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Abstract

In this paper, we establish certain new fixed point theorems for contractive inequalities using an auxiliary
function which dominates the ordinary metric function. As application, we derive some recent known results
as corollaries. Certain interesting consequences of our results are also presented. An example is given to
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1. Introduction and Preliminaries

In the last two decades, the theory of fixed point and related topics emerged as a rapidly growing area
of research because of its applications in nonlinear analysis, optimization, economics, game theory, etc.
The Banach contraction principle is an important result in fixed point theory due to its vast applications.
Consequently, a number of extensions of this result appeared in the literature (see [11 2}, 14} 5] [7H9, 12} 14, [15]
and references therein).

Recently, Wardowski [16] introduced a new concept of a contraction map. Given k > 0, denote by Ay
the set of all functions F': RS)F — R satisfying the following conditions:

(W1) F is strictly increasing;

(W2) for any sequence (a,) in R, lim,_yoo iy = 0 if and only if lim, o F'(an) = —o0;
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(W3) lim,_,o+ o*F(a) = 0.

We denote A = U{Ay;k € (0,1)}. Any F in the class A will be called a Wardowski function. Now,
taking the metric space (X,d) and F' € A and 7 > 0, let us say that the self-mapping 7' : X — X is a
F-contraction, provided

z,y € X,d(Tz,Ty) >0 = 71+ F(d(Tz,Ty)) < F(d(z,y)). (Wa)

On the other hand, Samet et al. [13] introduced the concepts of a-)-contractive and a-admissible map-
pings and established fixed point theorems for such mappings defined on complete metric spaces. Afterwards,
Salimi et al.[11] and Hussain et al. [9] modified the notions of a-y-contractive and a-admissible mappings
and established certain fixed point theorems.

Let ¥ be the family of non-decreasing functions ¢ : [0, +-00) — [0, +00) such that "+ 4" (t) < +oo for
each t > 0, where ¢" is the n-th iterate of .

We present now the necessary definitions and results which will be useful in the sequel.

Definition 1.1 ([I3]). Let T be a self-mapping on X and let a : X x X — [0, +00) be a function. We say
that T is an a-admissible mapping if

r,ye X, alr,y)>1 = oTz,Ty) >1.

Definition 1.2 ([I0]). Let 7" be an a-admissible mapping. We say that 7 is a triangular a-admissible
mapping if, a(x,y) > 1 and a(y,z) > 1 implies that a(z,z) > 1.

Lemma 1.3 ([10]). Let T be a triangular a-admissible mapping. Assume that there exists xo € X such that
alzg, Txg) > 1. Define sequence {x,} by x,, = T"xo. Then
a(Tm, Tn) > 1 for all m,n € N with m < n.

Definition 1.4 ([I1]). Let T" be a self-mapping on X and «a,n : X x X — [0,+00) be two functions. We
say that T is an a-admissible mapping with respect to n if

r,ye X, alz,y) >n(z,y) = o(Tz,Ty) >n(Tz,Ty).
Note that if we take n(z,y) = 1 then this definition reduces to Definition
In this paper, we prove certain new results for contractive inequalities involving dominating auxiliary
function instead of ordinary metric function. Further, we derive some recent results as corollaries.
2. Main Results
Now we state and prove our first main result.

Theorem 2.1. Let v : X x X — [0,00) be a mapping and (X,d) be a complete metric space. Let T be a
self-mapping on X and the following assertions hold:

(i) T is a-admissible mapping with respect to d;
(ii) either T is continuous or,

(iii) if {xn} is a sequence in X such that a(xp, xni1) > d(Tp, Tnte1) for alln € NU{0} and z, — = as
n — +00, then lim, o a(xy, ) = 0 and lim,,_, a(zy, Tz) > d(x,Tx),

(iv) there exists xog € X such that a(xo, Txo) > d(zg, Txo),
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(v) there exists 1 € VU such that for all x,y € X,
a(Tz,Ty) < ¢(a(,y))- (2.1)

Then T has a fixed point.

Proof. Let xg € X such that a(xg, T'zg) > d(xg, Tzp). Define a sequence {z,} in X by z,, = T"xg = Trp—1
for all n € N. Since T is an a-admissible mapping with respect to d and «(zg,Tz¢) > d(xg, Txo), we
deduce that a(zi,22) = a(Txo, T?x0) > d(Twg, T?x0) = d(x1,22). By continuing this process, we get
Ty, Tpt1) > d(Tp, Tpy1) for all n € NU{0}. If 2,41 = 2, for some n € N, then x = z,, is a fixed point for
T and the result is proved. Suppose that z,1 # x, for all n € N, then

a(xy, Tny1) > d(xy, 2n41) > 0 for all n € NU {0}. (2.2)
By taking x = 2,1, y = z,, in (v) we get,
OC(Txn—la Txn) < w(a(xn—la xn))a

and hence by induction, we have

(T, Tni1) < P"(alzo, 71)).

Now using (2.2]) we have,

d($n7$n+1) < a(xn7mn+1) < w”(a(xo,xl)).

Fix € > 0, there exists N € N such that

Z " (o, 1)) < € for all n € N.
n>N

Let m,n € N with m > n > N. Then by triangular inequality we get

n
d(zy, zm) E dwk7$k+1 E P (a(zo, 1)) < €.

n>N

Consequently limy, , s 4o0 d(Zp, ) = 0. Hence {z,} is a Cauchy sequence. Since X is complete, then there
is z € X such that z,, — z as n — oco. At first we assume that T is continuous then we have

Tz= lim Tx, = hm Tpyl = 2.
n—o0

So z is a fixed point of T'. Now assume, (iii) holds. That is, lim,, o0 a(2p, 2) = 0 and lim, 00 (241, T2) =
d(z,Tz). From (v) with z = x,, and y = z we have,

a(rp+1,T2) = a(Tx,, Tz) < Y(a(xn, 2)).
Therefore by taking limit as n — oo in the above inequality we have,

d(z,Tz) < lim a(xpy1,T2) = lim a(Tz,, Tz) < P(lim a(z,,z)) =1(0) = 0.

n—oo n—oo n—oo
That is, z = T'z. O

Remark 2.2. Notice that if in (v) of Theorem [2.1| we put ¢(t) = kt for all ¢ > 0 and some k € [0,1), then
we obtain generalized version of Banach contraction principle.
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Example 2.3. Let X = [0,00) and d(z,y) = |z —y| be a metric on X. Define 7T : X — X and a: X x X —
[0,00) by

if x € [0,1] d(z,y), ifz,ye]l0,1] 1
Tx = ya(z,y) = and ¥ (t) = =t,
2" 4 1, ifxe(1,00) 0, otherwise 2
clearly, (0,7°0) > d(0,70). Let, a(z,y) > d(z,y). Then, z,y € [0,1] and so, a(Tz, Ty) > d(Tx,Ty). That
is, T is a-admissible mapping with respect to d. Let {z,} be a sequence such that, a(zy, zp4+1) > d(@n, Tpi1)
and x, — x as n — oo. Then {x,} C [0,1] and so, z € [0,1], which implies, T € [0,1]. Hence,
limy, 00 @(zp, z) = 0 and lim,, 00 (zp41, Tx) > d(x, Tx). Also,

|
8

| d(Tz,Ty) if Tz, Ty € [0,1]
(T, Ty) _{ 0 otherwise

[ d(Tz,Ty) ifz,yel0,1]
10 otherwise

sd(z,y) ifz,y€0,1]
< 2 ’ y s _
N { 0 otherwise Y(a(r,y))

for all ,y € X. Therefore all conditions of Theorem [2.1] are satisfied and thus T" has a fixed point.

Theorem 2.4. Assume that all the hypothesis of Theorem except the assertion (v) hold. If there exists
F e A and T > 0 such that for all x,y € X,

a(Tz,Ty) > 0= 7+ F(a(Tz,Ty)) < F(a(z,y))
holds. Then T has a fized point.

Proof. Let xg € X such that a(xg, T'zg) > d(xg, Txzp). Define a sequence {z,} in X by =, = T"xg = Tzp_1
for all n € N. As in proof of Theorem [2.1] we have,

Ty, Tnt1) > d(p, Tpe1) > 0 for all n € NU {0}. (2.3)
By taking x = x,_1, y = x,, in the inequality of the hypothesis we obtain,
T+ F(a(xn, tnt1)) =7+ F(a(Trp—1,Txy)) < F(a(zp—1,2n)) (2.4)

and so we deduce that,
F(a(xn,xnﬂ)) < F(a(mn,l,xn)) —T.

Therefore,
F(a(zn,2n41)) < F(a(p—1,2n)) — 7 < F(a(zp—2,2p-1)) — 27 < ... < F(a(z0,31)) — 0. (2.5)
By taking limit as n — oo in ([2.5) we have, lim,,_ F(a(azn, .'En+]_)) = —o00, and since, F' € A we obtain,
nhﬁn;() oz, Tpt1) = 0. (2.6)

Now from (W3), there exists 0 < k < 1 such that,

lim [a(xn,xnﬂ)]kF(a(:Un,an)) =0. (2.7)

n—oo

By (2.5)) we have,
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lim [a(:cn,a:n+1)]k[F(a(mn,xn+1)) — F(a(zo,21))] < —n7[e(@n, Tny1)]* < 0. (2.8)

n—o0

By taking limit as n — oo in (2.8) and applying (2.6) and (2.7]) we have,
lim n[a(xn,xn+1)]k =0.
n—oo

Now from ([2.3) we obtain,

. k : kE _
0< nl;rglo nld(zpn, Tpt1)]” < nhﬁ\ngo nla(xy, n41)]” = 0.

That is,
lim n[d(z,, 2n41)]" = 0. (2.9)

n—o0

It follows from ([2.9) that there exists, n; € N such that,

n[d(zvnaanrl)]k <1

and thus 1
d(xnaxn—l-l) S ﬁ
for all n > n1. Now for m > n > n; we have,
m—1 m—1 1
d(Tp, Tm) < d(xi, x; < —.
(@n m)_;(z Hl)_;’tk

Since, 0 < k < 1, then ) ;2 zik converges. Therefore, d(xy,, ;) — 0 as m,n — oo. That is, {z,,} is a Cauchy
sequence. By the completeness of X there exists * € X such that, z, — «* as n — co. Now assume that
T is continuous. Then as in proof of Theorem we can deduce that T" has a fixed point. Now assume (iii)
holds. Again as in proof of Theorem n we have, lim,, o0 a2y, 2) = 0 and lim, o0 a(xp41,T2) = d(2,T2).
Now from (v) we have,

F(a(zps1,T2)) = F(a(Tx,,Tz)) < 7+ F(a(Txy, Tz2)) < F(a(zy, 2)),

which implies,
a(Tpt1,T2) < axy, 2).

Taking limit as n — oo in the above inequality we get,

d(z,Tz) < lim a(xpy1,T2) < lim a(z,,z) =0

n—0o0 n—oo

and so, z = Tz as required. O

Consistent with Jleli and Samet [6], we denote by Ay the set of all functions 0 : (0, 00) — [1, 00) satisfying
following conditions:

(61) 0 is increasing;

(02) for all sequence {a,,} C (0,00), limy, o0 vy, = 0 if and only if lim,, o 0(a,) = 1;

0-1 _,

(63) there exist 0 <7 < 1 and £ € (0, 00] such that lim,_,o+ =—

Theorem 2.5. Assume that all the hypothesis of Theorem except the assertion (v) hold. If there exists
0 € Ay and 0 < k <1 such that for all x,y € X,

a(Tz,Ty) > 0= (T, Ty)) < [0(a(z,y))]*
holds. Then T has a fized point.
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Proof. Let xg € X such that a(zo, Tzo) > d(xo, Txo). Define a sequence {z,,} in X by x,, = T"xo = Txp_1
for all n € N. As in proof of Theorem [2.1] we have,

Ty, Tpt1) > d(p, Tpe1) > 0 for all n € NU {0}. (2.10)
By taking = z,,—1, y = x,, in (v) we obtain,
k
Q(Q(xn,xn+1)) < H(a(xn_l,xn)) .
Therefore,

1< 0(a(tn, 20:1)) < 0(al@n1,20))" < (@02, 20-1))" < ... < Oa(wo, 21)F" (2.11)

By taking limit as n — oo in (2.11) we have, lim, 9(&($n, xn+1)) =1, and since, 6 € Ay we obtain,

lim a(zp, zpe1) =0. (2.12)

n—o0

Now from (63), there exists 0 < < 1 and 0 < ¢ < oo such that,

. H(O‘(xnvxn-i-l)) -1
lim
n—oo  [a(Tn, Tn1)]"

=/ (2.13)

Assume that ¢ < co. Let B = %. From the definition of the limit there exists ng € N such that,

G(Oz(acn, xn+1)) -1
[T, Tpt1)]"

—{| < B for all n > ny,

which implies,
H(a(mn,aznﬂ)) -1

[, Tny1)]"

>/¢—B=Bforalln>ng
and so,
njo(Tn, Tny1)]” < nA[O(a(xn,an)) — 1] for all n > ny,
where A = %. Now assume that ¢{ = co. Let C' > 0 be a given number. From the definition of limit there

exists ng € N such that,

9(0[(1,'”, $n+1)) -1
[, Tnt1)]"

> (C for all n > ng,

which implies
n[a(zn, tn41)]” < nAf((zn, Tri1)) — 1] for all n > ng,

where A = % Hence in all cases there exist A > 0 and ng € N such that,
n[o(zn, Tpi1)])” < nAlf(a(zn, Tpi1)) — 1] for all n > ng.

From (2.11]) we have,

n[o(an, 2ni1)]” < nA[0(a(zo, 21))*" — 1] for all n > n.

Taking limit as n — co in the above inequality, we have

nh_{I;O n[a(ﬂzn, Jf'n—&-l)]r =0,

and then using (2.10)) we obtain,
lim nld(xy,, zn+1)]" = 0. (2.14)

n—o0



N. Hussain, A. Latif, P. Salimi, J. Nonlinear Sci. Appl. 9 (2016), 4114-4126 4120

Now following the proof of Theorem we can get a Cauchy sequence {z,} in the complete space X.
Then there exists * € X such that, x,, - z* as n — oco. Now assume (iii) holds. Again as in proof of
Theorem we have, lim,, o a(xy, 2) = 0 and lim, o0 @(2p11,T2) > d(2z,Tz). Thus, we have

O(a(xpt1,T2)) = 0(a(Txy, T2)) < [H(a(a:n,z))]k

and so,

In (0(a(znt1,T2))) < kln[f(a(zy,, 2))] < Infb(a(zn, 2))].

and from property of § we have,
a(Tpt1,T2) < azy, 2)

Taking limit as n — oo in the above inequality we get,

d(z,Tz) < lim a(zpy1,T2) < lim a(z,,z) =0

n—0o0 n—oo

and so, z = Tz as required. O

Definition 2.6. Let T be an a-admissible mapping with respect to . We say 7' is triangular a—admissible
mapping with respect to 7, if a(z,y) > n(z,y) and a(y, z) > n(y, z), implies, a(z, z) > n(z, 2).

Lemma 2.7. Let T be a triangular a-admissible mapping with respect to n. Assume that there exists xg € X
such that a(zo, fzo) > n(xo, fxo). Define sequence {xn} by x,, = T"xy. Then
ATy Tn) > N(Tm, Tn) for all m,n € N with m < n.

Proof. Proof is similar to that of Lemma so is omitted. O
Theorem 2.8. Let av: X x X — [0,00) be a mapping and (X,d) be a complete metric space. Let T be a
self mapping on X and the following assertions hold:

(i) T is triangular a-admissible mapping with respect to d(zx,vy),

(ii) either T is continuous or,

(111) if {xn} is a sequence in X such that a(zy,xp+1) > d(zp, Tng1) for alln € NU{0} and x, — x as
n — 400, then limy, oo a(xy, Tz) > d(z, Tx),

(iv) there exists xo € X such that a(xo, Txo) > d(zo, T'zo),

(v) assume that there exists a function  : [0,00) — [0,1] such that for any bounded sequence {t,} of
positive reals, B(t,) — 1 implies t, — 0 and for all z,y € X

o(Tz, Ty) < Bla(z, y))d(z,y). (2.15)

Then T has a fixed point.

Proof. Let xg € X such that a(xg, T'z¢) > d(xg, Tzp). Define a sequence {z,} in X by z, = T"xg = Tzp_1
for all n € N. Then from Lemma [2.7] we have,

(T, Tn) > d(Tm,x,) for all m,n € N with m < n. (2.16)
By the inequality (v) we have

Oé(l’n, xn—s—l) = Oé(T.CIfn_l, T:Un) < B(a(xn—ly $n))d($n_1, xn)
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From (2.16) we have,
d(xnaxn-i-l) < B(a(ajn—hﬁn))d(ﬂ:n—lal‘n)y (217)

which implies d(xy,, Tpt+1) < d(xp—1,zy). It follows that the sequence {d(zy,xn+1)} is decreasing. Thus,
there exists s € Ry such that lim d(z,,x,4+1) = s. We shall prove that s = 0. From l’ we have
n—oo

d(.%'n, xn-{—l)

d(xn—l,.%'n) < ﬁ(a(l‘n*hxn» <1,

which implies lim,, o0 f(@(zn—1,2,)) = 1. Regarding the property of the function 3, we conclude that

lim a(x,, zpy1) =0

n—oo

and so from (2.16]) we have,

That is,
lim d(xy, zp4+1) = 0. (2.18)
n—oo

Next, we shall prove that {z,} is a Cauchy sequence. Suppose to the contrary that {x,} is not a Cauchy
sequence. Then there is ¢ > 0 and sequences {m(k)} and {n(k)} such that for all positive integers k, we
have

n(k) >m(k) >k,  d(@pm), Tme)) > € and  d(Tp k), Tpy(r)—1) < €-

By the triangle inequality, we derive that
e < d(@pk), Tm(k)) SATn(ky, Tmk)—1) + ATmk)—1, Tm(k))
<e+ d(xm(k)—b $m(k))

k € N. Taking the limit as k — +oco in the above inequality and regarding the limit (2.18]), we get

lim d(mn(k),fbm(k)) =¢. (2.19)

k——+o0

Again, by the triangle inequality, we find that

d(xn(k)v$m(k)) < d(xm(k)7$m(k)+l) + d(xm(k)+1¢ xn(k)—&-l) + d(xn(k:)—&—la :En(k))

and
ATnk)+1> Tk +1) < ATy Ty 1) T ATim(k)s Tngk)y) + ATn) 41, Tnk))-
Taking the limit of the inequality above as k — +00, together with (2.18)) and (2.19)), we deduce that

lim d(xn(k)+17xm(k)+1) =¢&. (220)

k—+o00

From (v) we get,
AT (k)+15 Tm(k)+1) < BT (k) Tin(r)))A(Tr(k), Trm(k))

and so by (2.16)) we deduce,
AT (k) 41> Ty 1) < B(@(Zn k), Tm))) AT k), Tk )-

Hence,
d(xn(k:)—i—l’ xm(k)-{—l)
ATy () T (k)

< Bla( @iy, Tmry)) < 1.
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Letting kK — oo in the inequality above, we get

lim B(a (T k), Tmk))) = 1.

n—oo
That is, limg 00 (T k), Tm(k)) = 0. Again by (2.16) we obtain,

Jim d(@nw), Tmee) < B0 (@), Tinr) = 0

That is, limge0 d(Tp (k) Tmk)) = 0. Hence {z,} is a Cauchy sequence. Since X is complete, so there is
z € X such that x,, — z. If T is continuous then we have

Tz= lim Tx, = lim z,11 = 2.
n—o0 n—oo

So z is a fixed point of T'. Next, we suppose that 7" is not continuous and (7i7) holds. As in proof of Theorem
we have, lim, oo @(xp+1,T2) > d(z,Tz). Now from (v) we have,

a(rpi1,T2) < Bla(xn, 2))d(zy, 2).

By taking limit as n — oo in the above inequality we get,

d(z,Tz) < nh_}nolo a(rpt1,T2z) < lim (B(a(zy, 2))d(xn, 2)) = 0.

n—oo

Then d(z,T%) = 0. That is, z = T'z. O

Remark 2.9. If in Theorems we take a(x,y) = d(x,y) for all z, y € X, then we obtain the
well known results of Boyd and Wong [3], Wardowski [16], Samet and jleli Corollary 2.1 [6] and the classical
result of Geraghty [5], respectively.

3. Fixed Point Results On Indirected Metric Spaces
As an application of our results we deduce further results in different settings.

Definition 3.1. Let X be a non-empty set and A : X x X — [0,00) be a function. We say the function A
is an indirected metric function if

e there exists a metric function d on X such that d(z,y) < A(x,y) for all z,y € X.
Then we say the pair (X,.A) is an indirected metric space with respect to d.

Lemma 3.2. Let (X, .A) be indirected metric space with respect to d, and T : X — X be a given function.
Then,

o T is triangular A-admissible mapping with respect to d,
o lim, oo A(xy, Tx) > d(z,Tx) for any sequence {xy} in X with x, — x as n — oo,
e there exists xy € X such that, A(xg, Txo) > d(xo, Tx).

Proof. Evidently, d(z,y) < A(z,y) for all z,y € X because of Definition[3.1] So, also d(Tz, Ty) < A(Txz,Ty)
holds for all z,y € X. Then, T is A-admissible mapping with respect to n(z,y) = d(z,y). As d(x,y) <
A(z,y) for all z,y € X, so T is triangular A-admissible mapping with respect to n(z,y) = d(z,y). Assume
{z,,} be a sequence with x,, — = as n — oo. Now, since

A(xy, Tx) > d(xy, Tx) for all n € N

and d is continuous, then
lim A(zy,Tz) > d(z,Tz).

n—o0

Clearly, there exists zg € X such that, A(xg, Txo) > d(zo,T'z) by Definition d
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Definition 3.3. An indirected metric space (X,.A) with respect to (X,d) is called complete indirected
metric space if (X, d) is a complete metric space.

Example 3.4. Let (X, d) be a complete metric space and L is a positive real number. Define, A : X x X —
[0,00) with A(x,y) = d(x,y) + L. Then, (X,.A) is a complete indirected metric space.

Example 3.5. Let (X, D) be a metric space. Assume there exists a complete metric space (X, d) such that
d(z,y) < D(z,y) for all z,y € X. Define, A : X x X — [0,00) with A(z,y) = D(z,y). Then, (X,.A) is a
complete indirected metric space.

Example 3.6. Let (X, p) be a complete partial metric space. Define, A : X x X — [0,00) with A(z,y) =
p(z,y). Then, (X,.A) is a complete indirected metric space. Indeed, if we chose a metric function d on X

with d(z,y) = { g(x,y)a gi iz . Then d(z,y) < p(z,y) for all z,y € X.

By using Lemma [3.2] and Theorem [2.8] we obtain following result.

Theorem 3.7. Let (X, A) be a complete indirected metric space with respect to d. Let T be a self mapping
such that there ezists a function 3 : [0,00) — [0, 1] such that for any bounded sequence {t,} of positive reals,
B(tn) — 1 implies t, — 0 and

ATz, Ty) < B(A(z,y))d(z,y)

for all x,y € X. Then T has a fixed point.
By using Example and Theorem [3.7] we get the following corollary.

Corollary 3.8. Let (X,d) be a complete metric space. Let T be a self mapping of X, there exists a function
B :10,00) — [0,1] such that for any bounded sequence {t,} of positive reals, 5(t,) — 1 implies t,, — 0 and

d(Tz,Ty) + L < B(d(z,y) + L)d(z, y)
for all x,y € X where L > 0. Then T has a fized point.
By using Example and Theorem we obtain the following corollary.

Corollary 3.9. Let (X, D) be a metric space. Assume there exists a complete metric space (X,d) such
that d(z,y) < D(z,y) for all xz,y € X. Let T be a self mapping of X such that there exists a function
B :10,00) = [0,1] such that for any bounded sequence {t,} of positive reals, 5(t,) — 1 implies t,, — 0 and

D(Tz,Ty) < B(D(z,y))d(z,y)
forallx,y € X. Then T has a fixed point.
By using Example [3.6] and Theorem [3.7] we get following corollary.

Corollary 3.10. Let (X,p) be a complete partial metric space. Let T be a self mapping of X such that there
exists a function B : [0,00) — [0,1] such that for any bounded sequence {t,} of positive reals, f(t,) — 1
implies t, — 0 and

p(Tz,Ty) < B(p(x,y))d(z, y)

for all x,y € X where d(z,y) = { g(x,y), Zi f Z . Then T has a fived point.

4. Further Consequences

We denote by A the family of functions A : [0,00) — [0, 00) such that A is continuous, A(t) > ¢ for all
t>0and A(t) =0 iff t = 0.



N. Hussain, A. Latif, P. Salimi, J. Nonlinear Sci. Appl. 9 (2016), 4114-4126 4124

Lemma 4.1. Let (X,d) be a metric space and T be a given self mapping on X. Define ac: X x X — [0, 00)
by a(z,y) = Nd(z,y)) for some A € A. Then T is an a-admissible mapping with respect to n(z,y) = d(z,y).
Further, if {x,} is a sequence with x, — x as n — oo, then lim,_ oo (zpn,x) = 0 and limy, o0 a(zy, Tx) >
d(z,Tx).

Proof. Since a(x,y) = A(d(z,y)) > d(z,y) for all ,y € X. Then T is an a-admissible mapping with respect
to n(x,y) = d(x,y). Further, let {z,} be a sequence with x,, = = as n — oo. Then,

lim a(x,,z) = lim A(d(z,,x)) = A(d(z,z)) =0

n—oo n—o0

and
lim a(z,, Tx) = lim \Nd(z,,Tx)) = Ad(z,Tx)) > d(z,Tz).

n—oo n—oo
By using Lemma and our main results, we deduce the following new fixed point theorems.

Theorem 4.2. Let (X,d) be a complete metric space. Let T be a self mapping on X such that,

Ad(Tz,Ty)) < ¢ (Md(z,y)))
holds for all x,y € X where ¢p € ¥ and A € A. Then T has a fized point.

Theorem 4.3. Let (X,d) be a complete metric space. Let T be a self mapping on X such that there exists
F e A and 7 > 0 such that,

Md(Tz,Ty)) >0= 7+ F(Ad(Tz,Ty))) < F(A(d(z,y)))
holds for all z,y € X where A € A. Then T has a fized point.

Theorem 4.4. Let (X,d) be a complete metric space. Let T be a self mapping on X such that there exists
0 € Ay and 0 < k <1 such that,

ANd(Tz,Ty)) > 0= 0(A(d(Tz,Ty))) < [O(A(d(, 9)))]"
holds for all z,y € X where A € A. Then T has a fixed point.

Theorem 4.5. Let (X,d) be a complete metric space. Let T be a self mapping on X, there exists a function
B :10,00) = [0,1] such that for any bounded sequence {t,} of positive reals, 5(t,) — 1 implies t,, — 0 and

ANd(Tz, Ty)) < B(Ad(z,y)))d(z,y)
for all xz,y € X where A € A. Then T has a fixed point.

Lemma 4.6. Let T' be an a—admissible mapping in a metric space (X,d). Define a; : X x X — [0,00) by
a1(x,y) = a(x,y)d(z,y). Then T is an aq—admissible mapping with respect to n(x,y) = d(z,y).

Proof. Suppose that a;(z,y) > n(z,y) with  # y. That is, a(z,y)d(z,y) > d(z,y) which implies, a(z,y) >
1. Now since T is an a—admissible mapping so a(T'xz,Ty) > 1. That is, oy (Tx, Ty) = a(Tx, Ty)d(Tz, Ty) >
d(Tz,Ty) = n(Tz,Ty). Also, clearly, for all x =y € X we have, oy (Tz,Ty) = a(Tx, Ty)d(Tz,Ty) > 0 =
d(Tz,Ty) = n(Tx,Ty). Hence for all z,y € X with a;(z,y) > n(z,y) we have, a1 (Tz, Ty) > n(Tz, Ty). O

T

Remark 4.7. Notice that if T is triangular c—admissible mapping in a metric space (X, d), then clearly
is triangular a; —admissible mapping with respect to n(z,y) = d(z,y).

By using Lemma [£.6] and our main results, we deduce the following fixed point theorems.
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Theorem 4.8. Let o : X x X — [0,00) be a mapping and (X,d) be a complete metric space. Let T be a
self mapping on X and the following assertions hold:

(i) T is a-admissible mapping,
(ii) either T is continuous or v is continuous in it’s first variable,
(i1i) there exists xo € X such that a(zo, T'zo) > 1,

(iv) there exists ¢ € U such that for all x,y € X,
o(Tz, Ty)d(Tz, Ty) < ¥(a(z,y)d(z,y)).

Then T has a fixed point.

Theorem 4.9. Assume that all the hypothesis of Theorem except the assertion (iv) hold. If there exist
F e A and T > 0 such that for all x,y € X,

a(Tz, Ty)d(Tx,Ty) > 0= 7+ F(a(Tz,Ty)d(Tz,Ty)) < F(a(z,y)d(z,y))
holds. Then T has a fized point.

Theorem 4.10. Assume that all the hypothesis of Theorem except the assertion (iv) hold. If there exist
0 € Ay and 0 < k < 1 such that for all x,y € X,

a(Tz, Ty)d(Tz, Ty) > 0 = 0(a(Tz, Ty)d(Tz,Ty)) < [0(a(z, y)d(z,y))]"
holds. Then T has a fized point.

Theorem 4.11. Let a: X x X — [0,00) be a mapping and (X,d) be a complete metric space. Let T be a
self mapping on X and the following assertions holds:

(i) T is triangular a-admissible mapping,
(ii) either T is continuous or « is continuous in it’s first variable,
(iii) there exists xg € X such that a(xzo, Tzo) > 1,

(iv) assume that there exists a function B : [0,00) — [0,1] such that for any bounded sequence {t,} of
positive reals, B(t,) — 1 implies t, — 0 and for all x,y € X

a(Tx, Ty)d(Tz, Ty) < B(a(z,y)d(z,y))d(z, y).

Then T has a fized point.
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