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Abstract

In this paper, we prove the Ulam stability of the following set-valued functional equation by employing the
direct method and the fixed point method, respectively,
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1. Introduction and Preliminaries

The investigation of the Ulam stability problems of functional equations originated from a question of
Ulam [19] concerning the stability of group homomorphisms, i.e.,

Let G1 be a group and let Gy be a metric group with the metric d(-,-). Given € > 0, does there exist a
0 > 0 such that if a function h : G1 — G satisfies the inequality d(h(xzy), h(x)h(y)) < 6 for all x,y € G1,
then there is a homomorphism H : G1 — Go such that d(h(z), H(z)) < € for allx € G1?
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The following year, Hyers [7] gave a first affirmative partial answer to the question of Ulam for Banach
spaces. Hereafter, the theorem of Hyers was generalized by Aoki [I] for additive mappings and by Rassias
[14] for linear mappings by allowing an unbounded Cauchy difference. It should be pointed out that Ras-
sias’s work has a great influence on the development of the Ulam stability theory of functional equations.
Afterwards, Gavruta [6] generalized the Rassas’s theorem by using a general control function. Since then,
the Ulam stability of various types of functional equations has been widely and extensively studied. For
more details, the reader is referred to [Bl 9} [I5] [17].

As a generalization of the stability of single-valued functional equations, Lu and Park [I1] initiated the
study of the Ulam stability of set-valued functional equations, in which the functional inequality is replaced
by an appropriate inclusion relation. In the following, various authors considered the Ulam stability problems
of several types of set-valued functional equations by using a similar method [12, 13]. Unlike the previous
approach, Kenary et al. [10] applied the Hausdorff metric defined on all closed convex subsets of a Banach
space to characterize the functional inequality and investigated the Ulam stability of several types of set-
valued functional equations by using a fixed point technique, which is used to deal with the stability of
single-valued functional equations. Recently, Jang et al. [§] and Chu et al. [3] further studied the Ulam
stability problems of some generalized set-valued functional equations in a similar way.

In [18], Shen and Lan constructed the following functional equation:

y+z Y—z 1 3
o= 257) 1 (o4 157) + Fat ) =370 + 510 + 3100
they proved that the general solution of the preceding functional equation on an Abelian group is equivalent

to the solution of the classic quadratic functional equation

flx+y)+ flxz—y) =2f(z) +2f(y),

it is natural to say that the above functional equation constructed by Shen and Lan is a quadratic functional
equation.

Throughout this paper, unless otherwise stated, let X be a real vector space and Y be a Banach space
with the norm || - ||y. We denote by Cy(Y'), Cc(Y) and C(Y') the set of all closed bounded subsets of Y, the
set of all closed convex subsets of Y and the set of all closed convex bounded subsets of Y, respectively.

Let A and B be two nonempty subsets of Y, A € R. The addition and the scalar multiplication can be
defined as follows

A+B={a+blac A,be B}, IA={)\ala€ A}.

Furthermore, for the subsets A, B € C.(Y), we write A® B = A+ B, where A 4+ B denotes the closure
of A+ B.

Generally, for arbitrary \, u € R*, we can obtain that
M + 2B = \A+ B), A+ p)A CANA+ pA.

In particular, if A is convex, then we have (A + p)A = AA + pA.
For A, B € Cy(Y), the Hausdorff distance between A and B is defined by

h(A,B) :=inf{e > 0]A C B+¢€S;,B C A+¢S1},

where 57 denotes the closed unit ball in Y, i.e., 51 = {y € Y]||ly|]ly < 1}. Since Y is a Banach space, it is
proved that (Cp(Y), @, h) is a complete metric semigroup [2]. Radstrém [16] proved that (Cep(Y), @, h) can
be isometrically embedded in a Banach space.

The main purpose of this paper is to establish the Ulam stability of the following quadratic set-valued
functional equation by employing the direct method and the fixed point method, respectively.

(e-15%)er(e+157) e far ) =3 @ 31w @ 3102 (1)

The following are some properties of the Hausdorff distance.
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Lemma 1.1 (Castaing and Valadier [2]). For any A1, Ag, By, B, C € C(Y) and X € RT, the following
expressions hold

(Z) h(Al ® Ay, B1 @ Bg) < h(Al, Bl) + h(AQ, BQ),'

(7i) h(AA1,AB1) = Mh(A1, By);

(ZZZ) h(Al e C,B1® C) = h(Al,Bl).

In the following, we recall an fundamental result in the fixed point theory to be used.

Lemma 1.2 (Diaz and Margolis [4]). Let (X,d) be a complete generalized metric space, i.e., one for which
d may assume infinite values. Suppose that J : X — X be a strictly contractive mapping with Lipschitz
constant L < 1. Then for every element x € X, either

d(J"z, J" ) = oo

for alln > 0 or there exists an ng € N such that

(i) d(J"z, J"Tx) < oo for all n > no;

(i) The sequence {J"x} converges to a fized point y* of J;

(7ii) y* 1is the unique fized point of J in the set Y = {y € X|d(J™z,y) < co};
(i) d(y,y*) < 2 d(y, Jy) for ally €Y.

2. Ulam stability of the quadratic set-valued functional equation (1.1): The direct method

In this section, we shall consider the Ulam stability of the set-valued equation (1.1) by employing the
direct method.

Theorem 2.1. Let ¢ : X3 — [0,00) be a function such that

[e.e]

1
(z,y, 2 Z Egp (2%, 2%y, 2% 2) < o0 (2.1)
k=0

for all x,y,z € X. Suppose that f: X — C(Y) is the mapping with f(0) = {0} and satisfies

w(i(o- 233 o f(e+ L 5) @ fa +2),37@) @ 57w © S f(2) S pleyz)  (22)

forallx,y,z € X. Then

Q(z) = lim f(2"x)

n—oo 4N

exists for every x € X and defines a unique quadratic mapping Q : X — C(Y') such that

h(f(z),Q(x)) < - ®(z,z, ) (2.3)

=

forallz e X.
Proof. Putting y = z = z in (2.2). Since f(0) = {0}, by Lemma 1.1, we can get that

w(55@n), f(@)) < Jola, o) (2.4)

for all z € X. Replacing by 2"~ 'z and dividing by 4"~ ! in (2.4), we have

h<4nf(2” ), f(m)) < 41 p(27 g, 971y o1y (2.5)

4n—1
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for all z € X and n € N. From (2.4) and (2.5), it follows that

n

W(F(@), o f @) < 3 e, 2, 241 (2.6)

k=1

for all z € X and n € N. Now we claim that the sequence {4 f(2"2)} is a Cauchy sequence in (Cp(Y), ).
Indeed, for all m,n € N, by (2.6), we can obtain that

(4n+mf(2"+mfﬂ) iJ”(Z’”fff))
(7@ "), 12" )

Tm 4
n

4%24%90 2m+k 1 2m+k 1 2m+k 1 ) (27)
k=1

1 = 1 m+k m—+k m-{—k‘
k=0

for all z € X. From the condition (2.1), it follows that the last expression tends to zero as m — oo.
Then, the sequence {4% f(2"z)} is Cauchy. Therefore, the completeness of C.(Y') implies that the following
expression is well-defined, that is, we can define

Q(z) := lim *f(Q" )

n—oo 4M

for all x € X.
Next, we show that @ satisfies the set-valued equality (1.1). Replacing z,y, z by 2"z, 2"y, 2"z in (2.2),
respectively, and dividing both sides by 4", we get

%h(f(?"(x - y—;—z>) @ f(2"(o+ y;z)) & f(2"(z + 2)),

3f(20) @ L F(2") @ S 1(22)) < Jrel2'w, 2", 22).

By letting n — oo, since the right-hand side in the preceding expression tends to zero, we obtain that @ is
a quadratic set-valued mapping. Moreover, letting n — oo in (2.6), we get the desired inequality (2.3).

To prove the uniqueness of ). Assume that @’ is another quadratic set-valued mapping satisfying the
inequality (2.3). Thus we can infer that

MQ@), Q') = :h(Q(2"), @/ (2"x)
< Q) F(2"0)) + h(F(2") + Q(2"))

§ W(I)(2n$7 27’11,’ 2"13)

It is easy to see from the condition (2.1) that the last expression tends to zero as n — oco. Then, we obtain
that Q(x) = Q'(x) for all x € X. This completes the proof of the theorem. O

Corollary 2.2. Let 0 < p < 2 and 8 > 0 be real numbers, and let X be a real normed space. Suppose that
f:X = Cq(Y) is a set-valued mapping with f(0) = {0} and satisfies

w(f(e -2 0 f(o+ 155) @ flo +2),3f() © 5 f() @ 5 £(2))
< 0(0allP + 1P + 11211)
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for all z,y,z € X. Then there exists a unique quadratic set-valued mapping Q : X — Cu(Y') that satisfies
the equality (1.1) and

30| =[”
h <
forallx € X.
Proof. Letting ¢(x,y, z) = 6(||z||” + ||y||P + ||z||”) and the result follows directly from Theorem 2.1. O

Corollary 2.3. Let 0 < p < % and 0 > 0 be real numbers, and let X be a real normed space. Suppose that
f:X = Cah(Y) is a set-valued mapping with f(0) = {0} and satisfies

w(i(e -2 0 f(z+ L5) @ fla 2,38 @ L f) & 2 £(2))
< 6l P11

for all z,y,z € X. Then there exists a unique quadratic set-valued mapping Q : X — Cu(Y') that satisfies
the equality (1.1) and

0z
h(f (), Q) < I
forallx € X.
Proof. Letting p(x,y, z) = 0]|z|[P|ly||P||z||? and the result follows directly from Theorem 2.1. O

Theorem 2.4. Let ¢ : X3 — [0,00) be a function such that

(z,y, 2) 24%2 2,2 %y, 27%2) < 00 (2.8)
k=0

for all x,y,z € X. Suppose that f: X — C(Y') is the mapping satisfying

3

SI@) vy (29)

h(f(x y;— )@f(x+y Z)EBf(:z:Jrz),Sf(x)EB%f(y)EB

forall x,y,z € X. Then
Q(z) = lim 4" f(27"x)

n—oo

exists for every x € X and defines a unique quadratic mapping Q : X — C(Y') such that

h(f (@), Q) < ¥ ( (2.10)

:E:U;U)
27272

forall z € X.
Proof. Letting =y = z = 0 in (2.9), we get f(0) = {0}, since the condition ¥(0,0,0) = Y22, 4%4(0,0,0)

implies that (0, 0,0) = 0.
Setting y = z = x in (2.9), we have

h(4f(x), f(22)) < Y(z, z,x) (2.11)
for all z € X. Replacing = by 3 in (2.11), we get
x x T T
n(11(35)1@) < ¥(5.5-3) (212)

for all # € X. Replacing = by 527 and multiplying both sides by 4"~ in (2.12), we can obtain that

(o () a50) < 00 G ) 21
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for all z € X and n € N. Combing the inequalities (2.12) and (2.13) gives

n—1
x i x x x
h<4"f(27>,f($)) = 24 ¢(2k+1’ o1 2k+1) (2.14)
k=0
for all x € X and n € N. The rest of the proof is analogous to the proof of Theorem 2.1. O

Corollary 2.5. Let p > 2 and 6 > 0 be real numbers, and let X be a real normed space. Suppose that
f:X = Cy(Y) is a set-valued mapping satisfying

w(7(e -2 @ 1 (4 L55) @ s+ 2),3f@) @ Lfw) @ 3 1)
< 0)lal + 1P + 11117)

for all x,y,z € X. Then there exists a unique quadratic set-valued mapping Q : X — Cy(Y) that satisfies
the equality (1.1) and

30||[[”
h <
(F@). Q) < 20
forallz e X.
Proof. Letting v (x,y,z) = 0(||z||P + ||y||” + ||2]|?) and the result follows directly from Theorem 2.4. O

Corollary 2.6. Let p > % and 6 > 0 be real numbers, and let X be a real normed space. Suppose that

f:X = Cq(Y) is a set-valued mapping satisfying
w(f(e -2 @ f(o+ L5) @ flo +2),3f(@) @ 5 f) & 5 £(2))
< QHCUHPH?/HPHZHP

for all x,y,z € X. Then there exists a unique quadratic set-valued mapping Q : X — Cy(Y) that satisfies
the equality (1.1) and

Ol
h(f(z),Q(z)) < 30 _ 4
forallz e X.
Proof. Letting ¥(z,y, z) = 0||z||?||y||’||z||P and the result follows directly from Theorem 2.4. O

3. Ulam stability of the quadratic set-valued functional equation (1.1): The fixed point method

In this section, we will investigate the Ulam stability of the set-valued functional equation (1.1) by using
the fixed point technique.

Theorem 3.1. Let p : X3 — [0,00) be a function such that there exists a positive constant L < 1 satisfying

©(2x,2y,2z) < 4Lp(z,y, 2) (3.1)

for all z,y,z € X. Assume that f : X — Co(Y) is a set-valued mapping with f(0) = {0} and satisfies the
inequality (2.2) for all x,y,z € X. Then there exists a unique quadratic set-valued mapping Q) defined by

Q(z) = limy, 00 f(i:r) such that

1

forallz € X.
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Proof. Consider the set S = {g|lg: X — C(Y),g(0) = {0}} and introduce the generalized metric d on S,
which is defined by

d(91792) = inf{:u € (0,00)|h(gl(fL‘),92(fL‘)) < ;LQD(ZU,SL‘,Q?),V$ € X}7

where, as usual, inf ) = co. It can easily be verified that (S, d) is a complete generalized metric space (see
[10]).

Now, we define an operator T': S — S by

for all x € X.
Let g1, 92 € S be given such that d(g1,g2) = €. Then
h(g1(z), g2(z)) < ep(x, z,x)
for all x € X. Thus, we can obtain that

W(Tor(x), Tone)) = h( or(20), J02(2r) )

= JM91(22), 2(27))

1
< Zegp(Qx, 2x,2x)

—_

for all z € X. Hence, d(g1,92) = € implies that d(T'g1,Tg2) < Le. Therefore, we know that d(T'g1,Tgs) <
Ld(g1,92), which means that T is a strictly contractive mapping with the Lipschitz constant L < 1.
Moreover, we can infer from (2.4) that d(Tf, f) < 1. By Lemma 1.2, there exists a set-valued map-
ping @ : X — Cu(Y) satistying the following:

(i) @ is a fixed point of T, i.e., 4Q(x) = Q(2z) for all z € X. Further, @ is the unique fixed point of 7" in
the set {g € S|d(f,g) < oo}, which means that there exists an 7 € (0, 00) such that

h(f(z), Qx)) < ne(x,z,x)

for all z € X.
(i) d(T"f,Q) — 0 as n — oo. Then we get

for all x € X.
(ili) d(f, Q) < 27d(f,Tf). Then we have d(f,Q) < ﬁ, which implies the inequality (3.2) holds.
Finally, we replace x,y, z by 2"x, 2"y, 2"z in (2.2), respectively, and divide both sides by 4™, we obtain

that
%h(f(Q”(x = y—;—z)) o f(2"(v+257)) @ F2" (@ +2),

320 & S f(2) & f(2'2)

1
< 4—ncp(2"a:, 2%y, 2"2)

1
= L"¢(x,y, 2).
Since L < 1, the last expression tends to zero as n — oo. By (ii), we conclude that @ is a quadratic
set-valued mapping satisfying (1.1). O]
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Remark 3.2. Based on Theorem 3.1, the corollaries 2.2 and 2.3 can also be directly obtained by choosing
L =2P=2 and L = 2P~ 3, respectively.

Theorem 3.3. Let p : X3 — [0,00) be a function such that there exists a positive constant L < 1 satisfying
1
ey, 2) < Lp(2z,2y, 22) (3-3)

for all z,y,z € X. Assume that f : X — Cy(Y) is a set-valued mapping with f(0) = {0} and satisfies the
inequality (2.2) for all x,y,z € X. Then there exists a unique quadratic set-valued mapping Q) defined by

Q(x) = limy 00 4”f(2%> such that

L

forallz e X.

Proof. Let us consider the set S and introduce the generalized metric d on S given as in Theorem 3.1.
Define a mapping 7' : S — S by

Tg(x) = 49(%)

for all x € X. By a similar argument as in Theorem 3.1, we can obtain that T is a strictly contractive
mapping with the Lipschitz constant L. From (2.12) and the condition (3.3), we can infer that d(T'f, f) < £.
According to Lemma 1.2, there exists a set-valued mapping @ : X — Cq(Y') such that the following results
hold.

(i) Q is a fixed point of T, i.e., Q(z) = 4Q<%) for all x € X. Moreover, @ is the unique fixed point of T in

the set {g € S|d(g, f) < oo}, which means that there exists an n € (0, 00) such that

h(f (), Q(x)) < ny(z, z, x)

for all z € X.
(i) d(T™f,Q) — 0 as n — oo. Then we can obtain

lim 4%(%) = Q(z)

n—o0

for all z € X.
(ili) d(f, Q) < 2£d(f, Tf). Then we get d(f,Q) < ﬁ and hence the inequality (3.4) holds.
Replacing z,y, z by 27"z, 2 "y, 27"z in (2.2), respectively, and multiplying both sides by 4™, we have

(s (o= 5 o sl e(o s 257
3B STy e S f(27)
< A4A"p(2"x,2"y,2"2)

)@ re @+ 2),

1
S 4TL : 47[/”90(377?47 Z)

= L"p(x,y, 2).

Since L < 1, the last expression tends to zero as n — oo. By (ii), we conclude that @ is a quadratic
set-valued mapping satisfying (1.1). O]

Remark 3.4. In vievg of Theorem 3.3, the corollaries 2.5 and 2.6 can also be directly obtained by taking
L =227P and L = 257P, respectively.
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