwon, J. J. Seo, J. Nonlinear Sci. Appl. 9 (2016), 2389–2393 2391

where S1(m,n) is the Stirling number of the first kind. It is known that∫
Zp

(1 + t)xdµ−q(x) =
1 + q

q(1 + t) + 1
=
∞∑
n=0

Chn,q
tn

n!
. (2.4)

Thus, by (2.4), we get ∫
Zp

(x)ndµ−q(x) = Chn,q, (n ≥ 0). (2.5)

Therefore, by (2.2), (2.3) and (2.4), we obtain the following theorem.

Theorem 2.1. For m ≥ 0, we have

Chm,λ,q =

m∑
n=0

λm−nS1(m,n)Chn,q.

We observe that∫
Zp

(1 + log(1 + λt)
1
λ )x+ydµ−q(y) =

qλ+ λ

q log(1 + λt) + qλ+ λ
(1 + log(1 + λt)

1
λ )x

=

∞∑
n=0

Chn,λ,q(x)
tn

n!
,

(2.6)

where Chn,λ,q(x) are called degenerate q-Changhee polynomials.
From (2.6), we note that

∞∑
n=0

Chn,λ,q(x)
tn

n!
=

( ∞∑
m=0

Chm,λ,q
tm

m!

) ∞∑
l=0

(x)lλ
−l (log(1 + λt))l

l!

=

( ∞∑
m=0

Chm,λ,q
tm

m!

)( ∞∑
l=0

(x)lλ
−l
∞∑
k=l

S1(k, l)
λktk

k!

)

=

( ∞∑
m=0

Chm,λ,q
tm

m!

)( ∞∑
k=0

(
k∑
l=0

(x)lλ
k−lS1(k, l)

)
tk

k!

)

=

∞∑
n=0

(
n∑
k=0

k∑
l=0

(x)lλ
k−lS1(k, l)Chn−l,λ,q

)
tn

n!
.

(2.7)

Therefore, by (2.7), we obtain the following theorem:

Theorem 2.2. For n ≥ 0, we have

Chn,λ,q(x) =

n∑
k=0

k∑
l=0

(x)lλ
k−lS1(k, l)Chn−l,λ,q.

By (2.6), we easily get∫
Zp

(
1 + log(1 + λt)

1
λ

)x+y
dµ−q(y) =

∞∑
m=0

∫
Zp

(x+ y)mdµ−q(y)
λ−m

m!
(log(1 + λt))m

=

∞∑
m=0

∫
Zp

(x+ y)mdµ−q(y)λ−m
∞∑
n=m

S1(n,m)
λntn

n!

=

∞∑
n=0

(
n∑

m=0

∫
Zp

(x+ y)mdµ−q(y)λn−mS1(n,m)

)
tn

n!
.

(2.8)
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It is not difficult to show that∫
Zp

(1 + t)x+ydµ−q(y) =
1 + q

q(1 + t) + 1
(1 + x) =

∞∑
n=0

Chn,q(x)
tn

n!
. (2.9)

Thus, by (2.9), we get ∫
Zp

(x+ y)ndµ−q(y) = Chn,q(x), (for n ≥ 0). (2.10)

Therefore, by (2.8) and (2.10), we obtain the following theorem:

Theorem 2.3. For n ≥ 0, we have

Chn,λ,q(x) =
n∑

m=0

Chm,q(x)λn−mS1(n,m).

From (2.6), we can derive the following equation:

∞∑
n=0

Chn,λ,q(x)λ−n
1

n!
(et − 1)n =

∫
Zp

(
1 +

1

λ
t

)x+y
dµ−q(y)

=
∞∑
m=0

λ−mChm,q(x)
tm

m!
,

(2.11)

and
∞∑
n=0

Chn,λ,q(x)λ−n
1

n!
(et − 1)n =

∞∑
n=0

Chn,λ,q(x)λ−n
∞∑
m=n

S2(m,n)
tm

m!

=

∞∑
m=0

(
m∑
n=0

Chn,λ,q(x)λ−nS2(m,n)

)
tm

m!
,

(2.12)

where S2(m,n) is the Stirling number of the second kind. Therefore, by (2.11) and (2.12), we obtain the
following theorem:

Theorem 2.4. For m ≥ 0, we have

Chm,q(x) =

m∑
n=0

λm−nChn,λ,q(x)S2(m,n).

We observe that ∫
Zp

(x+ y)ndµ−q(y) =

n∑
l=0

S1(n, l)

∫
Zp

(x+ y)ldµ−q(y), (2.13)

where n ∈ N ∪ {0}.
The q-analogue of Euler polynomials are given by the generating function to be∫

Zp
e(x+y)tdµ−q(y) =

q + 1

qet + 1
ext

=
∞∑
n=0

En,q(x)
tn

n!
.

(2.14)

Thus, by (2.14), we get ∫
Zp

(x+ y)ndµ−q(y) = En,q(x), (n ≥ 0). (2.15)

Therefore, by (2.6), (2.8) and (2.15), we obtain the following theorem:
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Theorem 2.5. For n ≥ 0, we have

Chn,λ,q(x) =

n∑
m=0

m∑
l=0

S1(m, l)El,q(x)λn−mS1(n,m).

By (2.1), we get

∞∑
n=0

(qChn,λ,q(x+ 1) + Chn,λ,q(x))
tn

n!

=
qλ+ λ

q log(1 + λt) + qλ+ λ

(
q(1 + log(1 + λt)

1
λ ) + 1

)(
1 + log(1 + λt)

1
λ

)x
=

1

λ
(qλ+ λ)

(
1 + log(1 + λt)

1
λ

)x
= (q + 1)

(
1 + log(1 + λt)

1
λ

)x
= [2]q

∞∑
m=0

(x)m
λ−m

m!
(log(1 + λt))m

= [2]q

∞∑
m=0

(x)mλ
−m

∞∑
n=m

S1(n,m)
λntn

n!

= [2]q

∞∑
n=0

(
n∑

m=0

(x)mλ
n−mS1(n,m)

)
tn

n!
.

(2.16)

Therefore, by (2.16), we obtain the following theorem:

Theorem 2.6. For n ≥ 0, we have

qChn,λ,q(x+ 1) + Chn,λ,q(x) = [2]q

n∑
m=0

(x)mλ
n−mS1(n,m).
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