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Abstract

In this paper, we recall centrally symmetric matrices and introduce some new kinds of symmetric matrices
such as row-wise symmetric matrices, column-wise symmetric matrices, and plus symmetric matrices. The
relations between these kinds of matrices are also presented. Furthermore, a useful result is obtained
about the types of the eigenvectors of centrally symmetric matrices leading to a limit-wise relation between
centrally symmetric matrices and plus symmetric matrices which can be applied to mathematical modeling
of dynamical systems in engineering applications. (©)2014 All rights reserved.
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1. Introduction

Mathematics can be used as a partial translation of the nature to analyze various characteristics of the
real-world systems as well as to design appropriate mechanisms to control such systems. Regardless of the
mathematical models of the systems, some systems naturally represent some kinds of symmetric behavior
around their equilibrium states. In such cases, having more specialized mathematical tools leads to more
useful specialized mathematical models and simpler behavioral analysis.

Besides, matrix representation is now a very well-known tool for modeling the real-world systems. For
example: the position and/or orientation of a rigid body in the space can be effectively presented by
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an appropriate matrix; the parameters of an electrical circuit can be gathered in a specific matrix which
represents the relations between the main variables of the circuit; the parameters of an economical system
can be gathered in a specific matrix which describes the behavior of the system; and etc. To be more general,
from a system theoretic view, every dynamic system can be modeled by state space equations which can
be represented by appropriate matrices when the system is linear. This is also true when the system is
nonlinear but can be approximated by a linear transformation. Moreover, the behavior of a completely
nonlinear system can be represented by a matrix in the framework of fuzzy relational modeling, where a
fuzzy relational composition by a fuzzy relational matrix is used to construct the required mapping.

This paper tends to introduce some useful kinds of symmetric matrices and the relations between them.
The results may be used in various applications including the fuzzy relational modeling scheme. In this
regard, in the next section, different kinds of symmetric matrices are defined first and then some of their
characteristics and relations are studied.

Throughout this paper, it is assumed that F is an arbitrary field. Let m, n € N, the ring of all n x n
matrices and the set of all m x n matrices over IF be denoted by M, (F) and M,,x,(F) respectively, and for
simplicity let F" = M,,1(F). The zero matrix is denoted by 0. Also the element of an m x n matrix, R, on
the 7th row and jth column is denoted by (i, j). If A = (a;;) € My(F), then [A];; € M(,,_1)(F) is a matrix
obtained by omitting the ith row and the jth column of the matrix A. Also cof(A) € M, (F) is defined by
cof (A) = a;j(—1)""det([A];;). For more details about the cofactor matrix and the other general algebraic
materials see [5, ©]. For every i,j, 1 < 4,j < n, E;; denotes an element in M, (F) whose entries are all 0
but the (4, 7)th entry which is one. Also 0, and I, denote the zero square matrix of size r and the identity
square matrix of size r respectively. Finally, [z] stands for the integer part of x, for every x in R.

2. Main Results
First, we recall the definition of a centrally symmetric matrix from [§].

Definition 2.1. An m x n matrix R is called centrally symmetric (CS), if
T(Z, ]) :T(m—i_l_’b) 7'L+1—]),
for every i, j, 1 <i<mand 1 < j < n.

Centrally symmetric matrices has been introduced since many years ago and various topics about them
have been studied in these years, e.g., calculating their determinants [8] and inverses [4]. Centrally symmetric
matrices have been used in a variety of applications and are still studied by researchers; for example see [7]
and [6] and the references therein.

In [2] some results are obtained about the eigenvectors and eigenvalues of a matrix which is both sym-
metric and centrally symmetric. In this paper, the results of [2] are extended so that the same results are
achieved with less constraints, i.e., the same characteristics are obtained for the eigenvectors of a matrix
which is only centrally symmetric and not symmetric. These characteristics help finding a limit-wise relation
for centrally symmetric matrices with another kind of symmetric matrices which is introduced in this paper.

In this regard, the new kinds of symmetric matrices are defined as follows.

Definition 2.2. An m x n matrix R is called row-wise symmetric (column-wise symmetric) (RWS/CWS),
if

r(i,j) =r(m+1—4,j5)  (r(i,j) =r(i, n+1-7)),
for every i, j, 1 <i<mand 1 < j < n.

Definition 2.3. An m x n matrix R is called row-wise (column-wise) skew symmetric (RWSS/CWSS), if

r(i, ) = —r(m+1—4,j)  (r(i, j) = —r(i, n+1-7)),

for every i, j, 1 <i<mand 1 < j < n.
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Definition 2.4. An m x n matrix R is called plus symmetric (PS), if it is both RWS matrix and CWS
matrix, or equivalently

r(i, j)=rim+1—4,j)=r(,n+1—75)=r(m+1—i,n+1-7),
for every i, j, 1 <i<mand 1 < j < n.

Theorem 2.5. Let n € N, and R € M,(R) be a CS matriz which has n distinct eigenvalues. Then each
of its eigenvectors is either RWS vector or RWSS vector. Furthermore, the number of RWS eigenvectors is
[%EL] and the number of RWSS eigenvectors is [%]. (Note that ["H] +[2] = n).

Proof. Since Aadj(A) = adj(A)A = det(A)I, for every A € M,(R), thus if A is an eigenvalue of R, then
(R—AI)adj(R — AI) = det(R — AI)I = 0. Therefore every column of adj(R — AI) is an eigenvector R which
is associated to A.

Let us write the columns of adj(R — A\I) as [ ¢ ¢y ] Now consider a pair of column vectors ¢;
and ¢,,;_;, for j, 1 < j < n. Note that R has n distinct eigenvalues and hence rank(adj(R — AI)) = 1, so
c; is proportional to ¢, ;_;. Since adj(R — AI) = cof(R)” and R is CS, then adj(R — AI) is CS. Therefore
for any value of j, the two vectors ¢; and ¢,,,_; are reverse of each other, i.e., one can be obtained by
making the other upside down. Hence the vector ¢; (and ¢, ;_; too) is proportional to its reverse and this
may not happen except in two ways:

1. When the vector ¢; (and also ¢, ;_;) is RWS.
2. When the vector ¢; (and also ¢,,;_;) is RWSS.

Therefore each of the eigenvectors of R is either RWS vector or RWSS vector.
For the number of each type of the eigenvectors the proof is as follows. Assume that R = [r;;]. First,
let n = 2m + 1, for some m € N. Suppose that

X =[T1 Ty - Ty Y Ty Trpe1 - 210

is RWS eigenvector of R. Consider the equation Rx = Ax which is equivalent to the following, since R is
CS matrix.

~ - Ty sl
11 T T1(m+1) T1(m+2) T1(m+3) T Tin
Tm Tm
i .. =A
T+l T(mt1)(m+1) Tim+l)m  T(m+1)(m—1) T(m+1)1 xy xy
| Tin T T1(m+1) T1im T1(m-1) T i
- x]‘ - - x]‘ -

Thus
iz + 1222 + o Tima)¥ + Timt2)Tm o et = ATy
Tm1Z1 + Tm2Z2 + - + Tima )Y + Tim(m42)Tm + -+ TmnT1 = ATy,

TnD)121 + Tmg1)222 + T Dm@m + Mt )(meD)Y + Tt mTm + -+ Tmp1)121 = AY
TmnT1 + Tm(n—1)2 T+ Ti(m+2)Tm T Tm(m+1)Y + TmmTm + -+ Tm1T1 = AT,

Tn@1 + Ti(n-1)%2 + -+ + T1(m+2)Tm + T1(m+1)¥Y + TimTm + - + 11181 = A2y
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An straightforward manipulation shows that the first m equations and the last m equations are the same.
Therefore we have the following set of equations

(111 + 710 — A1 + (112 + T12m)) T2 + -+ (T1m + Tt 1) Tm + Timg 1)y = 0

(Tml + 7ﬁmn)l‘l + (TmZ + Tm(Zm))xQ +--+ (Tmm + T'm(m+2) — A)xm + T'm(m+1)Y = 0
27 (g 1171 + 27 (mr1)222 + 0+ 27t ym T+ (Tmg 1) (mg1) — ANy = 0

Since a set of homogenous equations has a non-zero solution if and only if the determinant of the matrix of
its coefficients is equal to zero and the determinant of the matrix of coefficients of the above set of equations
is a polynomial of degree m + 1 of A and it has at most m + 1 solutions, therefore there are at most m + 1
eigenvalues of R such that their associated eigenvectors are RWS.
Now, Suppose that
x=[r1 22 o Ty —m —Tpor - —w]’

is a RWSS eigenvector of R. Consider the equation Rx = Ax which is equivalent to the following, since R
is CS matrix.

_ _ I I
11 S T1(m+1) T1(m+2) T1(m+3) T Tin .
: ) . ) . o
Tmi1)l  © TnaeD)(m+1) Tmilm  Timtl)m—1) ~°° T(mt1)1 Yy =Al 0
. : X . ) — T, —Tm
L Tin T1(m+1) Tim T1(m-1) i
L —7T1 ] L —7T1 ]
Thus
(@1 +rere o @m0 = Py 2) T — = T1a®1 = ATy
Tm1Z1 + TmaZ2 + - + Py T + 0 — T'm(m+2)Tm — = I'mnT1 = AT,
Tm+1)121 + T(mt+1)222 + -+ T ym@m + 0 = Tang1ym@m — - = T(m41)121 = 0
TmnZ1 + Tm(n—1)%2 +-+ T'm(m+2)Tm +0 = P Tm — 0 — TP = — ATy,
[ T1n1 + T1(n-1)Z2 + + T1mt2)Tm + 0 — Tim@m — - — iz = —Az1

An straightforward manipulation shows that the first m equations and the last m equations are the same
and the (m + 1)-th equation is trivial. Therefore we have the following set of equations

(r11 =710 — A)z1 + (r12 = r12m)) T2 + -+ (Pim = Tt 1)) Tm = 0

(Tm1 = Tmn)T1 + (Tm2 = Tmem)) T2+ + (Pmm = Tmmt2) — A)Tm =0

Since a set of homogenous equations has a non-zero solution if and only if the determinant of the matrix of
its coefficients is equal to zero and the determinant of the matrix of coefficients of the above set of equations
is a polynomial of degree m of A and it has at most m solutions, therefore there are at most m eigenvalues of
R such that their associated eigenvectors are RWSS. Hence the number of RWS eigenvectors is m+1 = ["TH]
and the number of RWSS eigenvectors is m = [5], when n = 2m + 1, for some m € N.

If n = 2m, for some m € N, a similar method follows to obtain the result. The proof is completed. [

Let R € M,(R) be a CS matrix. In the next theorem R is considered, when k — co. The limj,_,. R”
does not necessarily exist but it is interesting that R* tends towards a PS matrix as k — cc.
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Theorem 2.6. Let n € N, and R € M,(R) be a CS matriz which has n distinct eigenvalues. Then RF
tends towards a PS matriz if oll of the eigenvalues associated with RWSS eigenvectors are located in the unit
circle.

Proof. Let M be the modal matrix of R, i.e., the columns of M are eigenvectors of R. The form of M
is determined according to Theorem i.e., all the eigenvectors of R are either RWS or RWSS matrices.
Besides, the relational matrix R can be decomposed as MIM ™!, in which J is a diagonal matrix containing
all the eigenvalues of R. Here just the form of these matrices are important to us. Let’s show M ™! with N
for convenience. The form of N is like that of the transpose of M.

First, suppose that n = 2m, for some m, m € N. An straightforward manipulation shows that

A B Cc CP
M_[PA -PB}’ and N_[D -DP]’
where A, B, C, D, P € M,,(R), and
0 1
P = € M, (R).
1 0
By Theorem [2.5] it can be assumed that Aq, ..., Ay, are the eigenvalues of R such that their associated
eigenvectors are RWS and A\j,41, ..., A, are the eigenvalues of R such that their associated eigenvectors are
RWSS. Let £ € N and
A1 0 )\m—i-l 0
S = and T = .
0 Am 0 An
sk 0
k _
Thus J* = [ 0 T ] Therefore
& & ASFC + BT*D AS*CP — BT*DP
PAS"C - PBT"D PAS"CP + PBT"DP
[ As*c  Asfcp BT*D ~-BT"DP
~ | PASfC PAS*cP -PBT'D PBT'DP |’
AS*C  AsFcp ] . : : o .
Clearly, [ PAS'C PASFCP ] is both RWS matrix and CWS matrix, and so it is PS matrix. Also
. : - BT'D -BT'DP | .
by an straightforward manipulation it can be seen that every element of { _pPBTD PBT'DP | © 2
polynomial of )\51 L1y s Ak which by hypothesis tend towards 0 as k — oo. Thus R” tends towards a PS

matrix.
Next, suppose that n = 2m + 1, for some m € N. In a similar way, it is shown that

A B
M= C 0 ,andN—[IE) ]g _I])Bfl;},
PA -PB

where A, D”' € M, (;m11)(R), B, E € My, (R), and C, FT € My (41)(R), and

0 1
P = € M (R).
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By Theorem we may assume that A1, ..., A\,11 are the eigenvalues of R such that their associated
eigenvectors are RWS and A, 42, ..., A, are the eigenvalues of R such that their associated eigenvectors are

RWSS. Let £ € N and

A\ 0 g2 0
S = and T = .
0 Mg 1 0 An
k
Thus J* = [ SO ,19k ] Therefore
ASFD + BTFE ASFF AS*DP — BTFEP
RF = MJ*N = CcSFD CSFF csFDpP
| PAS*D - PBT'E PAS'F  PAS*DP + PBT'EP
ASFD ASFF AS"DP BTFE 0 -—-BTFEP
= CS*D CSFF cS*DP | + 0 0 0
| PAS*D PAS'F PAS*DP ~-PBT'E 0 PBT'EP

ASFD ASFF ASFDP
Clearly, | CS*D CSFF CS*DP | is both RWS matrix and CWS matrix, and so it is PS matrix.
PAS'D PAS*F PASFDP
BT*E 0 —-BT'EP
0

Also by an straightforward manipulation it can be seen that every element of 0 0
~-PBT*E 0 PBT'EP

is a polynomial of /\7’% 19y s /\fl, which by hypothesis tend towards 0 as k — oo. Thus R” tends towards

a PS matrix. This competes the proof. O

Each kind of the symmetric matrices introduced in this paper, may be seen in many types of mathe-
matical models, where a matrix representation is used to store the parameters of the model. The inputs of
such models are usually processed through compositions with matrices under a matrix equation. Therefore,
solving a matrix equation for a special kind of symmetric matrix becomes important as the applications
grow. See [11] and [I0] for example, where some methods are proposed respectively for analytical and nu-
merical solution of algebraic matrix equations for centrally symmetric matrices. Algebraic matrix equations
may be used as state equations to construct discrete-time state-space models leading to a very important
modeling framework in system theory which can be used for modeling linear dynamical systems or linear
approximations of nonlinear dynamical systems [3]. As another important example, the proposed symmetric
matrices may be used as the fuzzy relational matrix in the fuzzy relational modeling framework, where the
model is ruled by a fuzzy relational equation [1]. State-space models and fuzzy relational models, both can
be used to model discrete-time dynamical systems. Theorem may be used to study the convergence of
the output of a model in which the involving matrix is centrally symmetric as time goes by.

It is worth mentioning that the dynamic behavior of the system might be exactly or approximately
symmetric about an operating point which is very common in practical cases specially in a local view.
A well-known benchmark example in control theory is the behavior of an inverted pendulum around its
upward or downward position. Likewise, consider a dynamic system which has a symmetric behavior about
its unique equilibrium point. In such cases, the system may be modeled by a fuzzy relational model with
a centrally symmetric relational matrix in which the center of the membership functions are distributed
symmetrically about the origin and so the convergence of the output to the origin can be achieved.
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