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Abstract

This paper is concerned with the problem of pulse phenomena of nonlinear systems with state-dependent
impulses. Some sufficient conditions which guarantee the absence or presence of pulse phenomena are derived
using impulsive control theory. Those results are more general than that given in some earlier references.
Two examples are given to illustrate the feasibility and advantage of the results. (©2016 All rights reserved.
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1. Introduction

Impulsive systems describe a kind of evolution processes that are subject to abrupt changes in their
states, whose duration is negligible in comparison with the duration of entire evolution processes [2, [7, [10].
This type of system was recognized as an excellent model to simulate processes and phenomena in many
fields such as control theory, engineering, population dynamics and economics ect. For example, in biological
neural networks [8], when a stimuli from the body or the external environment is received by receptors, the
electrical impulses will be conveyed to the neural net and impulsive effects arise naturally in the net. In
a nanoscale electronic circuit consisting of single-electron tunneling junctions (SETJ) [16], the electron
tunneling effects can cause impulsive changes of charge in SETJ junction capacitors. Since the charge is the
state variable of a SETJ capacitor, the quantum mechanical effects can be modeled by impulsive differential
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equations. In some cases, moreover, an impulsive system is more efficient than a continuous system. For
example, a government can not change savings rates of its central bank everyday. A deep-space spacecraft
can not leave its engine on continuously if it has only limited fuel supply. In the last decade, a large number
of results on impulsive systems have appeared in the literature, see [0, [I1}, 12], 14, 15, I7] and reference
therein.

As is known [7), 10], the solutions of impulsive differential systems may experience pulse phenomena,
namely the solutions may hit certain surfaces finite or infinite number of times causing rhythmical beating.
This situation presents difficulties in the investigation of properties of solutions of such systems. Conse-
quently, it is desirable to find conditions that guarantee the absence or presence of pulse phenomena. In fact,
pulse phenomena can be regarded as one of the main differences between impulsive differential equations
at fixed times and at variable times. Refs. [4, [13] dealt with impulsive differential equations with no pulse
phenomena and Refs. [I, Bl 6, 9] dealt with pulse phenomena. In particular, Ref. [9] proposed some condi-
tions that guarantee the absence or presence of pulse phenomena. Ref. [3] considered pulse accumulation
in impulsive differential equations with variable times and established some necessary and sufficient condi-
tions to assure pulse accumulation. Ref. [I] presented some sufficient conditions for the absence of beating
phenomenon of impulsive differential equations. Ref. [6] proposed some new results on pulse phenomena
for impulsive differential systems with variable moments. In previous studies, however, such as those in
[1L 3, 16, 9], the authors assume the surfaces functions in impulsive perturbations are independent of time ¢,
so the results can only be applied to some special cases.

Our goal in this paper is to improve the results in [I], 3], [6] 9] and establish some sufficient conditions
ensuring the absence or presence of pulse phenomena of nonlinear systems with state-dependent impulses.
We consider the case when surfaces functions in impulsive perturbations are time-dependent. The rest of the
paper is organized as follows. In Section [2, we introduce some basic definitions and notations. In Section
we present the main results. Two examples are given in Section [] to illustrate the feasibility and advantage
of the results, and conclusions follow in Section

2. Preliminaries

Notations. Let R denote the set of real numbers, R, the set of nonnegative real numbers, R"” the n-
dimensional real space and Z, the set of positive integer numbers. For any set A, B C RF(1 < k <
n),ClA,B) ={p: A— B} is continuous and C*[A,B] = {¢: A — B} is continuously differentiable. Let
Q be an open set in R™ and define D = R4 x Q.

Consider the impulsive differential systems
z(t) = f(t,z), t#7p(t,x), t > to,
2(t§) =z, to >0, (2.1)
Az = Ii(x), t=7(t, ),
where f € C[D,R"], Iy € C[Q,R"], 7, € C}D,R,], and Sy, : t = 71(¢,x) denotes the impulsive surface for
every k € Z,..
Under the following assumptions:

Ay) T < Tpyq for every k € Z,, and limy_, o, 71 (¢, z) = oo for any given (¢, x) € D;
+ +

(Ag) for (t,z) € D and every k € Z,
87743(75, l‘) 8Tk(t, .1‘)
o ow
where p € (0,1) is a given constant;

(Ag) there exist function sequences ag(t) and S (t) € C[Ry,Ry] such that
0< Ctk(t) < Tk+1(t, ac) — Tk(t,x) < ﬂk(t), k>1,t>1.
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Definition 2.1 ([10]). A function z : [to,to +a) — R",top > 0,a > 0 is said to be a solution of if
(i) z(ty) = zo and (t,z(t)) € D for t € [to, o + a);
(ii) =(t) is continuously differentiable and satisfies &(t) = f(t,z) for t € [to, to + a) and t # 7(t, z);
(iit) if ¢ € [to,to + a) and t = 73,(t, x), then z(tt) = z(t) + I)(x(t)) and at such t s we always assume that
x(t) is right continuous and s # 7;(s, z(s)) for any j € Z4, t < s < § for any small § > 0.
3. Main results

In this section, we shall establish some sufficient conditions which will control the absence/presence of
pulse phenomena of system ([2.1)).

Theorem 3.1. Assume that assumptions (A1) — (As) hold. Suppose further that x + I(z) € Q for x € Q
and for any givent € Ry, j € Z,

(A1) GE(t, @+ sIp(x)) - (@) < =Br(t), k>j—1, 0<s<I;

(As) ZEL(t, 2 + sIy(2)) - Tx(2) > —apa(t), k>j—1, 0<s<1.

Then each solution x(t) = x(t,to,z0) of (2.1) with Tj_1(to,x0) < to < Tj(to,x0) meets every surface
Sjton exactly once and does not meet Sjiont1, n=0,1,2,---.

Proof. Let x(t) = x(t,t9,x0) be any solution of (2.1) with 7;_1(to,z0) < to < 7j(to,x0). Let I'(t) = t —
Tj(t,x(t)). Note that F(to) =19 — Tj(ig,xo) < 0, then F(t) — F(to) = F/(f)(t — to) > (1 — ,u)(t — t(]) —
400,t — 400. Then it is clear that there is a unique t; > ¢y such that

t1 = Tj(?fl,x(tl)) and t < Tj(ﬁ,X(t)) vVt € (to,tl).

Let T(t) =t — 1j_1(t, z(t, to,xg)), in view of (Ay), it is obvious that T'(t) is nondecreasing in (to,t;) and
considering T'(to) = to — 7j—1(to, z0) > 0, we get

t> 7t 2t to,zf)),  tE [to, 1]

Therefore, z(t) meets the surface S; first at ¢t = ¢; before hitting any other surface. Setting x; = x(t1), =
x1 + Ij(x1), it follows from (A4) that

tr = 7t 1) > 7i(t, a7 + Bi(t) = T (b, ).
On the other hand, (As) implies that

t1=T7(t1, 1) < Tty 1) < gt ) + g (t) < mga(t,af),

which leads to
Tj+1(t1,$1’_) <t < Tj+2(t1,xf).
Proceeding as before, there exists a unique to > t; such that
ty = Tj+2(t2,x(t2,t1,xi")) and t < Tj_,_g(t,x(t,tl,xf)) Yt € (t1,t2).
Let T1(t) =t — 7j41(t, 2(t, t1, 27])), then it follows from condition (Az) that function
THt) =t — 11t 2(t, t1,27))

is nondecreasing in (t1,t2). Thus, in view of T (t1) > 0, we get
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t> it xt,t,x])), t€ [t tal.

Thus, x(t) meets Sj;o first at ¢ = to after ¢; before hitting any other surface. Setting again zo = z(t2),

x3 = 29 + Ij+2(72) and considering conditions (A4) and (As), we obtain

Tg+3(t2,932) <ty < 7—]+4(t2>$;)

Then arguing as before, we obtain that there exists a t3 = 7j14(t3, z(t3)) such that x(t) meets Sj 4 first at
t = t3 after £5. Repeating this process, one can prove the stated claim and therefore the proof is complete. [

Remark 3.2. In [1, 3, 6, @], the pulse phenomena of system with impulsive surface Sy : ¢t = 7 (z) has
been studied and some sufficient conditions that guarantee the absence or presence of pulse phenomena were
derived. But one may note that those results only apply when function 73, in the surface Sy, is independent of
time ¢. In other words, those results cannot be applied to some general cases such as 7(t,z) = k+sint + z,
or Tx(t,z) = k4 Int + x2. In this paper, we cover the shortage and propose some sufficient conditions for
the case of impulsive surface Sy : t = 71 (¢, ). Hence, our development results improve and generalize the
existing results in [11 [3] [6] 9].

Remark 3.3. One can find that the assumption of boundedness of 7 is necessary to derive the results for
absence/presence impulsive phenomena in [I B, 6, ©]. In this paper, we drop the assumption completely.
In other words, our results can be applied to cases such as 73 (¢, x) = cost + x + k. This is the advantage of
the results in this paper compared with those in [II, 3], 6, 9].

Theorem 3.4. Assume that assumptions (A1) — (As) hold. Suppose further that x + Ix(x) € Q for x € Q
and for any givent € Ry, j € Zy, N € Z,

(Ag) 2 (1,2 + sT(e)) - Tu() < — 3 Bugalt), K>j—1, 0<s<1,
1=0

(A7) TNt (t o 4 sT()) - Tn() > —apna(t), k>j—1, 0<s<L

Then each solution xz(t) = z(t,to,x0) of with Tj—1(to, z0) < to < Tj(to,x0) meets every surface
Sjyin in turn, © =0,1,2,---
Proof. Let x(t) = x(t, to, zo) be any solution of with 75_1(to, z0) < to < 7j(to, o). Arguing as Theorem
considering function I' and the continuity of 7;(¢,z) on D, we obtain that x(t) meets S; first at ¢t =
t1(t1 > to) before hitting any other surface. Setting x1 = x(t1), 2] = z1 + I;(21), it then follows from (Ag)
that

7i(t, ) — 7(t, 21) Z Bjti(t1),

ie.,
N—2
7t 1) > (L al) + D Bira(h).
i=0
Moreover,

TjeN-1(tr,2]) = 7t 27) = Tien-a (b, 27) — T2t o)) + Tev—2(ty, 27) — Ten-s(t, @)
4 +Tj+1(t1,3f) - j(th% )
< /Bj—i-N—Q(tl) + Bj—l—N—?)(tl) +eee ﬁj(tl)

N-2
= Z Bj-l—i(tl))
1=0
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ie.,

N-2

it al) + ) Bivit) = v (t, =),
=0

which implies that
t1 = 7j(t1, 1) > TjpN-1(t1, 77).
On the other hand, condition (A7) implies that
Tipn—1(t,2]) — Tpn-1(t,21) > —ayn-1(t),
ie.,

Tian(t,a) = mevoi(tal) + agenv—1(t) = Tian—1(t @) > 75(t, ) =t

which leads to
Tian—1(t1,2]) < t1 < e (t, 7).
Proceeding as before, there exists a unique to > t; such that
ty = Tj+N(t2,x(t2,t1,$f)) and t < Tj+N(t,x(t,t1,xi")) Yt € (1, t2).

Define T%(t) = t — 7j4n—1(t, z(t, t1,27)). Then condition (As) implies that function 72 is nondecreasing in
(t1,t2), and it then follows from T2(¢;) > 0 that

t> 7Nt a(t t,x))), e [t b

Hence, x(t) meets S;n first at t = to after ¢; before hitting any other surface. Setting again zo = z(t2),

x5 = x93 + I N(22) and considering conditions (Ag) and (A7), we obtain

Tj_:,_QN_l(tQ,l';r) <ty < Tj+2N(t2,$2+).

Then arguing as before, there exists a t3 = 7j 125 (t3, 2(t3)) such that x(t) meets Sj oy first at ¢t = t3 after
ts. Repeating this process, we obtain Theorem and the proof is complete. O

Next we present some sufficient conditions that guarantee the presence of pulse phenomena of system

&1).

Theorem 3.5. Assume that assumptions (A1) — (As) hold. Suppose further that x + Ix(x) € Q for x € Q

and for any givent € Ry, j € Z,

(Asg) %(t,x +sli(x)) - Ij(z) < aj_1(t), 0<s<1;

(Ag) L (t,x + sIi(2)) - Ii(x) > Bi(t), 0<s<1.

Then each solution x(t) = x(t,to,x0) of (2.1) with Tj_1(to,x0) < to < Tj(to,z0) meets the surface S;
several times.

Proof. Let z(t) = x(t,t9, x0) be any solution of (2.1)) with 7;_1(to,z0) < to < 7;(to, z0). Arguing as before,
it is easy to derive that x(t) meets S; first at ¢ = t1(t1 > to) before hitting any other surface. Setting
r1 = 2(t1), v = 21 + I;(z1), in view of (Ag), we get

t1 =7t 1) > 7yt af) — aja(t) > 751 (ks af).
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On the other hand, (Ag) implies that
tr = 7j(t, 1) < gty 21) < Tt af) — B(0) < 7t 2)),
which yields that
Tj_l(tl,xf) <t < Tj(tl,xi").

Then there exists a unique to > t; such that to = 7j(t2, z(t2,t1, 7)), which shows that x(t) meets S;
secondly at t = to after t; before hitting any other surface. Repeating this process, Theorem can be
derived and the proof is complete. O

Theorem 3.6. Assume that assumptions (A1) — (As) hold. Suppose further that x + Ix(x) € Q for x € Q
and for any given t € Ry and j,m,n € Z,

(i) fork=2n—1,

(a1) ag“;(t,x—i— slg(z)) - Ix(z) < —Pr—1(t), k>j—1, 0<s<1;
(a2) FE(t, o+ sly(x)) - Iy(x) > —ag(t), k>j—1, 0<s<1,

(ii) for k = 2n,

1
(b1) GE(t, 2+ sIy(x)) - In(@) < = 3 Brra(t), k>j—1, 0<s<1;
i=0

(ba) B2 (t,x + sly(x)) - [n(z) > —apga(t), k>j—1, 0<s<1.

Then each solution x(t) = x(t,to, o) of (2.1) with 7;_1(to, x0) < to < 7;(to, o) meets every surface S 4q-1),
Sjtar—3 in turn when j =2m —1,1=1,2,3,---, and meets every surface Sj 43-1), Sj+ai—1 in turn, when
j=2m,1=1,2,3,--.

Proof. Let z(t) = z(t, to, x0) be any solution of with 7j_1(to, z0) < to < 7j(to,z0). Arguing as before,
it can be deduced that x(t) meets S; first at t = ¢1(t1 > to) before hitting any other surface. Setting
r1 = x(t1),z{ = x1 + [;j(z1). Now there are two cases: j = 2m — 1 and j = 2m. First we consider
j=2m—1. It follows from (a;) that

Ti—1(t1,2]) — 71 (t, 1) < —B-1(t),
ie.,
t1=71i(t1,x1) > i (t, x1) > o1 (t, 2) + Bja(th) > 7(t, ay).
On the other hand, (ag) implies that
7i(t,2)) = 7ty 21) = —ay(t),
ie.,
ty =7ty z1) < 7t ) + o (t1) < 7t 27),
which yields that
Tj(tl,wf) <t < Tj“(tl,xf).
Proceeding as before, there exists a unique to > t; such that

to = Tj+1(t2,m(t2,t1,xf)) and t < 7'j+1(t,X(t,t1,XT)) VYt € (tl,tg).
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Then it is easy to derive that
t>7—j(t’x(t7tlaxii_))a te [tl,tg].

Hence, x(t) meets Sj;1 first at ¢ = ty after ¢; before hitting any other surface. Setting again xo = z(t2),

x5 = x93+ Ij11(22) and considering j + 1 = 2m, we obtain by (bl)

Tiv1(t2, x3) — Tjt1(t2, x2) Zﬂgﬂﬂ t2),
ie.,
1
to = Tjs1(t2, x2) > Tja(te, 23) + Z Bj+1+i(ta).
=0
Moreover,
Tips(ta, o3 ) — i1 (o, 23) = Tjas(te, 23 ) — Tjsa(te, ¥3) + Tjp2(t2, 23 ) — Tjp1(t2, 23)
< Bjya(ta) + Bj+i(t2)
1
= Bjr1tilta),
=0

ie.,

1

Tipate, 23) + Y Biriyilta) > 7yya(ta, 23),
=0

which implies that

ty = Tjy1(ta, x2) > Tjy3(ta, 23 ).
On the other hand, condition (b2) implies that

Tj43(ta, 23 ) — Tits(te, x2) > —ajis(ts),
ie.,
to = Tjr1(ta, 22) < Tj3(t2, v2) < Tjpa(te, 23) + ajpa(te) < Tjpa(te, 23),

which implies that

Tirs(ta, 13) < ta < Tjra(te, x3).

Then arguing as before, there exists a t3 = 7j14(t3, z(t3)) such that z(t) meets Sji4 first at ¢ = t3 after to
before hitting any other surface. In this way, it can be deduced that x(t) = z(t, to, z9) meets every surface
Sjta(-1), Sj+ai—3 in turn for j = 2m — 1. In addition, when j = 2m, we can apply the same argument
as j = 2m — 1. The proof is repetitive and thus omitted here. The proof of Theorem [3.0] is therefore

complete. 0

4. Examples

Example 4.1. Consider the impulsive system

{ () = sat(z) + cost, t#T(t,x), t>0

Az = —(2k +2), t = 7(t,2), (4.1)

where sat(z) = 3[|lz+1|— |z —1|], 7(t,2) = x+k*—sint. Next we show that each solution z(t) = z(t,to, zo)
of . with 7 ( xo) < to < T1(to,xo) meets every surface Sa,11 exactly once and does not meet So, 49,
n=0,1,2,-
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In fact, let g = 1/2, then it is clear that

8Tk(t7 .’L’) + aTk(ta .'L‘)
ot ox

Choose ap = B = 2k + 1, then it follows that

1 1
- f(t,x) = —cost + cost + isat(m) = §sat(x) <p<l.

aaz:(t,:c + sIy(x)) - Ii(z) = —(2k + 2) < —(2k + 1) = — By,
823;1 (t,x + sIy(z)) - Tp(x) = —(2k +2) > —(2k + 3) = —p1.

Thus it is easy to check that conditions (A;) — (As) are satisfied and thus by Theorem we know that
each solution z(t) = x(t, to, xo) of (4.1]) with mo(to, o) < to < 71(to, zo) meets every surface Sa,11 exactly
once and does not meet Sopi2, n=0,1,2,---.

Example 4.2. Consider the impulsive system

{ z(t) = %sat(:l:) —sint, t# 7(t,x), t>0

4.2
Az = —2k-1.7 t = T1(t, ), (4.2)

where 7(t,2) = x + 2 — cost. Note that 7, < 74 and limj_,oo 7, = oo for given (t,z) € D. Since
Tpy1 — Tk = 281 — 28 = 2% one may choose oy, = B = 2¥ such that condition (As3) holds. Let u = 2/3,
then it holds that

2
aTk(t,ZL‘) n 8Tk(t,l‘) . f(t,fl?) =sint + gsat(l‘) —sint < n < 1.

ot Ox
Moreover,
Oy, k7 k k k+1 -
oy (bwt slk(@)  I(w) = =2% - o < 283 = (2" 4+ M) = = Bris
i=0
OTk42 k7 k k+2
o (t,x + slk(x)) - Ip(x) = —2" - 5 > =274 = =2"7% = —qpyo.

Hence, all conditions in Theorem 3.4/ hold and thus each solution x(t) = x(t, to, zo) of (4.2)) with 7;_1(to, z0) <
to < 7j(to, xo) meets every surface Sji;n in turn, i =0,1,2,---.

5. Conclusion

This paper dealt with the pulse phenomena of nonlinear systems with state-dependent impulses, where
the surfaces functions in impulsive perturbations are time-dependent. Based on impulsive control theory,
some sufficient conditions which guarantee the absence or presence of pulse phenomena have been presented,
which are more general than those mentioned in the literature. The results are helpful to control the absence
or present pulse phenomena of nonlinear systems with state-dependent impulses and can be applied to
design the stability of networks modeling when the surfaces functions in impulsive perturbations are time-
dependent. In addition, we point out that so far there is little work on pulse phenomena of delay impulsive
systems. More methods and tools should be explored and developed in the future.
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