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Abstract

In the present paper, we prove common fixed point theorems using the notions of compatibility and subse-
quentially continuity (alternately subcompatibility and reciprocally continuity) in Menger spaces. We also
give a common fixed point theorem satisfying an integral analogue. As applications to our results, we obtain
the corresponding fixed point theorems in metric spaces. Some illustrative examples are also given which
demonstrate the validity of our results. (©2014 All rights reserved.
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1. Introduction

The notion of probabilistic metric spaces (briefly, PM-spaces) as a generalization of metric spaces was
introduced by Menger [23]. In Menger’s theory, the notion of PM-space corresponds to situations when we
do not know exactly the distance between two points, but we know probabilities of possible values of this
distance. In this note he explained how to replace the numerical distance between two points z and y by
a function F,, whose value F ,(t) at the real number ¢ is interpreted as the probability that the distance
between x and y is less than ¢. In fact the study of such spaces received an impetus with the pioneering works
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of Schweizer and Sklar [28]. Fixed point theory is one of the most fruitful and effective tools in mathematics
which has many applications within as well as outside mathematics (see [9, [10]). The theory of fixed points
in PM-spaces is a part of probabilistic analysis and presently a hot area of mathematical research.

In 1986, Jungck [18] introduced the notion of compatible maps for a pair of self maps in metric space.
Most of the common fixed point theorems for contraction mappings invariably require a compatibility
condition besides assuming continuity of at least one of the mappings. Pant [26] noticed these criteria
for fixed points of contraction mappings and introduced a new continuity condition, known as reciprocal
continuity and obtained a common fixed point theorem by using the compatibility in metric spaces. He also
showed that in the setting of common fixed point theorems for compatible mappings satisfying contraction
conditions, the notion of reciprocal continuity is weaker than the continuity of one of the mappings. Later on,
Jungck and Rhoades [19] termed a pair of self maps to be coincidentally commuting or equivalently weakly
compatible if they commute at their coincidence points. In 2008, Al-Thagafi and Shahzad [3] introduced
the concept of occasionally weakly compatible (briefly, OWC) mappings in metric spaces which is the most
general concept among all the commutativity concepts. In an interesting note, Doric et al. [I3] have
shown that the condition of occasionally weak compatibility reduces to weak compatibility in the presence
of a unique point of coincidence (or a unique common fixed point) of the given pair of maps. Thus, no
generalization can be obtained by replacing weak compatibility with owc property. Recently, Bouhadjera
and Godet-Thobie [6] introduced two new notions namely subsequential continuity and subcompatibility
which are weaker than reciprocal continuity and compatibility respectively (see also [5} [7]). Further, Imdad
et al. [17] improved the results of Bouhadjera and Godet-Thobie [6] and showed that these results can easily
recovered by replacing subcompatibility with compatibility or subsequential continuity with reciprocally
continuity. Several interesting and elegant results have been obtained by various authors in different settings
(e.g. [, 1), 12} 16l 17, 21, 25, B0]). Many authors [1, 2, 14, 15, 27] proved several fixed point theorems
in Menger spaces and showed the applications of corresponding results in metric spaces. Most recently,
Altun et al. [4] proved common fixed point theorems of integral type in Menger as well as in metric spaces
satisfying an integral analogue due to Branciari [§].

The aim of this paper is to prove some common fixed point theorems using the notions of compati-
bility and subsequentially continuity (alternately subcompatibility and reciprocally continuity) in Menger
spaces. Our results never require the conditions on completeness (or closedness) of the underlying space (or
subspaces) together with conditions on continuity in respect of any one of the involved mappings.

2. Preliminaries

Definition 2.1. [2§ A mapping A : [0,1] x [0,1] — [0, 1] is called a triangular norm (shortly, t-norm) if
the following conditions are satisfied: for all a,b,c,d € [0, 1]

1. A(a,1) =a for all a € [0,1],

2. Aa,b) = A(b,a),
3. A(a,b) < Ale,d) fora <e, b<d,
4. A(A(a,b),c) = A(a, A(b,c)).

Examples of t-norms are A(a,b) = min{a, b}, A(a,b) = ab and A(a,b) = max{a + b— 1,0}.

Definition 2.2. [28] A mapping F' : R — R™ is called a distribution function if it is non-decreasing and
left continuous with inf;cgr F'(t) = 0 and sup,cr F(t) = 1.

We shall denote by < the set of all distribution functions while H will always denote the specific distri-
bution function defined by

0, ift <0;
H(t)_{ 1, ift>0.

If X is a non-empty set, F : X x X — & is called a probabilistic distance on X and the value of F at
(x,y) € X x X is represented by F ,.
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Definition 2.3. [28] The ordered pair (X, F) is called a PM-space if X is a non-empty set and F is a
probabilistic distance satisfying the following conditions: for all z,y,2z € X and ¢t,s > 0

1. Fpoylt)=H(t) &z =y,
2. Fpy(t) = Fya(t),
3. if F (t) =1 and F, ,(s) =1 then F, .(t +s) = 1.

Definition 2.4. [28] A Menger space is a triplet (X, F,A) where (X, F) is a PM-space and t-norm A is
such that the inequality
Fuo(t+5) > A (Foy(t), Fy:(s))

holds for all z,y,z € X and all t,s > 0.

Every metric space (X, d) can be realized as a PM-space by taking F : X x X — < defined by F, ,(t) =
H(t —d(x,y)) for all z,y € X.

Definition 2.5. [28] Let (X, F,A) be a Menger space with continuous t-norm A. A sequence {z,} in X
is said to be

1. converge to a point x in X if and only if for every ¢ > 0 and A > 0, there exists a positive integer
N (e, \) such that Fj ,(e) >1— X for all n > N(e, A).

2. Cauchy if for every € > 0 and A > 0, there exists a positive integer IV (e, A) such that Fy, ., () >1— A\
for all n,m > N(e, A).

A Menger space in which every Cauchy sequence is convergent is said to be complete.

Definition 2.6. [24] Two self mappings A and S of a Menger space (X, F,A) are said to be compatible if
and only if Fags, sAz,(t) — 1 for all ¢ > 0, whenever {z,} is a sequence in X such that Az,, Sz, — z for
some z € X as n — oo.

Definition 2.7. [29] Two self mappings A and S of a non-empty set X are said to be weakly compatible
(or coincidentally commuting) if they commute at their coincidence points, that is, if Az = Sz some z € X,
then ASz = SAz.

Remark 2.8. Two compatible self mappings are weakly compatible, however the converse is not true in
general (see [29, Example 1]).

Definition 2.9. [20] Two self mappings A and S of a non-empty set X are OWC iff there is a point z € X
which is a coincidence point of A and S at which A and S commute.

The notion of OWC is more general than weak compatibility (see [3]).
The following definitions (subcompatible and subsequentially continuous mappings) are on the lines of
Bouhadjera and Godet-Thobie [6].

Definition 2.10. A pair of self mappings (A, S) defined on a Menger space (X, F, A) is said to be subcom-
patible iff there exists a sequence {x,} such that

lim Az, = lim Sz, = z,
n—o0 n—o0

for some z € X and lim Fags, sS4z, (t) =1, for all t > 0.
n—oo

Remark 2.11. Two owc mappings are subcompatible, but the converse is not true in general (see [7, Example
1.2]).
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Definition 2.12. [22] A pair of self mappings (A, S) defined on a Menger space (X, F,A) is called recip-

rocally continuous if for a sequence {z,} in X, lim ASz, = Az and lim SAx, = Sz, whenever
n—o0 n—oo

lim Az, = lim Sz, = z,
n—oo n—o0

for some z € X.

Remark 2.13. If two self mappings are continuous, then they are obviously reciprocally continuous but
converse is not true. Moreover, in the setting of common fixed point theorems for compatible pair of
self mappings satisfying contractive conditions, continuity of one of the mappings implies their reciprocal
continuity but not conversely (see [26]).

Definition 2.14. A pair of self mappings (A, S) defined on a Menger space (X, F,A) is called subsequen-
tially continuous iff there exists a sequence {z,} in X such that

lim Az, = lim Sz, = z,
n—oo n—oo

for some z € X and lim ASz,, = Az and lim SAz, = Sz.
n—oo n—oo
Remark 2.15. If two self mappings are continuous or reciprocally continuous, then they are naturally subse-

quentially continuous. However, there exist subsequentially continuous pair of mappings which are neither
continuous nor reciprocally continuous (see [7, Example 1.4]).

Lemma 2.16. [2]] Let (X, F,A) be a Menger space. If there exists a constant k € (0,1) such that
Fpy(kt) > Fpy(t),

for allt > 0 with fired x,y € X then z =y.

3. Main results

Theorem 3.1. Let A, B,S and T be self maps of a Menger space (X, F,/\), where A is a continuous
t-norm. If the pairs (A, S) and (B,T') are compatible and subsequentially continuous, then

1. the pair (A, S) has a coincidence point,
2. the pair (B,T) has a coincidence point.
3. There exists a constant k € (0,1) such that

Faz,py(kt) = min{ Fsp 7y (), Faz,s2(t), Fy,1y(t), Faz,ry(t), Fpys0(t)} (3.1)
forall z,y € X andt > 0, then A, B,S and T have a unique common fized point in X.

Proof. Since the pair (4, S) (also (B,T)) is subsequentially continuous and compatible maps, therefore there
exists a sequence {z,} in X such that

lim Az, = lim Sz, = z,
n—oo n—oo

for some z € X,
and

lim Fasg, sAz, (t) = Fazs:(t) =1,
n—oo

for all ¢ > 0 then Az = Sz, whereas in respect of the pair (B,T), there exists a sequence {y,} in X such
that
Jm By = Jim Tyn = w.
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for some w € X,
and
lim_ Fpry, 7By, (t) = FBurw(t) = 1,

for all ¢ > 0 then Bw = T'w. Hence z is a coincidence point of the pair (A, S) whereas w is a coincidence
point of the pair (B,T).
Now we prove that z = w. By putting z = x,, and y = y, in inequality (3.1]) we have

Taking the limit as n — oo, we get

Fow(kt) > min{Fsuw(t), Fos(t), Fuw(t), Fow(t), Fu.(t)}
= min{Fe (), 1,1, Frw(t), Fuo(t)}
= Fu(b).

From Lemma [2.16] we have z = w. Now we prove that Az = z then by putting z = z and y = y,, in
inequality (3.1]) we get

Faz By, (kt) > min{FSZ,Tyn (t), Fazs: (t), Fpy, 1y, (t), Fazry, (), Fpy, s: (t)}.

Taking the limit as n — oo, we get

FAZ,w(kt) > min{FAz,w (t)7 FAz,Az (t); Fw,w (t)a FAz,w (t)7 Fw,Az (t)},

and so

FAz,z(kt> > min{FAz,z(t)y 17 17 FAz,z(t)y Fz,Az(t)}
= FAz,z(t)~

From Lemma we have Az = z. Therefore, Az = Sz = z. Now we assert that Bz = z, then by
putting z = z,, and y = z in inequality (3.1]) we have

FAxn,Bz(kt) > min{FSmn,Tz (t), FAmn,Szn (t), FBZ,TZ (t), FAxn,Tz (t)7 FBz,Smn (t)}

Taking the limit as n — oo, we get

Fz,Bz(kt) > min{Fz,Bz(t)7 Fz,z (t), FBZ,BZ(t)a Fz,Bz (t), FBz,z (t)}
= min{Fz,Bz(t)7 1a 1a Fz,Bz (t), FBz,z (t)}
= F,B.(t).
From Lemma [2.16] we have Bz = z. Thus Bz = Sz = z. Therefore in all, z = Az = Sz = Bz =Tz i.e.

z is the common fixed point of A, B, S and T'. The uniqueness of common fixed point is an easy consequence
of inequality (3.1)). This completes the proof of the theorem. O
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Theorem 3.2. Let A, B,S and T be self maps of a Menger space (X, F,/\), where A is a continuous
t-norm. If the pairs (A,S) and (B,T) are subcompatible and reciprocally continuous, then

1. the pair (A, S) has a coincidence point,
2. the pair (B,T) has a coincidence point.
3. Further, the maps A, B, S and T have a unique common fixed point in X provided the involved maps

satisfy the inequality of Theorem .

Proof. Since the pair (A, S) (also (B, T)) is subcompatible and reciprocally continuous, therefore there exists
a sequences {z,} in X such that

lim Az, = lim Sz, = z,
n—oo n—oo

for some z € X,
and

lim Fasy, 54z, (t) = nILH;o Fa.s:(t) =1,

n—o0

for all ¢ > 0, whereas in respect of the pair (B,T), there exists a sequence {y,} in X with

lim By, = lim Ty, = w,
n—oo n—oo

for some w € X,
and

lim FBTxn,Tan (t) = lirn FBz,Tz(t) = 1,
n— 00 n— 00

for all ¢ > 0. Therefore, Az = Sz and Bw = Tw i.e. z is a coincidence point of the pair (A, S) whereas w is
a coincidence point of the pair (B, T).
The rest of the proof can be completed on the lines of Theorem O

Remark 3.3. It is clear that the conclusion of Theorem remains valid if we replace compatibility with
subcompatibility and subsequential continuity with reciprocally continuity, besides retaining the rest of the
hypothesis (see [17]).

By setting A = B in Theorem we can derive a corollary for three mappings which runs as follows.

Corollary 3.4. Let A, S and T be self maps of a Menger space (X, F, ), where A is a continuous t-norm.
If the pairs (A, S) and (A, T) are compatible and subsequentially continuous, then

1. the pair (A, S) has a coincidence point,

2. the pair (A, T) has a coincidence point.

3. There exists a constant k € (0,1) such that

Faz,ay(kt) > min{Fse 7y (1), Fae,s2(t), Fay,ry(t), Fae,ry(t), Fayse(t)} (32)
forallx,y € X andt > 0, then A,S and T have a unique common fixed point in X.

Alternately, by setting S = T in Theorem 3.1 we can also derive another corollary for three mappings
which runs as follows.

Corollary 3.5. Let A, B and S be self maps of a Menger space (X, F, ), where A\ is a continuous t-norm.
If the pairs (A, S) and (B, S) are compatible and subsequentially continuous (alternately subcompatible and
reciprocally continuous), then

1. the pair (A, S) has a coincidence point,
2. the pair (B, S) has a coincidence point.
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3. There exists a constant k € (0,1) such that

Faz y(kt) > min{ Fsy s5y(t), Faz s:(t), Fpy,sy(t), Faz,sy(t), Fpys:(t)} (3.3)

forall z,y € X andt >0, then A, B and S have a unique common fized point in X.
On taking A = B and S =T in Theorem [3.1] we get the interesting result.

Corollary 3.6. Let A and S be self maps of a Menger space (X, F, ), where /\ is a continuous t-norm.
If the pair (A, S) is compatible and subsequentially continuous (alternately subcompatible and reciprocally
continuous), then

1. the pair (A,S) has a coincidence point.
2. There ezists a constant k € (0,1) and ¢ € ® such that

FAx,Ay(kt) > min{FSx,Sy(t)v FAI,SI(t)) FAy,Sy(t)7 FAx,Sy(t)v FAy,Sx(t)} (34)

for all xz,y € X andt > 0. Then A and S have a unique common fixed point in X.

Example 3.7. Let X = [0,00) and d be the usual metric on X and for each ¢ € [0, 1], define

—t_ift>0;
F () =4 =yl ! ’
zﬂl/( ) { O, lf t — 07

for all z,y € X. Clearly (X, F,A) be a Menger space, where t-norm A is defined by A(a,b) = min{a, b}
for all a,b € [0,1]. Now we define the self maps A and S on X by

[ 4 if x € [0, 1]; [ & if x € [0,1];
AX) = { S5r—4, ifz € (1,00). S(X) = dx — 3, if z € (1,00).

Consider a sequence {x,} = {%}%N in X. Then

: . 1 . 1 .
Jim A = Jin () =0= i (57) = Jim 5o

Next,
lim AS(z,) = lim A L. lim 1 = 0= A(0)
n—00 Lo 5n T S0 20m U ’
lim SA = lim S L =1 1 =0=5(0
g SA(wn) = lim S| o) = Im {55 ) =0=250),
and

lim Fags, 54z, (t) =1,

n—oo

for all t > 0. Consider another sequence {z,} = {1 + %}n cy in X. Then

lim A(z,) = lim <5+ 5. 4) =1= lim <4+ 1_ 3> = lim S(z,).
n n

n—oo n—oo n—o0 n—oo

Also,

lim AS(z,) = lim A <1—|—4> = lim (5—1—2()—4) =1+# A(1),
n n

n—oo n—oo n—oo
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lim SA(x,) = lim S <1 + 5> = lim <4+ 2 3> =1+#95(1),

but limy, o0 FASz, SAz,(t) = 1. Thus, the pair (A, S) is compatible as well as subsequentially continuous
but not reciprocally continuous. Therefore all the conditions of Corollary are satisfied for some k € (0, 1).
Here, 0 is a coincidence as well as unique common fixed point of the pair (A, S). It is noted that this example
cannot be covered by those fixed point theorems which involve compatibility and reciprocal continuity both
or by involving conditions on completeness (or closedness) of underlying space (or subspaces). Also, in
this example neither X is complete nor any subspace A(X) = [0,1] U (1,00) and S(X) = [0, £] U (1,00)
are closed. It is noted that this example cannot be covered by those fixed point theorems which involve
compatibility and reciprocal continuity both.

Example 3.8. Let X = R (set of real numbers) and d be the usual metric on X and for each t € [0, 1],
define

L if > 0;
Fy (t) = =yl ! ’
w(®) { 0, if t =0,

for all z,y € X. Clearly (X, F,A) be a Menger space, where t-norm A is defined by A(a,b) = min{a, b}
for all a,b € [0,1]. Now we define the self maps A and S on X by

_I % if v € (—o00,1); _f x+3, ifze(—o0,1);
AX) = { Sr—4, ifzell o) S(X) = 4o —3, ifz € [1,00).

Consider a sequence {z,} = {1+ %}nEN in X. Then

4
lim A(z,) = lim (5—|— 5 —4> =1= lim (4—|— - — 3) = lim S(z,).
n—00 n—00 n n—00 n n—00

Also,
. . 4 . 20
lim AS(z,) = lim A (1 + ) = lim <5 +— - 4) =1=A(1),
n—00 n—o00 n n—00 n
. . 5 . 20
lim SA(z,) = lim S <1 + ) = lim (4—!— — - 3) =1=295(1),
n—00 n—00 n n—00 n
and

lim Fasy, 54z, (t) =1,
n—oo

for all ¢ > 0. Consider another sequence {x,} = {% — 4}n ey in X Then

lim A(z,) = lim <1 — 1) =—1= lim (1 —4+3> = lim S(z,).

n—00 n—oo \ 4n n—o0 \ N n—00

Next,

lim AS(z,) = lim A (1 — 1) = lim (1 - 1) S A(-1),
n—o0

n—oo n n—oo

1 1
lim SA(z,) = lim S ( - 1) = lim < -1 —|—3> =2=95(-1),
n—00 n=500 4dn n—oo \ 4n
and limy, o0 FASz,,SAz, (t) # 1. Thus, the pair (A, S) is reciprocally continuous as well as subcompatible
but not compatible. Therefore all the conditions of Corollary are satisfied for some k € (0,1). Thus 1
is a coincidence as well as unique common fixed point of the pair (A, S). It is also noted that this example

too cannot be covered by those fixed point theorems which involve compatibility and reciprocal continuity
both.
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Remark 3.9. The conclusions of Theorem and Theorem remain true if we replace inequality (3.1]) by
the following:
Fag,py(kt) 2 min{Fsy1y(t), Fae,s0(t), Fpymy(t)} (3.5)

FA:p,By(kt) > FSm,Ty(t)~ (3.6)

Remark 3.10. The results similar to Corollary Corollary and Corollary can also be outlined in
respect of Remark [3.9]

Now we state and prove a integral type common fixed point theorem in Menger spaces. First, we need
the following lemma and remark due to Altun et al. [4].

Lemma 3.11. Let (X, F,A) be a Menger space. If there exists a constant k € (0,1) such that

Fz,y(kt) Fz,y(t)
/ P(t)dt > / Y(t)dt, (3.7)
0 0

for all t > 0 with fizred x,y € X, where 1 : [0,00) — [0,00) is a non-negative summable Lebesque integrable
function such that fel Y(t)dt > 0 for each € € [0,1), then x = y.

Remark 3.12. By setting ¥ (t) = 1 for each ¢t > 0 in inequality (3.7)) in Lemma we have

Fa,y(kt) Foy (1)
/ Y(t)dt = Fpy(kt) > Fpy(t) = / P(t)dt,
0 0

which shows that Lemma |3.11]is a generalization of the Lemma [2.16

Theorem 3.13. Let A, B,S and T be self maps of a Menger space (X, F,/), where A\ is a continuous t-
norm. If the pairs (A, S) and (B,T) are compatible and subsequentially continuous (alternately subcompatible
and reciprocally continuous), then

1. the pair (A, S) has a coincidence point,

2. the pair (B,T) has a coincidence point.

3. For any x,y € X and for allt > 0,

FAz,By(kt) m(ac,y)
/ P(t)dt > / ()t (3.8)
0 0

where ¢ : [0,00) — [0,00) is a non-negative summable Lebesque integrable function such that f: Y(t)dt > 0
for each € € [0,1), where 0 < k <1 and

m(x, y) = min{FSx,Ty(t)7 FAx,Sac (t)7 FBy,Ty(t)a FAx,Ty(t)a FBy,Sx(t)}‘
Then A, B,S and T have a unique common fized point in X .

Proof. Tt is easy to see that inequality (3.8 is a special case of inequality (3.1). Then the result follows
immediately from Theorem [3.1] and Theorem [3.2] using the Lemma [3.11 O

Remark 3.14. Similarly, we can also obtain several integral type common fixed point theorems for a pair or
triod of mappings as showed earlier.

The following result involves a lower semi-continuous function ¢ : [0, 1] — [0, 1] such that ¢(t) > t for all
t€(0,1), #(0) =0 and ¢(1) = 1.

Theorem 3.15. Let A, B,S and T be self maps of a Menger space (X, F,), where A\ is a continuous t-
norm. If the pairs (A, S) and (B,T) are compatible and subsequentially continuous (alternately subcompatible
and reciprocally continuous), then
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1. the pair (A, S) has a coincidence point,
2. the pair (B, T) has a coincidence point.
3. Forallz,y € X andt >0

Fae,By(t) > ¢ (min{ Fsq 1y (t), Faz,sz(t), FBy1y(t), Fazy(t), FBys:(t)}) . (3.9)

Then A, B,S and T have a unique common fized point in X .

Remark 3.16. The results similar to Corollary [3.4] Corollary [3.5] and Corollary [3.6] can also be obtained in
respect of Theorem and Remark

4. Related Result in Metric Spaces

In this section, we utilize Theorem [3.1] Theorem [3.13]and Theorem to derive corresponding common
fixed point theorem in metric spaces.

Theorem 4.1. Let A, B,S and T be self maps of a metric space (X,d). If the pairs (A,S) and (B,T) are
compatible and subsequentially continuous (alternately subcompatible and reciprocally continuous), then

1. the pair (A, S) has a coincidence point,
2. the pair (B,T) has a coincidence point.
3. There exists a constant k € (0,1) such that

d(Az, By) < kmax{d(Sxz,Ty),d(Ax, Sz),d(By,Ty),d(Az,Ty),d(By, Sz)} (4.1)
forall z,y € X, then A, B,S and T have a unique common fixed point in X.

Proof. Define F, ,(t) = H(t —d(x,y)) and A(a,b) = min{a, b}. Then metric space (X, d) can be realized as
a Menger space (X, F,A). It is straightforward to notice that compatibility and subsequentially continuity
(alternately subcompatibility and reciprocally continuity) of the pairs (A, S) and (B,T) and the conditions
(1) and (2) of Theorem [4.1]imply corresponding conditions of Theorem [3.1] (or Theorem 3.2). Also inequality
of Theorem implies inequality of Theorem (3.1} For any x,y € X and t > 0, Fa, py(kt) =1 if
kt > d(Az, By) which confirms the verification of inequality (3.1)). Otherwise, if kt < d(Axz, By), then

t < max{d(Sxz,Ty),d(Ax,Sx),d(By,Ty),d(Az,Ty),d(By, Sz)},

which shows that inequality (3.1) of Theorem is satisfied. Thus, all the conditions of Theorem
(or Theorem are completely satisfied and hence conclusions follow immediately from Theorem (or

Theorem . O

Theorem 4.2. Let A, B,S and T be self maps of a metric space (X,d). If the pairs (A,S) and (B,T) are
compatible and subsequentially continuous (alternately subcompatible and reciprocally continuous), then

1. the pair (A, S) has a coincidence point,
2. the pair (B, T) has a coincidence point.
3. There exists a constant k € (0,1) such that

d(Az,By) m(z,y)
[ ewdesk [T var (4.2)
0 0

for all x,y € X, where

m(:n, y) = maX{FSm,Ty(t)a FAx,Sx(t)a FBy,Ty(t)a FAm,Ty(t)a FBy,Sm(t)}-

Then A, B,S and T have a unique common fized point in X.
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Theorem 4.3. Let A, B,S and T be self maps of a metric space (X,d). If the pairs (A,S) and (B,T) are
compatible and subsequentially continuous (alternately subcompatible and reciprocally continuous), then

1. the pair (A, S) has a coincidence point,
2. the pair (B, T) has a coincidence point.
3. Forallx,y € X,

¢(d(Az, By)) < max{d(Sz,Ty),d(Az, Sz),d(By,Ty),d(Az,Ty),d(By, Sx)} (4.3)
—0

where ¢ is a lower semi-continuous function ¢ : [0,1] — [0,1] such that ¢(t) >t for all t € (0,1), ¢(0)
and ¢(1) = 1. Then A, B,S and T have a unique common fized point in X.

Remark 4.4. We can obtain the metrical versions of corresponding results (that is, Corollary Corollary

and Corollary in respect of Remark due to Theorem Theorem and Theorem

Acknowledgement:

The authors would like to express their sincere thanks to Professor Mohammad Imdad for the reprints
of his valuable papers [1I 2, 4, 16} [17].

References

[1] J. Ali, M. Imdad and D. Bahuguna, Common fized point theorems in Menger spaces with common property (E.A),
Comput. Math. Appl. 60(12) (2010), 3152-3159.
[2] J. Ali, M. Imdad, D. Mihet and M. Tanveer, Common fized points of strict contractions in Menger spaces, Acta
Math. Hungar. 132(4) (2011), 367—-386.
[3] M.A. Al-Thagafi and N. Shahzad, Generalized I-nonexpansive selfmaps and invariant approzimations, Acta Math.
Sinica 24(5) (2008), 867-876.
[4] I. Altun, M. Tanveer, D. Mihet and M. Imdad, Common fized point theorems of integral type in Menger PM
spaces, J. Nonlinear Anal. Optim. 3(1) (2012), 55-66.
[5] H. Bouhadjera and A. Djoudi, Common fixed point theorems for subcompatible D-maps of integral type, General
Math. 18(4) (2010), 163-174.
[6] H. Bouhadjera and C. Godet-Thobie, Common fized theorems for pairs of subcompatible maps, arXiv:0906.3159v1
[math.FA] 17 June (2009) [Old version].
[7] H. Bouhadjera and C. Godet-Thobie, Common fized theorems for pairs of subcompatible maps, arXiv:0906.3159v2
[math.FA] 23 May (2011) [New version)].
[8] A. Branciari, A fized point theorem for mappings satisfying a general contractive condition of integral type, Int.
J. Math. Math. Sci. 29(9) (2002), 531-536.
[9] S.S. Chang, Y.J. Cho and S.M. Kang, Probabilistic Metric Spaces and Nonlinear Operator Theory, Sichuan Univ.
Press (Chengdu) 1994.
[10] S.S. Chang, Y.J. Cho and S.M. Kang, Nonlinear operator theory in probabilistic metric spaces, Nova Science
Publishers, Huntington, (U.S.A.) 2001.
[11] S. Chauhan and J.K. Kim, Common fized point theorems for compatible and subsequentially continuous mappings
in Menger spaces, Nonlinear Functional Anal. Appl. 18(2) (2013), 177-192.
[12] S. Chauhan and S. Kumar, Common fized point theorems for compatible and subsequentially continuous mappings
in fuzzy metric spaces, Kragujevac J. Math. 36(2) (2012), 225-235.
[13] D. Dorié¢, Z. Kadelburg and S. Radenovié, A note on occasionally weakly compatible mappings and common fized
point, Fixed Point Theory 13(2) (2012), 475-480.
[14] J.-X. Fang, Common fized point theorems of compatible and weakly compatible maps in Menger spaces, Nonlinear
Anal. 71(5-6) (2009), 1833-1843.
[15] J.-X. Fang and Y. Gao, Common fized point theorems under strict contractive conditions in Menger spaces,
Nonlinear Anal. 70(1) (2009), 184-193.
[16] D. Gopal and M. Imdad, Some new common fized point theorems in fuzzy metric spaces, Ann. Univ. Ferrara Sez.
VII Sci. Mat. 57(2) (2011), 303-316.
[17] M. Imdad, J. Ali and M. Tanveer, Remarks on some recent metrical fized point theorems, Appl. Math. Lett. 24(7)
(2011), 1165-1169.
[18] G. Jungck, Compatible mappings and common fized points, Int. J. Math. Math. Sci. 9 (1986), 771-779.
[19] G. Jungck and B.E. Rhoades, Fized points for set valued functions without continuity, Indian J. Pure Appl. Math.
29(3) (1998), 227-238.



S. Chauhan, B. D. Pant, J. Nonlinear Sci. Appl. 7 (2014), 78-89 89

[20]
21]
22]
23]
[24]
[25]

[26]
[27]

28]
[29]

[30]

G. Jungck and B.E. Rhoades, Fized point theorems for occasionally weakly compatible mappings, Fixed Point
Theory 7 (2006), 286-296.

M.A. Khan and Sumitra, Subcompatible and subsequentially continuous maps in fuzzy metric spaces, Appl. Math.
Sci. 5(29) (2011), 1421-1430.

S. Kumar and B.D. Pant, A common fized point theorem in probabilistic metric space using implicit relation,
Filomat 22(2) (2008), 43-52.

K. Menger, Statistical metrics, Proc. Nat. Acad. Sci. U.S.A. 28 (1942), 535-537.

S.N. Mishra, Common fized points of compatible mappings in PM-spaces, Math. Japon. 36 (1991), 283-289.
H.K. Nashine and M. Imdad, Common fized point and invariant approximations for subcompatible mappings in
convezr metric spaces, Math. Commun. 16(1) (2011), 1-12.

R.P. Pant, Common fized points of four mappings, Bull. Cal. Math. Soc. 90 (1998), 281-286.

H.K. Pathak and R.K. Verma, Common fixed point theorems for weakly compatible mappings on Menger space
and application, Int. J. Math. Anal. (Ruse) 3(24) (2009), 1199-1206.

B. Schweizer and A. Sklar, Statistical metric spaces, Pacific J. Math. 10 (1960), 313-334.

B. Singh and S. Jain, A fized point theorem in Menger Space through weak compatibility, J. Math. Anal. Appl.
(Ruse) 301 (2005), 439-448.

B. Singh, A. Jain and A.A. Wani, Sub-compatibility and fized point theorem in fuzzy metric space, Int. J. Math.
Anal. 5(27) (2011), 1301-1308.



	1 Introduction
	2 Preliminaries
	3 Main results
	4 Related Result in Metric Spaces

