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Abstract

Based on the nonlinearization technique, a binary Bargmann symmetry constraint associated with a new
discrete 3 x 3 matrix eigenvalue problem, which implies that there exist infinitely many common commuting
symmetries and infinitely many common commuting conserved functionals, is proposed. A new symplectic
map of the Bargmann type is obtained through binary nonlinearization of the discrete eigenvalue problem
and its adjoint one. The generating function of integrals of motion is obtained, by which the symplectic
map is further proved to be completely integrable in the Liouville sense. (©2015 All rights reserved.
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1. Introduction

Recently in the past decade, an unusual way of using the nonlinearization technique arose in the theory
of soliton equations. In general, one considers the complicated nonlinear problems to be solved in such
a way to break nonlinear problems into several linear or smaller ones and then to solve these resulting
problems. It is following this idea that one has introduced the method of Lax pair to study nonlinear
soliton equations. The Lax pairs are always linear with respect to their eigenfunctions. Nevertheless, the
nonlinearization technique puts this original object, the Lax pair, into a nonlinear and more complicated
object, the nonlinearized Lax system. The main reason why the nonlinearization technique takes effect is
that kind of specific symmetry constraints expressed through the variational derivative of the potential.
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The study of symmetry constraints itself is an important part of the kernel of the mathematical theory of
nonlinearization, which can manipulate both mono-nonlinearization [3] and binary nonlinearization [12, 25].

However, all examples of application of the nonlinearization technique, discussed so far, are related to
lower-order matrix spectral problems of soliton equations, most of which are only concerned with second-
order traceless matrix spectral problems. On the other hand, there appears much difficulty in handling the
Liouville integrability of the so-called constrained flows generated from spectral problems, in the case of the
third and fourth-order matrix spectral problems[5, 10, 15, 16, 29, 34]. It is a challenging task to extend the
theory of nonlinearization to the case of higher-order matrix spectral problems. In this article, we would like
to establish a concrete example to apply the nonlinearization technique to the case of higher-order matrix
spectral problems, by manipulating binary nonlinearization[1, 4, 7, 9, 11, 13, 14, 17, 18, 22, 23, 24, 30, 31, 32]
for arbitrary-order matrix spectral problems associated with 3 x 3 discrete matrix eigenvalue problem. The
resulting theory will show a direct way for generating sufficiently many integrals of motion for the Liouville
integrability of the constrained flows resulting from higher-order matrix spectral problems.

This article is organized as follows. In Section 2, a discrete 3 x 3 matrix spectral problem is introduced,
and a hierarchy of lattice soliton equations is derived by the method of discrete zero curvature representation.
A lattice system is proposed, it is a typical lattice system in resulting hierarchy. Infinitely many commuting
symmetries and infinitely many commuting conserved functionals for the obtained hierarchy are given. In
Section 3,we consider the Bargmann symmetry constraint for the proposed new Lax pairs and adjoint Lax
pairs of the discrete soliton hierarchy. Finally in Section 4, conclusions and remarks are given.

2. A family of lattice soliton equations and its Liouville integrability

Let we define the shift operator E, the inverse of E by

Efn = fn+17E_1fn = fn—hA =F- E_17n € Z,
1-E)y'=-1+EHA QA -E Y)Y =0+E)AL

We introduce the new discrete 3 x 3 matrix spectral problem

P 1 oqn—A waz
EYp =Up(un, =1 0 0 1 v, (2.1)
s, 0 0 p3
where the potential vector U, = (Ppn,qn,5n)", ¢ = 0, and solve the stationary discrete zero curvature
equation
(EV)Upn — UpVi, = 0, Vi, = (V7)343, (2.2)

where each entry (Vi )axs = Vi (An(A), Bn(N), Dn())) of the 3 x 3 matrix V,, is a Laurent expansion of A.
When we choose V.2 = A,,(\), V32 = B, (\), V,?2 = D,()\), we have

anl = E_lpnAnO\) - AE_an()‘) + E_l‘IanO‘) + E_an()‘)’
Vi3 = g An(A) — M, (\) + LEB,(N),

V2 = 1B, (), V2 = E-ILE 15, 4,(\) — BB, (), (2:3)
V3t = E1s,A,(N), V33 = =ABy(\) + ¢uBn(A) + EDy ().
Substituting the following expressions
AN = >0 ATINT B (N) = > BIMAT Dy(A) = Y DA™, (2.4)
m=—1 m=—1 m=—1

The stationary discrete zero-curvature equation (2.2) is equivalent to the recursion relation:



X. Li, Q. Zhao, Y. Li, H. Dong, J. Nonlinear Sci. Appl. 8 (2015), 496-506 498

(snE — E7'5,) AP (V) + pa(1 — E*)B”’u)

= (pn B 1pn ‘|‘ snEqn — QHE 15n> ()‘)
+ (Patn — pnB 4n + $uELE — B )B( D) 4+ pa(l — E-HDY D (N),

(1— E)Di(\) (2.5)

= (E-E ' LE 1 s,) A0 + (B — 22 EYBY V() + g4 (1 - E)DY TV (),

su(E — E-HBY ()

= $5,(1 — E"VpaAY V) + sn(E — E-NgnBY V) + s,(E2 — E-HDY V().

From the above recursion equations, we obtain the initial data

ACD — 0 BED Z 1 D — g, 4@ = L go) _ o p©) _ Pt
S

n ) n )
n Sn—1

To obtain Lax integrable equations, we define FJ by the following relation:

D) = = A ) = (1+ EN)su BT (). (26)

It is easy to see that

(snB = B1s2) A (V) + pu (1 = BB (V)
= (50 Bdn — B 52) ALV (V) + (0ntn — Pu B g + snEE — E-H)BY V()
(B2 = 1)s, FY D (),

(E = D)pa AP (\) + As, Fi(N)

= (E_E—l L p-1 Sn + gnEpn — ann)A(] 1)()\) + (E—I% _
NN )

50 ABY(N) = (1~ E2p, ATV (N) + 500, BY V()

+s(E2— B2+ B! — E)s,FY~ 1)(A).

RN (2.7)

Sn

Using the matrix notation, the above expressions (2.3) can be written as

KGI-' = JGi, GJ = (AY), BY FUNT i >0, (2.8)
where so-called Lenards operator pair J and K are two skew-symmetric operators
snE—E7ls, p,(1—E~YH 0
J = (E—1)p, 0 Asy,
0 EIAN 0
and

SnEqn — QnEilsn Pnln — an qn + SnE E—-FE! pn(lyi2 - l)sn
K = E - E_lsinE_lsn + anpn — Pndn E~ lpn an QnASn
sp(1— E?)p, snAqn sp(E72 - E?+E~' - E)s,

From (2.8), we have

—1 _ 2= p(=1) p(=\7 _ _ (1 40) 50) HONT _ 1
Gol=(An By B )T = (0,107, G = (A0, Ba Fn ) = (57 4ns 0)7,
Gl = (Ag) B(l) F(l)) (Qn+Qn+1 q +pn +pn 1 pn(Qn"‘Qn—H) - 1)

LA Sp—1" Sn

Let 1, (\) satisfy (2.1) and its auxiliary problem
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= VMg (N, 2.
) = Vi) (2:9)
where
and

AO) = 37 A=t BIm () = ST BT DMy = Y DI

i=—1 i=—1 i=—1

Then the compatibility conditions of (2.1) and (2.9) are

oy,
S = BV, = UV, m > -1, (2.10)
Nm
which implies the lattice solition equations
oU,
ot - = X:{H—l’ Un = (pmqm Sn)Ta m > —1,
Nm

and A A ‘
X =JGI =KGI™!, j>0

which give rise to the following hierarchy of lattice soliton equations

zftpn = (snB — E"'s0) AP (N) +pu(1 — ETHBY (),
D (B 1) AP + AsuFL(N), iz -1 (211)
sy |
no_ (4)
. snABY ().

So the (2.10) are discrete zero curvature representation of (2.11), the discrete spectral problem (2.3) and (2.9)
constitute the Lax pair of (2.11), and (2.11) is a hierarchy of Lax integrable nonlinear lattice equations. It
is easy to verify that the new first Liouville integrable differential-difference equation in (2.11), when m = 0,
is
Sp— S
%pn = pn(‘]n - anl) =+ 718”7_‘_;1""1’

0 _Pnt1 _ D
B0 = Spyt S (2.12)

aitnsn = 3n(Qn+1 - Qn—l)-

The variational derivative, the Gateaux derivative and the inner product are defined, respectively, by

0H, _., OH, / 0

L= Z E m(in)m] (un)[vn] = 7J(un +5vn)|5207 <fn,gn> = Z(fnagn)RQa (213)
dup, OUptm Oe

meZ nez

where f,, g, are required to be rapidly vanished at the infinity, and (f,, gn) g2 denotes the standard inner
product of f,, and g, in the Euclidean space Ry. Operator J* is defined by (f, J*g) = (J fn, gn); it is called
adjoint operator of J with respect to (2.8). If an operator J has the property J* = —J, then J is called
to be a skew-symmetric. A linear operator J is called a Hamiltonian operator, if J is a skew-symmetric
operator and satisfies the Jacobi identity, i.e., it satisfies that

(f,Jg) =—(Jf,9), {J (un)[Jf]g,h) + Cycle(f,g,h) =0 (2.14)

based on a given Hamiltonian operator J, we can define a corresponding Poisson bracket
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1) 1) 1) 1)
(foghs = <5qi"]5i> - Z%,Jéiy (2.15)

ne

To establish the Hamiltonian structures for (2.11), we define
anl — Dn anQ

Vi A= a@)V2+ 10 5
Vn21 _%nVan

_ -1 _
Rn - VnUn - Van ()\ - qn)Vnn + Vn23 i Sn i
Vn _p’fan
Vi’z ()\ - Qn)‘/,?2 + Vr?g - 5,

and (A, B) = Tr(AB), where A and B are the some order square matrices. We have

0 0 -1 1 00 0 01 0 00
ou, ou,, oU, ou,
00 0 P 000 i 000 on 100
Hence
(B G52) = =V = =Ba(N), (Ray §02) = VI2 = 4,(\), (R, G2) = V2 = B, (V).
Vi 2 o - " - (2.16)
(R Oy = Vi PV — (51— 1)p, 4,(0) - E-1(A— 4,)Bu(N) + B D, (V)]
By virtue of the discrete trace identity
J o, d oy,
— Ry, =2y = (A == | X° ) (Rn, =2, i=1,2,3. 2.17
5u;< o ( (8)\) >< gui (2.17)
The substitution of (2.4) into (2.17), and comparing the coefficients of A=™"~! in (2.17), we get
AL
(iy i’ i) (ngmﬂ)) =(c-m)| | B . (2.18)
Opn 0qn 0sn ;(E_l . 1)A£Lm) _ E—IBT(lm-l-l) +E_1(anr(Lm) + Dglm))
When m = 0 in the (2.18), through a direct calculation, we find that € = 0. So we have
Al
(0 oy B B m> 1
5577,’ 5’wn7 5pn m + 1 SL(E—I o 1)A£Lm) o E_lBr(Lm+1) + E_l(an'r(Lm) + szm)) ’ - )
Now we can rewrite the (2.11) in the following Hamiltonian forms
ou, 6 & 0 y o6 9
=X = J(—, —, —)HI" = JL(—, —,—)H > —1. 2.19
Otn,, " (5pn’6Qn753n) " (5pn’5q”’53n) no M= ( )
Let
1 A1
Lu  5-A L3
L=| AatLl o 0 , (2.20)

L3 0 (Esp — s, BE~H)~1
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where 1 1
Ly =~ LA gy (Bsy — 5B~ pa (B — 1A~

7'L
Lis = 5. A7 (1 = B )pu(Bsy — s, B) 71,
L3i = —(Esp — sp B~ pp(E — 1)A_1%-

It is easy to verify that K is a skew-symmetric operator in this way and the positive hierarchy (2.10)
is derived. It is easy to verify that the positive hierarchy has the discrete zero-curvature representation
(2.9). And, every soliton equation in (2.11) or the discrete Hamiltonian system (2.19) is a discrete Liouville
integrable system.

3. A binary Symmetry constraint by binary nonlinearization

In order to impose the Bargmann symmetry constraint by binary nonlinearization, we consider the
adjoint spectral problem of spectral problem (2.1)

B~ = (B 00 (un, ), tn = (93, 020, 3T (3.1)

and temporal spectral problem

Uy, = —(Vrf”(um/\))%n- (3.2)
From the compatibility condition(E~4y,)s,, = B~ 14y, , we know that
B Uy, = (E710, ) (V) = (E7HV ) (B0, (3.3)
Let A1, A2, ..., An be N distinct eigenvalues of spectral problem (1) and A\; #0,j =1,2,..., N, we have

( 2 : E(p3j> (SO 2 9071 78071 )UT(’LL,,“)\)’
((Pn 7§0TL]7 9071 )tm (9071 7()0”]’ (Pn )VT(UTH A)?
(

3.4
B!, BV, B ) = (i, ) (Un (i, )7L B4
( T]i]) 7274]7 ’I%,])tm:( ’}7137 72137 7%])(_‘/71(“717)\))

We can compute the variational derivative of the spectral parameter A with respect to the potential u

2] QU (tn, \;)

oty = Qj (Ew;’lbj’ E¢721]7 w3j> ou, (90711]’ 90721]7 Pn ) . (3'5)
Namely
0N L
glj\@ o’
oY I T I T (36)
o8 s o Ui
05y,
Where% is a variational derivative for eigenvalue \;,«; is a constant and bt i = 1,2,3,4 are

n

required to be rapidly vanishing at the infinity, and we denote the inner product in RY by < .,. > and use
the following notations
Ol = (P, 2 oYW = (i i piNY i =1,2,3, A = diag(M1, M2, -y AN).

n

Such a gradient satisfies the following equation

KV = \jJVA;. (3.7)
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Consider the discrete symmetry constraint

N
G_1=) V. (3.8)
7=1
That is
1 17 /25
SHO s 9"5%7
0 st (i b’ — paspid V7))

Note that the explicit constraints of potential functions and eigenvalue functions can not be obtained with
the express above. Under the constraint (3.8), we obtain a discrete binary constrained flows

Egy = pnpy + 00 + (gn — V@i, 1< <N,
Ep¥ =%, 1<j<N,

EgY = snpy), 1<j<N,

Eyy) =X, 1<j<N,

Bl = (A=) + 4y, 1<j<N,
EpY = s () — pup), 1<j<N,

n

(3.10)

Here, < .,. > is the standard inner product of R". The symmetry constraint (3.8) yields explicit expressions
from (3.9):

pn =< @), UL >< @ ¥2 571
qn =< 3,02 >, (3.11)
§p =< ®L w2 571,

n

So the discrete symmetry constraint (3.8) is a Bargmann constraint. Setting

PTL:(()O717,179071127"' 7()0717,N7"' 7@%17S0§127"' 7@%N)T7Qn:( 7%,17 11127"' ) iN7 ) 7?7),17 7?;27"' ) ?LN)T
and
3?3 = ( 811 812 81N 831 632 a3N )T
n 8@ 7890 9y 78%0 9 7as0 7880 Y 8@ 9 9
0 0 4 g 8 !

)T

)

g0 = (3%1781&}12"” U GO G
the Poisson bracket of between two arbitrary function of «, 8 in symplectic apace RV is defined by
B 0B da,  Oa.p, 0B 0B .1, 0c
This is skew-symmetric, bilinear, and satisfies the Jacobi identity. In particular, any two of «, 3 is called
involutive if {«, 5} = 0.
The map H defined as

).

H(0ns s s s Uiy ) = (Bepy, By, By, By, B, EYy) (3.12)
is a symplectic map. Through laborious but direct computation, we get
and the 7;,d; are of the same forms. Furthmore, we can deduce

d(EP,) Ad(EQy) = dPy A dQ,.
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Therefore, (3.12) determine a symplectic map.
Now, we will solve recursion equations (2.7). When m > 1, we have

Pn (snk — E75,) AP (N) + pu(1 - EHBY (V)
U= | @ | = (B — Dpn AT (V) + Asp Fi(N)
sn )4 snABY (N (3.13)
(5HTTLn m—1 (5H’I'1L al m—1 5AJ
= I =TT = Jj;/\j .

Using (3.8) and (3.10) and the constraint (3.11), we take the following restriction:

N
Gis1=> MV (3.14)
k=1

That is to say,

(snB — Ets,) AP (V) + pa(1 — E-H B () N o
(E = 1)pa AP (\) + Asy FL(N) =7y Ar oI . (3.15)
j=1

snABY (V) (o Y — poprd Y7

From (3.15), we can conclude

| i1 2 ] I H3 2
Al =< N®) T2 > B, =< N®> U2 >,

! , : 3.16
Fi=s; (< NOL UL > —p, < NVOL T2 ). (3.16)

Substituting (3.16) into the relation (2.6), we obtain a solution of D}, that is
DI =< N®Z 02 > (3.17)

By using (3.16), (3.17) and (2.7), we have

E~ s, A,(\) =< N®3 WL > E71B,(\) =< NN®2, Ul >

E'LE s, An(A) — ET1E2BL(N) =< N2, U3 >,

E7'ppAn(\) = AET'By(N) + E7'¢nBy(A) + E7' Dy (A) =< N @y, W), >, (3.18)
GnAn(A) = A, (N) + = EBp(\) =< N}, U3 >,

“ABn(\) + ¢uBn(N\) + ED,(\) =< NO3 U3 >

In the following, we would like to discuss the Louville integrability on the nonlinearized temporal parts
of the Lax pairs and adjoint Lax pairs.

Under the control of (3.11), the temporal parts of the Lax pairs and the adjoint Lax pairs by substituting
(3.18) into (3.4) become

j 25 37 1j 2 35 )
D (o 0%, oI = V(¥ ¥ )T j=1,2,-- N,

P P 7P , 3.19
%( Tllja 3]7 2‘7)T:_VT’B( 1%[77 T2LJ7Q;Z)3j)Taj:]-527”')N° ( )

We arrive at the finite-dimensional Hamiltonian systems. Here, the subscript B means substitution of (3.18)
into the expression.
The temporal parts of the nonlinearized Lax pairs and the adjoint Lax pairs (3.19) may be rewritten as

Qq)i_aF,T dqi . OF"
ot 9wt ot 9l

(3.20)
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which is the finite-dimensional Hamiltonian systems:

(0Fn_1 OF, ' oF !
ovl T ovl’ owd

) = ((I)rlm (1)7217 (I)i)v_Tla

T N T 3.21)
oF, ' oF ' oF,! (
( ", R ~ ):_(\1117\1127\113)‘/—17
oL 7 002 7 903 nm
where
<®2Ul>-A 0 <L T2
Vo= 1 0 0 . (3.22)
0 1 <®3, 02> A
The associated Hamiltonian functions are given as follows
Fl=< q)}i, \lffi >+ <2<1>3L,1\11§L > — <1A<1>2}L, vl >3— <1 AD3 w3 3> ) . (3.23)
+ <L UL S< P2 U > + <P V2 ><P3 V) >4 < D) VD >< DY TS >,
and QE™ 9E™ QF™
(S St o) = (@482, V™ (w, )T, m > 0,
oF™ o™ op™ (3.24)

_ (m) -
(8{)%L ’ 8@%, aq)i ) - —(\IJ}“\II%’\II%)Vnm (U,A) 1> m 2 0.
Let ®;(n,tm), Vi(n,tm),i = 1,2,3 be a solution of the finite-dimensional completely integrable systems
(3.24). Then, the solution of the discrete nonlinear equation (2.12)

p(n, to) =< (I>1(n, t()), llll(n, t()) >< <I>1(n, to), \IIQ(TL, t()) >71,
q(n,to) =<< <I>3(n,t0),\1’2(n,t0) >, (3.25)
s(n, to) =< <I)1(n, to), Uy (n, to) >—1

is a Backlund transformation between the integrable symplectic map (3.12) and the finite-dimensional
completely integrable systems (3.24).

4. Conclusions and Remarks

In this paper, we have proposed a interesting and meaningful hierarchy of differential-difference equa-
tions associated with a new s-order discrete matrix isospectral problem through the discrete zero curvature
equation and then the Liouville integrability of the obtained the family of differential-difference equations
is proved. Furthermore, under the binary Bargmann symmetry constraint between the potentials and the
eigenfunctions, the binary nonlinearization of the Lax pairs and the adjoint Lax pairs of the obtained family
is presented. This will provide us with a large number of examples of the related fields.

As we know that the r-matrix formula [2], Lax representation and separation of variables [25, 26] have
a direct link between the classical integrable problem and the finite-dimensional integrable problem. In ad-
dition, bilinear Backlund transformation [8, 19], Darboux transformation [28, 33|, Bell polynomials [6, 20],
Hirota bilinear solution [21, 27]are all the key areas for solitons which will motivated us do further research
to improve the classical binary nonlinearization.
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